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PREFACE 


In the present volume I have tripd to make the discussion 
of the various parts of the subject, which are here given, 
as full as possible ; and there will be found much which 
has hitherto not appeared except in mathematical jojimals. 
At the same time, the treatise does not profess to be com- 
plete. Among the parts omitted are the investigations by 
Fuchs on the integration of linear differential equations, 
those of KOnigsberger on the irreducibility of differential 
equations, the dlsqussion of Pfaff's equation, the recent 
researches of Hermite and Halphen, and the geometrical 
applications of the hypergeometric series by Klein; only 
a very slight sketch of Jacobi’s method for partial dif- 
ferential equations is attempted, and there is no indication 
of the methods of Cauchy, Lie and Mayer. These, and 
others here omitted, I hope to give in another volume at 
some future date. 

While writing this volume I have consulted many 
authorities in the shape of treatises, memoirs and text- 
books ; and, though it is impossible to give in detail every 
reference, I wish in particular to mention, as having been of 
great use, Boole’s Treatise and his Supplement, Moigno, 
Imschenetsky and Mansion; and I have used, to a slighter 
extent than these, Gregory’s Examples, Serret and De 
Morgan. Many references to original memoirs will be found 
in various chapters. 

There occur, scattered throughout the book, many 
examples, amounting in number to more than eight hun- 
dred. Most of these are taken from University and 
College Examination papers set in Cambridge at various 
times; some are new, and many of them are results 
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extracted from memoirs* which have been consulted. In 
the case of -the last, the original authority is, I think, always 
indicated.* I cannot hope that, among so many, all results 
given are correct and all equations set are soluble; and I 
shall be glad to receive corrections of any mistakes actually 
found. t 

In conclusion, I wish to express the very great obligations 
undeAwhich I lie to my friend and former tutor Mr H. M. 
Taylor, of Trinity College, Cambridge, for his kindness in 
the revision of the proof-sheets. He has caused the re- 
moval of many obscurities and has made many valuable 
suggestions of which I have continually availed myself. 
My thanks are also due to my friend ^r J. M. Dodds, of 
St Peter’s College, Cambridge, for his kindness in reading 
some of the early sheets. 

A. K FORSYTH. 

Trinity Collegr, Cambridge. 

♦ September, 1885. 


PREFACE TO THE SECOND EDITION 

This edition will be found to differ very slightly from the 
first. In its preparation I have been much helped by the 
kindness of many friends and correspondents who have 
sent me notification of mistakes and misprints. 

My thanks are specially due to Dr Hermann Maser of 
Berlin for the honour he has done me in translating my 
book into German. 

AR.F. 

Trinity CoLLEaK, Cambridge. 

S^tUmber, 1888. 



PREFACE TO.THE THIRD EDITION 

•The present edition will lae found to differ substantially 
from the first two editions. Much of the book has been 
revised; and there are definite additions. 

The principal changes in the portions that belong to the 
earlier editions occur in a modified treatment of Riccati’s 
equation, in an amplified discussion of the condition of 
integrability of a total differential equation, and^n a com- 
plete alteration of the proof of the main proposition relating 
to the integral of Lagrange’s linear partial differential 
equation of the first order. 

The principal additions consist of a brief sketch of 
Runge’s method for the numerical solution of ordinary 
differential equations, here limited to equations of the first 
order: of an outline of the method devised by Frobenius 
for the integration of linear equations in series, the ex- 
position being limited to equations of the second order 
and applied to Bessel’s equations in particular: and of an 
introduction to Jacobi’s theory of multipliers. 

At the end of the book I have placed, as a group of 
general examples, a selection of between two and three 
hundred equations and questions chosen from examination 
papers which have been set within the University of 
Cambridge during the last fifteen years. 

I must again acknowledge the kindness of friends and 
correspondents who have sent me notification of mistakes 
and misprints; and it is a pleasure to thank the Staff of 
the University Press for their unfailing assistance during 
the printing of the volume. 

I would add my thanks to Dr Alfredo Arbicone for the 
honour he has done me by translating the book into 
Italian. 

AR.F. 

Trinity College, Cambridge. 



PKEFACE TO THE FOURTH EDITION 


This edition, being the fourth, differs in several respects 
from the earlier editions. It is somewhat larger in size. 
But the general scope of the book remains unaltered. My 
nurpose now, in accordance with my purpose in its original 
production, is to make the volume a practical working 
text-book on the subject, with (as I hope) sufficient ex- 
planation in developing the various *methods that are 
adopted at the various stages. I have definitely, almost 
rigorously, avoided entering upon the general theory that 
covers all branches of the subject-y-such as existence- 
theorems, whether of ordinary equations (even of linear 
equations) or of partial equations, and the characteristics 
of integrals with their limitations. Such matters, of the 
utmost Importance in themselves, I have discussed else- 
where in my Theory of Differential Equations to which 
many references are given in the text. But my opinion is 
that, in a treatise which aims at the exposition of practical 
methods, there is an advantage (even if only of conciseness) 
in assuming some results of theory, never however going 
beyond the results elsewhere established. 

In the work which I have just quoted, the fundamental 
theory is developed in much detail; the present volume 
remains a practical text-book which, in all its stages, can 
be supplemented by the adequate exposition of the fuller 
theory. Accordingly, I have deliberately avoided dealing 
with many topics which usually or mainly do not lead to 
practical processes in the solution of differential equations. 

Some portions of the book have been re-written, parti- 
cularly the early part of the chapter on the hypergeometric 
series, and parts of the chapters on partial differential 
equationa 
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‘ PREFACE TO THE FOURTH EDITION 

■ • 

A few additions have been made, each of thevn brief in 
itself. In association with the note on the method of 
Frobenius for the integration of ordinary linear equations 
in series, I have given further notes on equations which 
have all or only some or even none of their integrals of 
the type called regular. The section dealing with total 
diiferential equations has been amplified so as to indicate 
the methods of obtaining an integral equivalent of Pfaffian 
equations when there are three variables and four variables 
respectively. In partial equations, the main changes are 
the insertion of a brief discussion of complete homogeneous 
linear systems of the first order, the use of these systems 
in the general construction of the intermediate integral of 
an equation of the second order when it possesses an inter- 
mediate integral, and a modified account of Ampfere's 
method for equations of the second order. 

In conclusion I desire, once again, to tender my cordial 
thanks to the ever-courtoous and helpful Staff of the 
University Press. 

A. R. F. 


Imperial College of Science 
AND Technology, S-W. 
May, 1914 . 



PBEFACE TO THE FIFTH EDITION 


The present issue is almost an exact reprint of the fourth 
edition. The pagination is unaltered ; and the changes 
mainly consist of corrections which were found to be 
necessary, when the volume of Elutions of the Examples 
(1918) was being prepared. 

Once more, my thanks are tendered to the Staff of the 
Cambridge University Press, who maintain their high 
tradition of unfailing help. 

A.R.F. 

Imperial College of Science 
AND TeCIINOLOGV, S.W. 

September, 1921. 


PBEFACE TO THE SIXTH EDITION 

The only differences between the preceding edition and 
the present edition consist of occasional verbal modihca- 
tions. No additions have been made: the pagination 
remains unaltered. 

Again I would thank the Staff of the Cambridge 
University Press for their assistance and care during 
the printing of the volume. 


September, 1928. 


A.R.F. 
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CHAPTER I 


INTRODUCTION 


1. When one variable quantity y is a function of another 
variable quantity x, the relation between the two may be exhibited 
by means of an equation such as 


<l> y) = 0 . 

In this equation constants may occur; let one of such constants be 
denoted by a. If the equation be solved for y in terms of a?, this 
constant a will enter into the expression for y; and, by taking 
different values for a, there will in general be obtained a number 
of corresponding values for y. If it be desired to indicate in the 
fundamental relation the fact that the value of y depends on that 
of a, this may be done by writing the above equation in the form 

0 y, ot) = 0 (i). 

Now it is possible to derive from this equation another, which 
shall include all the values of y that can be obtained by as- 
signing all the possible values to the constant a. The differential 
coefficient of y with regard to x is given by 


dx 9y dx 


(ii). 


3 d 

in which ^ and ^ indicate partial differentiation with regard to 

X and y respectively. Equation (ii) will in general involve the 
constant a, which occurs in (i); and, if between these two equations 
the constant be eliminated, the result of the elimination will be of 
the form 
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where f is a definite function depending on the form of the’ 
function <l> in equation (i). Now equation (iii) includes all the 
V values of ;/, which can arise from (i); for, while it is derived from 
the two equations (i) and (ii), in each of which a occurs, yet of the 
particular value of this quantity no special account is taken and, 
were any other constant as substituted for a in all the steps of 
the elimirihtion, the result would be the same, since the constant 
is made to disappear from the result. 

In the same way, if y depended on two constants a and b in 
a manner defined by an equation 

a, 6)*0, * 


and if the equations which give the first and second differential 
coefficients of y with regard to w were written down, the two con^ 
stants a and b could be eliminated, and ,the resulting equation 
would be of the fonn 


F(a;v^ 


.(iii)'. 


In all cases, the functions f and F can be deduced (by any of the 
customary methods) when the forms <f> and O are given. 

In particular, if such a form be 

e {x, y) = a, 

from which a is to be eliminated, then, as the equation embracing 
all the values of y, we have at once 

dy dx * 

no further elimination being needed. 

Thus, for example, the equation 

y® = 4(M? 

leads to the equation 


which is the general equation of all parabolas having the same 
axis and vertex. 


2. Such relations as (iii) and (iii)' are called Differential 
Eqmtiona; the equation (i), which is free from all differential 
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coefficients, is called a Bolution of (iii). As, in passing, from (i) 
to (iii), a single arbitrary constant was removed, so conversely, 
in passing from (iii) to (i), it is just to expect tbat« a single ' 
arbitrary constant will be introduced; and since, in eliminating n 
arbitrary constants, there are needed the equations giving the 
first n differential coefficients in addiiion to the original equation, 
so conversely, in passing from such a relation between differential 
coefficients up to the inclusive to an equation free from them 
and equivalent to this relation, it is just to expect that n arbitrary 
constants will be introduced. 


3. It is not difficult to see. how these arbitrary quantities must 
enter into the solution of the equation. For the sake of simplicity, 
let us consider an equation such as 

• M+Np = 0. 


in which M and N arc functions of a? and y. Let x and y represent 
the Cartesian coordinates of a point P in a plane referred to two 
rectangular axes. Then the equation (i) is the equation of a curve; 

and ^ is the trigonometrical tangent of the angle, which the 

tangent to the curve at the point P makes with the axis of Xy 
so that the above differential equation gives the direction of a line 
at every point in the plane. Let any point A be taken on the 
axis of y, and let us proceed from A for a very short distance 

in the direction given by the value which ^ has bX A\ we shall 

thus come to another point B, Let ns proceed now from B 
through a very short distance in the direction given by the value 

which ^ has at B\ we shall thus come to another point (7. If 


this process be carried out for a number of directions in succession, 
a figure will be traced in the plane ; and, when each of the dis- 
tances through which we suppose the tracing point to move 
becomes indefinitely small, the figure will become a curve passing 
through A. This curve will have a definite equation, which may 
be exhibited in the form 

i^(«?, y, yo) * 0, 

where yo is the ordinate of A. Had another initial point A* been 
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* 

chosen instead of then aenother curve would have been obtained, 
and into its equation the magnitude of the ordinate of A* would 
' have entered. The same result would ensue from taking each point 
in succession on the axis of y, because usually one curve and only 
one passes through each such point As each equation, or one 
single equation as the repi^sentative of all, may be considered 
a solution of the differential equation, it is evident that into the 
solution of the example we have been considering one arbitrary 
constant will enter; and therefore, if by any method we can obtain 
an equation free from differential coeflScients, it must be expected 
that an arbitrary constant will be contained in that equation. 
But this arbitrary constant obtained by the latter method will not 
necessarily be the ordinate of the point, at which the curve, repre- 
sented by the solution, and the axis of y intersect ; an arbitraiy 
element would have entered into the equation, had the tracing of 
the curve begun from a point in the plane not lying on one of the 
coordinate axes. 


In the example considered, the equation giving ^ had only 
a single root ; when it is of the form 





then the integral equation may be expected to be of the form 
^“ + ^^ + ^ = 0 , 

where A is an arbitrary constant. And it is not difficult to see 

that, if the differential equation be of the degree in then 

the corresponding integral equation may be expected to contain an 
arbitraiy constant raised to the and lower powers. 


4 . From what has been said as to one of the methods by 
which differential equations can be constructed, it might be deemed 
an easy matter to return from the differential to the integral 
equation; but this is not so. The steps of an elimination cannot 
be retraced, and therefore some other method or methods must be 
adopted. The methods which are most effective for the solution 
of several different forms of differential equations will be discussed 
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• 6. When we pass from a given int^al funcstion to the equi- 
valent differential equation, the •latter may prove to be of a form 
which is not included among those already known; so conversely, 
if we pass from a given differential equation, we must not expect 
to arrive necessarily at a function that will be included among 
those with the properties of which, we are acquainted. It is 
therefore desirable to indicate what, in such a case, ^ould be 
meant by the solution of the differential equation. 

When, in algebra, we ask whether any particular equation can 
be solved, we thereby enquire whether the value of the variable, 
which occurs in it, cac^ be expressed in terms of known functions. 
Thus, for instance, in the equation 

cw? = 6, 

the value of a can be obtained immediately by a process of division. 
But let the equation be* 

To solve this we have to introduce a function, which was not 
needed for the former equation; and, expressing f in the form 

• 

we consider the equation solved. Now equations of the third and 
fourth degrees can be solved by means of functions strictly analogous 
to these — the cube root and the fourth root of quantities; but 
general equations of the fifth and higher degrees cannot be solved 
in terms of these functions or combinations of these with similar 
functions. It does not therefore follow that solutions of these 
equations do not exist; they can be solved only when functions, 
unused in the solution of equations of lower degrees, are intro- 
duced. 

Similarly, in the case of a differential equation, when we say 
that it can be solved, we do not mean to imply that the solution 
must be expressible in terms of purely algebraic functions, of 
exponentials (including sines and cosines), and of logarithmic 
functions (including inverse circular functions). The equation 

f-i, 

ax 


is equivalent to 


y « aJ* + -4. 
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But suppose that the properties of the logarithm were un- 
known, and that the differential equation 


dx w 


were proposed for solutioa We should then have 



and, calling 



we should prove the relation 

/(^)+/(y)='/(®y), 


and become acquainted with the properties of this new function so 
as to include it amongst known functions'. But, had we not been 
able to deduce the properties of f{x\ the value of y given by 





would still have been considered a solution of the differential 
equation. In fact, every differential equation is considered as 
solved, when the value of the dependent variable is expressed as 
a function of the independent variable by means either of known 
functions or of integrals, whether the integrations in the latter 
can or cannot be expressed in terms of functions already known. 
Thus, for instance, 

y = A+j^dx 

is a solution of 


ax 


although the value of y cannot be expressed otherwise than in this 
form without the introduction of a new function the properties of 
which can be investigated. In this way the solution of differential 
equations is continually suggesting new functions to be added to 
the stock of those already known. 


6. Before we proceed further, it is desirable to give definitions 
of some terms used in the subject. 
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Any equation, which expresses a relation between dependent 
variables, their differential coefficients of any order whatever, and 
the independent variables, is called a differential equatioji. 
Differential equations are divided into two spectes, viz.; — 


L Ordinwry differential equations, into which only a single 
independent variable enters, either explicitly or implici^y. All the 
differential coefficients have reference to this variable. Should 
there be several dependent variables, the number of equations 
necessary for their complete determination as functions of the in- 
dependent variable is equal to the number of such variables. Thus, 
for instance, we mighpt have 


d^x 

5 ? + '“ = 


0 , 


in which x is a function of the only independent variable t ; and 

* > 

in which both x and y are functions of t 


II. Partial differential equations, into which two independent 
variables at least, and partial differential coefficients with regard 
to any or all of these variables, may enter. If several dependent 
variables be present, the number of separate equations must be 
not less than the number of the separate dependent variables; but 
the occurrence of such systems of equations is relatively rare. As 
examples of partial differential equations, we may consider 
d^z d^z f d^z Y_ 


and 


d<f> _ 

dx ^ dy 
d(f> _ 9 “^ 
0y "" dx, 


The order of a differential equation is the same as the order of 
the highest differential coefficient it contains. 

As a rule, only those equations are considered which are algebraic 
in the differential coefficients. The degree of the equation is^the 
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power to which the highei^t differential coefficient is raised, when 

the equation is rational and integi^l in the differential coefficients 

' and is one-valued in the variables themselves. 

• 

The equation 

y® 

t 

dx 


dy 


is of the first order and the second degree ; the equation 



is of the second order and the second degree." 


If a differential equation be such that, when it is rationalised 
and freed from fractions, the differential coefficients and the 
dependent variable enter in the first pover and there are no 
products of these, while the coefficients in the separate terms are 
either constants or functions of the independent variables, the 
equation is called linear. The following are examples of linear 
equations : — 


' dx 


dz 




The relation, which exists between the variables themselves 
without their differential coefficients and which is the most general 
one possible, is called sometimes the general solution, and some- 
times the primitive, of the differential equation. 


7. The process of constructing the primitive of a given 
differential equation will frequently be the deduction of a first 
integral of the differential equation, that is, an equation of an 
order lower by unity than that of the original equation and con- 
taining an arbitrary constant ; then of a first integral of the latter 
which will be a second integral of the original equation; and so on, 
until differential coefficients cease to appear. The primitive will be 
found when the operation has been repeated the number of times 
equal to the order of the original differential equation. Now the 
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‘ form of the first integral may be affected by any transformation 
to which the equation may be subjected prior to integration; and, 
since a given equation may be transformed in a number of ' 
different ways, there might be a corresponding number of different 
first integrals* But these will not all be necessarily independent : 
that is, some among them may be obj^ned by combinations of the 
remainder, with appropriate relations among the arbitrary constants. 
As a matter of fact, if the equation he of the order ^ it cannot 

have more than n independent first integrals. For example, the 
differential equation 




has the following first integrals, viz.: — 


dy 

^ cos a? + y sin a? = 5, 


— ^ sin a? -f y cos a? = (7, 

^ = ycot(x+tt); 

but they are not all independent, the four constants A, B, C, a, 
being connected by the equations 

B = A cos a, C = A sin a, B* + 0* « A\ 

When a system of first integrals has been so obtained in any 
case, it can be used as a simultaneous system, from which the 
highest differential coefficients can be eliminated; and if inde- 
pendent first integrals of the equation, equal in number to the 
order of the equation, have been obtained, all the differential 
coefficients can be eliminated from them so as to leave the primi- 
tive. Thus, from the second and the third integrals in the foregoing 
example, we might deduce 

y =* B sin -h (7 cos a?, 
and, from the first and the fourth, 

y«sA8in(ay-f-a), 
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each being a primitive. Tl^ese solutions are seen to coincide on 
account of the relations between the constants. 

8. We 'proceed now to give reasons for the statement made 
in the last paragraph; but they must be regarded rather as 
suggesting, than as proving, the inference. A rigorous proof 
involves considerations conliected with the general theory of 
functions, and can be based upon existence-theorems which will 
be found elsewhere*. 

A differential equation of the order n has n, and cannot have 
more than n, independent first integrals. 

I 

From what has already been said, it is clear that an integral 
relation between y and x involving n arbitrary independent 
constants would lead to a differential equation of the order n. 
Let the given integral equation be differentiated n — 1 times in 
succession; the n — 1 resulting equations will involve all the 
differential coefficients up to the inclusive and there will, 

with the original equation, be n equations in all. Now from n 
equations, in which n quantities occur, all but one of these quanti- 
ties can be eliminated. Let the n arbitrary constants be denoted 

by Cu ^21 On] and from the n equations, which we have, let 

us eliminate all the arbitrary constants except Cj. The resulting 
equation will involve the variables and the derivatives of y up to 
the (n — 1)*'’' inclusive and will also involve C^\ it Avill therefore be 
a first integral of the differential equation of the order n which is 
equivalent to the given integral relation. Now eliminate all the 
arbitrary constants except Cg; the resulting equation will now 
involve and, as before, derivatives of y up to the (n — in- 
clusive and will therefore be a first integral of the differential 
equation ; it will, moreover, be independent of the former, since 
is independent of G^. Proceeding in this way with all the constants 
in turn, we shall obtain n independent first integrals, each of which 
arises from the elimination of all but one of the n independent 
constants. 

As there are not more than n independent constants occurring 
in the general integral equation, any other constant, which could 
appear in it, must depend on C,, Cg, .Cn] let A be such 


See the author’s Theory of Differential Equatioiin^ vol. ii., chap. ii. 
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a constant, and let the relation between them be denoted by the 
equation * 

,Cn) = 0. 

Then between this, and the original integral equation, and the 
w — 1 equations obtained by differentiation, (forming n + 1 equa- 
tions in all), the n constants G nj^y be eliminated; the result 
will involve the differential coefficients up to the (71 1)*^ inclu- 

sive and the constant A, This would be a first integral of the 
differential equation, but it is not independent of the n already 
obtained; for from these let the respective values of the quantities 
C in terms of the variables and the ditTerential coefficients of y 
be derived from the sepamte equations, in which they occur singly 
and be substituted in the equation = 0 ; this equation will then 
be one involving the differential coefficients up to the (n — and 
the constant A, and \yill therefore be the same as the foregoing. 
In fact, the two processes are merely different methods of obtaining 
the one result; and the second shews that the first integral so 
obtained is derivable from the other n first integrals. 

Hence the differential equation of order n has not more than n 
independent first integrals. 

9. It is convenient to add here two lemmas to which frequent 
reference will subsequently be made. 

Lemma I. Let Wj, Wn? be n functions of the n variables 

a?!, ^a» these variables being independent of one another; 

if among these functions any relation, which may be represented by 

Wn) = 0 (i), 

be identically satisfied, so that Wj, are not independent 

of one another, then the equation 


3mi 

dui 

dui 


dx2 ’ 

dXn 

dUf, 

dus 

dU2 

dx,’ 

dXi ’ 

dXn 




ax.’ 

dxs ’ 

dXn 


is identically satisfied. 

Since equation (i) is identically satisfied, when for Wa, 

are substituted their values in terms of the independent variables, 
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the partial diflferential coe^cienta of F of the first order with 
regard to each of these variables ‘are separately zero. Thus we 
have 

. dFdUn_ 

dUi dxi du^ dxi 


dUfi dxi 


dF dui ^ dF ^ 
« dui dx2 3«2 3^a 


. ^ 


dF dUn_Q 

3«1 dXn 3 w 9 dXn dUn 

Let the ratios of the n partial differential coefficients of F with 
regard to the u*s be eliminated between these ?i equations, which 
are linear in these quantities; the result of the elimination is 


dui dv^ 

dtln 

dwi ’ dxi ’ 


dui dtt2 

3 «„ 

dcc2 * dx2 * 

dx^ 

dill dua 


dXn ' dXn * 

’ dXnl 


= 0 , 


and this is identically satisfied. The value of a determinant is 
unaltered by the change of rows into columns and columns into 
rows ; when these changes take place the above equation becomes 
equation (ii), which is therefore identically satisfied. 

Lemma II. The converae of this is also true: If w,, t4j, , 

be n functions 
if the equation 


of n 

independent variables 

Xi, J*2, 

dui 

dui 

0M, 

dx,' 

dx, 

’ Sx„ 

dus 

dUi 

dtt. 

dx,' 

dXi ' 





dxx ’ 

9<ra* 

’ Sx„ 


*0 


be identically satisfied, then the functions Uy, Wn, are 

not independent of one another, but are connected by a relation of 
the form 


F{Uy, 


, Wn)«0. 
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If the » - 1 functions u^, be not independent 

of one another, then the proposition to be proved is at once granted;, 
we may therefore suppose them independent of ona another. 
Between the n equations expressing the n functions u we can 
eliminate n — 1 of the variables ; if the remaining variable, say 
be not thereby eliminated, the resull may be written ip the form 

If the equation of condition be written in the form 



^ 9 (iCi , a7») 

we may write the theorem for the multiplication of determinants 
in the form 

d(Ui,U2, ,Un) _ d(Ui,U^, Un-i , 9 (Ui , 1^2, u^n) 

9(a?i,a?a, ,Xn) 9K,W2, 9(ari,ir8 

The left-hand side is zero by hypothesis. Since the functions 
Ui, Wa, Wn-i> are independent, the first factor on the right- 

hand side is and the second is ^ One of these 

doon o{w^yX2i 

must therefore vanish. 

• 

If it be the former, then is explicitly independent of a?n, so 
that Un is a function of i4a, ..., Un-i only; and there is thus a 
relation between the original n functions. 

If it be the latter, we have 

9(^1, ^n~ i) ^ Q 

9 , x^y 

an equation, which corresponds to the given equation of condition 
but in which there are only n — 1 functions of n — 1 variables, 
since for the differentiations that now occur Xn may be considered 
a constant. This equation is treated in the same manner as before ; 
and we should find either that there is a relation between 

Ui, i/g, ..., considered as functions olx^yX^i arn-ii or that a 

new equation involving n — 2 functions of n — 2 variables would hold. 
If the relation between xiiy ^n-i exist, it will be of the form 

V^(Wi, «„_i, Xn) = 0; 

which will involve Xn since we have assumed that Wx, u^y ..., w».i, 
are independent of one another. Between = 0 and ^ we can 
eliminate Xn, and obtain a relation between Ui, ..., • 
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Proceeding in this manner and diminishing by unity each 
time the number of functions, which enter into the equation of 
condition, we can prove that one of the two necessary inferences 
at each reduction is the statement contained in the proposition. 
And when the reduction has been repeated w — 1 times, the only 
alternative to the proposition is that any one of the n functions u, 
say Ury selected at will, should be such as to satisfy the relation 

^ = 0, where Wg is any one of the 7i variables w. This is manifestly 

OiCg 

not the case: for each of the functions u involves some of the 
variables. 

Hence the proposition follows. 


10. As a particular instance of the general lemmas, we have 
the following. Let U and V be two functions of two independent 
variables x and jy; if V can be expressed as a function of U alone, 
we must have 

dx dy dy dx ’ 

and conversely, if this equation be satisfied identically, there is 
a 1 elation between U and V, satisfied for all values whatever of x 
and y, such that 

v^AU). 

Ex, 1. Arc the functions 

x-\-2y+z, 07— 2y+3z, 2xy-xz-\-Ayz-‘2z^ 
independent of one another ? 

The equation of condition is 

1 , 1 , 1 = 0 , 

2 , -2 , 2.r+4i; 

1 , 3 , — o?+4y-42 

which is evidently satisfied identically; therefore the three functions are 
dependent. 

To find the relation between them, if we call them Ui, we have 

2o7»Mi + M2 — 4z, 4y=Wj — M2 + 2«; 

and therefore 

4^3= Wi*- 242^, 

on substituting these values. 

Ex, 2. Prove that the functions Ax+Iiy-{-C% and 

a^x^{,Bh^C^h) + hY{CH‘\'A^c)+c^z^{A ^b^B^a) - 2abc{BCyz + CAzx^ABxy)^ 
are not independent; and find the relation l>etween them. 
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Now consider two coexistent equations i7 = 0 and F=* 0, involv- 
ing two variables x and y\ and suppose that, for simultaneous 
values of x and y which satisfy them, they determine-^ common 

value of Then, as this common value is given by the relations 


dx ^ dy dx * dx dy dx ’ 

we must have 


"^'“dxdy dy dx'^^' 

If this equation J’«=0 is satisfied identically, the quantities U 
and V are not independent of one another ; in that event, the two 
coexistent equations, U=0 and F= 0, are not independent of one 
another. 


If the equation ,7=5*0 is not satisfied identically, but only in 
virtue of U=0,ov F = 0, or = 0 and F = 0, then we cannot infer 
the relative dependence of the two equations. Neither of them 
can be satisfied solely by means of the other. 


Ex, 3, As an example of the first case, let 

It is easy to prove that the quantity 

dx 0y dy dx 

vanishes identically. The quantities U and V are then connected by some 
relation ; the relation is 

^2 = 1 . 

The equations i7-a = 0, V-b — 0^ are not independent; wo must have 
a* a condition of coexistence, and then the two equations are 
effectively equivalent to a single equation. 


Ex, 4. As an example of the alternative case, let 

C/'=:ar2-|-y2 -1, rejycosa-h.vsina- 1, 


where a is a constant. Then 

. dUdV dVdU , 

which manifestly does not vanish identically. The quantities V and V are 
independent of one another. 

The quantity J vanishes when U-O and r=0, for 


t 
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That is, when the two equations U»0 and F—O are postulated, J vuiiBhea ; 
but it does not vanish identically. The two equations are independent of one 
another; tl^ have the property merely of leading to the same value of 

^ for particular values of y and x which satisfy both of them. 

The same kind of result is true, when we have any number n 
of coexistent equations 

Uj « 0, ttj ® 0, * * * , u,, ® 0, 

involving n variables Xj, ..., Xn. Let J denote their Jacobian, 
so that 

J. ^ 3(Uif t<,, ..., I 

d (Xj, Xj, ... , Xn) 

When J vanishes identically, the n equations are not independent 
of one another. 

When J vanishes, not identically but only in virtue of some or 
of all the equations, we cannot infer any relative dependence among 
the equations. No one of them can be satisfied solely by means of 
the rest. 

When J does not vanish, there is no question of the relative 
dependence of the equations. 
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DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


11 The general differential equation of the first order may be 
represented by 



where ^ is a rational and integral fiinction so &r as the differ- 
ential coefficient is concerned. In this general form, the equation 
cannot be integrated; but there are certain particular forms, to 
one or other of which many equations can be reduced, and which 
admit of immediate solution. These forms are called standard 
forma 


12. Before considering them in detail, we will prove a pro- 
position, which is merely a particular case of the general theorem 
indicated in § 8, viz., that a differential equation expressible in the 
form 



N, 


where M and N are one-valued functions of x and y, can have only 
one independent primitive. 

Suppose that, if it be possible, two primitives 

if>t{x,y) = b, 


have been obtained. From the first of these, the value of ^ is 
given by 

^ dy dx ’ 
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and therefore ' 

M^ + N^’^0. 

OX oy 

Treating the second primitive in the same way, we should obtain 
the equation 

M^+N^ = 0 . 

OX dy 

The elimination of the one-valued functions M and N between 
these two equations gives 

dx dy dy dx^ * 

This equation must be satisfied identically: for it does not contain 
a or 6, and therefore it cannot be satisfied in virtue of ^ « a or 
^2 = 6. Consequently (§ 10) ^2 is some function of Hence the 
two primitives are not independent; and the second can be expressed 
in the form 

which is resoluble into equations of the form 

<f>i = a, 

each of which is only a repetition of the first of the primitives. 

If therefore in solving such a differential equation any primi- 
tive has been obtained, this may be looked upon as the general 
solution of the equation; for, from it, all other primitives can be 
derived. 

13 . Standard! 

The equation Mdy = Ndx can always be solved when the 
variables can be separated. For, in this case, the equation may 
be changed to the form 

Ydy^Xdx, 

where F is a function of y alone, and X a function of x alone; and 
the equation can be integrated in the form 

J7dy^fXdx+A, 

A betng an arbitraiy constant 
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dx 



The variables can be separated and the equation becomes. 


dy 


dx 


«0, 


one integral of which is / 

arcsin^-l-arcsin x^c. 

But the equation may be written 
which, after integration by parts, gives 


But 

and therefore an integral is 

y(l_**)i+ar(i_y*)i-C'. 
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This affords an illustration of the proposition in the preceding paragraph ; 
for the latter primitive can be derived from the former by taking the sine of 
both members, and the relation between the constants is 

C«sinc. » 


Ex, 2. Solve {X‘^y^)dX’\‘2xydy^0, 

The variables, though not immediately separable, become so after sub- 


stitution. Write a 


BO that 


the equation is 

xdx-¥xdv^vdx 
dx 


= 0 , 


■+d{i 


0 , 


and therefore 

or 


V 

log A- + - » constant, 

X 

xe^=sA. 


Ex. 3. Solve the equations 

(i) x(l+y*)*+y(l+j:*)i^-0; 

(ii) Bec®4?tanyo?;r-HBec*ytajaj7c?y«0; 

(iii) 

(iv) (1 +y*) dx- {y+(l +y)i} (1 dy-O; 

(V) (y-*)(l+a^)*^-«(l+y*)*. 
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14. Standard IL Lineai" Form. 


When the equation of the first order is linear, it may be written 
in the form 


where P and Q are functions of tc and do not involve y. 

If the function Q were zero, the integral of the equation could 
be obtained by the method of § 13, and would be found to be 

where u is a constant. 


When Q is different from zero, we assume the same form for y, 
but we do not restrict u to be constant. Substituting this value of 
y in the original equation, we find 


and therefore 

so that 

o 

and therefore 






«=■(/ + 




where (7 is an arbitrary constant Thus 
y = 

= dx 


is the primitive of the difiercntial equation. 


Note 1. This method of obtaining an integral of the equation 
when Q is zero, and then regarding the parameter u in that integral 
as actually variable when Q is not zero, is sometimes called the 
method of the variation of parameters. It is of frequent use for 
linear equations of the second and higher orders. 


Note 2. The preceding analysis shews that 



14-15] 
and therefore 


STANDARD F0B31S 


21 


is a perfect differential. Such a quantity as multiplying a 

quantity ^ + so that it becomes^^ perfect differential, is often 
called an integrating factor. 


Ex, 1. Solve 
By the result in the general case, we have 


^ X J 

dx^ 


hence 


Ex, 2. Solve 


. \ xdx r f 

= C+log- 


i+a+x^y 


r 




(i) *(!-**) ^.+(24r*-l)y=cM;5; 

(ii) ^+ycos;i;='jBin2*; 

(iii) y^+cy*=«oos(*+^); 

Ex, 3. Shew that the solution of the general equation may be exhibited 
in the form 




16. An important associated form, which can be solved by the 
same method, is 

%^Py=Qy\ 

where P and Q are functions of x alone, and » is neither 0 nor 1. 
Divide by y" ; the equation then is 
1 d / 1 \ ^ 


1 
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which is the Btandard form; -and the general solution is 

„ C-(n- 1 ) f Q 0 -»>-»f^cla. 

Ex, 4 Solve »^+y= 3 ^ 1 og*. 

This becoigee, after a transformation similar to the above, 

li 


the primitive of which is 


d /l\ 11 1, 


This is 

whence 
£x. 5 . Solve 


y J 
^y J 


d,r log A* 


a X 


-B*l+CJr+logx 

y 


/jf g 

(i) ^+ 2 iE 2 != 2 aa? 323 ; 

/ /w 

(ii) {\-‘aP)-^-^xz^axz"i 

(iii) ^+ay-y*8in«; 

(iv) ^(*y+ay)»l. 

Ex, 6 . Shew that the four equations of the first order in § 7 lead to the 
same primitive. 

16. Standard IIL Homogemous Equations. 

(i) The equation, being of the first degree and expressed in 
the form 

is said to be homogeneous, when M and N are homogeneous 
functions of x and y of the same degree. In this case, we can 
write 
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r being the common degree of M and N. On the substitation of 


y = t«r, ' 

so that V may be considered a new dependent variable^he equation 
becomes 

(» + <#>(«/)“ 'I" (»). 

or + 

X v^(v) — -^(v) ' 

in which the variables are separated ; the integral is 
® 1 ^v)-ylr(v) “ 

The primitive will be given by the substitution of - for v after 
the integration has been performed. 


This result furnishes another instance of an iritegrativg 
factor^ of which one instance was indicated in § 14, Note 2. The 
equation can be taken in the form 

Jl/dty — i\r(ia? = 0, 

so that 

X*' <f) (v) {vdx -f xdv) ^afylr {v)dx = 0 , 

and therefore 

x'^ {i;0 {v) — yjr (v)} dx + <l> (v) dv = 0. 

If v<^ {v) — ^ft (v) vanishes identically, then is an integrating 
factor : for it changes the equation into 

^{v) dv = 0, 

which is exactly integrable. 

If v4> {v) — yfr (v) does not vanish identically, then the equation 
becomes exactly integrable in the form 


dx 

X 


■f 




V<f> (v) — 


dv^O, 


on division by the quantity 




But 
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and therefore the integrating.lactor is 

1 

My-Nx' 

provided My —Nx be not identically zero. 

(ii) If the equation however be not of the first degree but still 
be homogeneous in x and y, it may be written in the form 

There are now two methods of proceeding. The first method is 
to resolve the equation, considering it as an equation in let the 
result be expressed by 

d®”-' W* 

This is the case already discussed. 

The second method is to resolve the equation considered as an 
equation in - ; then we should have 

or y=«/i(lJ), 

where p is written for Differentiating this with respect to x, 
we have 

and therefore 




dx dp 

This gives on integration 




p-/l(p) 

-O+f (p), 

say; the elimination ofp between the last equation and 

y=“>fi(p) 

will give the primitive But it is not alwa}r8 desirable to eliminate 
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p; it may be retained aa the parameter of a point on the ooire* 
spending curve, in which caser its use would be simi]^ to that of 
the eccentric angle of a point on an ellipse. 

(iii) It may happen that, in the case of an equation 

it is more convenient, or more easily possible, to express ^ and ^ 

in terms of a new quantity u, than to solve the equation either for 

^ or for We then should have relations of the form 
ax X 


The former gives 


and therefore 


so that 




9 (u) -/(.») 

The variables are separable ; and we have 

/(«) . 7 .. 


and therefore 


® S' («)“/(«) 




where is an arbitrary constant. This equation, combined with 
y^x/(u), gives the primitive of the original differential equation. 


Ex. 1. Solve 




When we write the equation becomes 

vdv dx ^ 


whence 


Y-7^+log(l -v)+logar«ii, 
ae 

(jF -y) * Cl 
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Ex.% Solve (i) 

- (ii) 

Ex,Z. Solve (aa?+4y+c)^e 

< 

Let a;=A+^ and y^k+ri^ and Huppose h and k so chosen that 
aA+&^+c«=0, ilA+jBA + C«0; 
then the equation becomes 

(af+&j)^=^t+5i/, 

which is homogeneous. 


A B C 

If however but ^ differs from each of these fractions, then the 

equations giving h and k are inconsistent. Let each of the equal ratios be 
equal to m \ then 

{ax-k-hy + c) wi (aa?-l- by) + C, 


Substitute 


ax-\-hy^v\ 


then flt+ft 

add the variables are separable. 


mV'{-C dv 



B_C 

b^c 


n, the equation is 


dy 

dx 




so that y^nx^E. 

Ex.^ Solvo (i) 3y-7ar+7 = (3j?-'7y-3)^; 

(ii) (2^r+43^+3) ^-2y+jr+l; 

(iii) (3j?+6y+6)^=.7j/+a;+2. 


Ex. 5. Shew that the equation 

in which P, and i?, are homogeneous functions of x and y, P and R being 
of the same degree, may be solved by the substitution y = vx. 

Ex. 6. Solve 

(A**+5iy+a»+/3y+y)^=^ag^+£/+a'x+i8'y+'/. 
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17. Let now the curves, whose •equations are the complete ; 
primitives of the homogeneohs equation, be traced t, they form s 
system of similar curves. For let there be draym through the 
origin any radius vector cutting all these curves and Tnii.1rTn g an 
angle 6 with the axis of the inclination to the axis of ai of the 
tangent to one of the corves, at thek’point where this radius vector 
meets it, is given by '' 

and therefore all the tangents at points lying on this line are 
parallel Consequently all the curves are similar and similarly 
situated. 


18. Standard IV. 

Equations arise in which one of the two variables does not 
explicitly occur. 

Consider, first, that class from which the independent variable 
is absent. The equation is of the form 




As in the general equation under Standard III, there are two 

methods of proceeding. If it be possible, we may resolve for ^ so 

dx 

that 


in which the variables are separable ; the primitive is 

Or, if it be possible, we may resolve for y, suppose the result to 
be given by 

Differentiating with respect to x, we have 
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ia which the variables are separable : and the integral is 


which, when combined with 

y^Mp) 

for the elimination of p, will furnish the primitive. It may be more 
convenient to leave p uneliminated. 

Let us now consider the class from which the dependent variable 
is absent. The equation is of the form 

1 . 


Since 


dydx ^ 
dxdy~ 


the equation may be written 


or 




an equation of the former class, and soluble by the methods thereto 
applpng. These methods however may be applied to the equa- 
tion without making it undergo this transformation. Resolving the 

equation if possible we shall have 


l-m 


and the primitive is therefore 

y=/ F{x)dx-\‘A, 

Or resolving for x in terms of ^ , when this is possible, we shall 
obtain 


X 




Differentiating with respect to y, the absent variable, we have 


■ E» ' 


dp 
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the integral of which is ^ * 

y^fpFi(p)dp+0. 

This equation, combined with 

a!-Fi(p), 

constitutes the primitive. s' 

It may happen that, in the case of an equation 

<l>(y,p)=o, 

it is more convenient, or more easily possible, to express y and p in 
terms of a new quantity u, than to resolve the equation either for p 
or for y. We then should have relations of the form 
y=f(u), p=g(u). 

The first of these gives 


p=f(u) 


so that 

and therefore 


du 


Sf(«) 

J 9(^) 


This equation, combined with 

constitutes the primitive. 

Ex. 1. Shew how to obtain the primitive of the equation 

Vr(jr, p)«0, 

when it is more convenient to express x and p in terms of a variable u than 
to solve the equation for p. 

.ffx. 2. SolTO 

(in 

^\dx) x»+2ox* 

19. Standard V. 

When the equation of the first order is of the n^** degree, suppose 
it arranged in descending powers of the differential coefficient, so 
that it may be written 



I 
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i 

in which P„ P„ P«, denote functions of a and y. If we look 

upon this as an algebraical equation in which has n roots 


pit Pit ••• 

becomes 


, pn, these being functions of w and y, the equation 




This can be true only if one or more of the factors on the left- 
hand side vanish; and therefore any relation between x and y, 
which makes a factor vanish, will be a solution of the original 
equation, while no relation which does not make some factor 
vanish can be a solution. Suppose then that the primitives of 
the equations 


dy 

dx 




0 , 



^ dx 


— Pn®= 


0 , 


(deduced by means of one or other of the preceding methods) are 

C^i) = 0, y,C;) = 0, 

respectively. All possible solutions of the given equation will be 
contained in 

' {x, y, (7,) <^2 {^*7, y, Q (a?, Vt Cn) = 0. 

But the generality of this integral will still be maintained, if 

all the constants Cj, Oa (?«, be made the same, say C\ for in 

order to find a value of y, we must equate to zero some fector on 
the left-hand side of the new form, and this would give an equation 
of the form 

Now (7 is an arbitrary constant; if then all possible numerical 
values be given to it, there must be included in the series of con- 
sequent equations all the integrals, which can be derived similarly 
from the corresponding factor of the first product. Hence we 
have as the general complete primitive of the original differential 
equation 

4>i(jc,y,C!)<^{x,y,C) (®, y. 0) = 0- 


Ex. 1. 

Then ay?-y»» +4?(j?®+y*)^, 

which, by the substitution y™xz^ becomes 


dz _ 
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When the positive sign is taken, the solution is 

««sinh (^+c). 

The negative sign gives 

ij*isinh(e— a?); 

hence the general solution is 

[y — 0? sinh (^+e)] [y — ^unh (c - 


£x. S. Solve 


(i) 




Be, 8. Solve 

(i) a^jp^+ixyp+2if^''^0; 

(ii) 

(iii) p{p+y)=x(x+y)i 

(iv) p® - +y®) p®+(**y +«®y®+ jy*)p 0} 

(v) (a®-a;®)p*+6x(a®-a;®)p®— p— JarceO} 

(Vi) (l-ya-g)pS_2|p+J-0; 

(vii) p®+^«+y-2|^p+ay+^-y-^=0. 

Es, 4. Shew that, if the general equation be homogeneous in x and y, it 
can be solved by the substitations 

dt 

y^tx, x^~z. 

Hence solve 

20. Standard VI. Clairaufs Form. 

The equation, to which this name is usually applied, is 

y=|M;+/(p), 

in which p stands for 

Differentiate the equation with regard to a;: then 

P=P + [®+/(p)]^’ 
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SO that either 


^-0 

dw 


or «+/'(p)»0. 

Taking the first of these, \fe have p=:c, an arbitraiy constant; 
hence the {trimitive is * 

y»ca!+/(c). 

The second equation expresses a; as a function of j); therefore, ifjp 
be eliminated between this equation and 

y-p<c+/(p), 

a relation between y and a will be obtained 

Of these, the former is evidently a solution of the equation, and 
from it the differential equation can be deduced at once ; for, on 
differentiating, we obtain 

p = c, 

and eliminating c we have 

y^px+/(p). 

If now we turn to the other relation between a and y, which will 
Ije that derived from the elimination* o{p between 


r=p«+/(p)) 

►=«+/(p)r 


we see at once that it contains no arbitrary constant and therefore 
is not a general solution* Yet it may be a solution of the equation ; 
for diflferentiating the first equation, we have 

^=p+[®+/'(p)]^ 


by the second equation unless ^ be infinite ; eliminating p from 
the equations y “P® +/(p) and ^ =p, we obtain 

which is the original equation. 

* It idioold be notioed that, for pozpoBes of elixniiiation, jp Ig merely a quantity 
niuily to depend upon y andg;; it ii not now neoesearily ^ . 
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Note 1. The relation between the two solutions, when both exist, 
is easily indicated by geometriccSi considerations. The first solution 

y='ca?+/(c) 

represents a family of straight lines ; if they have an envelope, it 
is found by differentiating the equation with respect to c (in fact, 
this is equivalent to giving c a pair of equal values fov the same 
values of x and y). Then we have 

Q^x^f (c). 

The result of the elimination of c between these two equations is 
the same as that of eliminating p between the two equations 

y=px^f{p\ 

and therefore the curve represented by the latter is the envelope 
of the family of lines represented by the first solution, should these 
lines have an envelope. 

Such a solution of the equation, which is not included in the 
primitive (but which may be derived from it in the above manner), 
is called a Singular Solution, We shall shortly return to a more 
detailed discussion of singular solutions. 

Note 2. That the two solutions are distinct can be seen as 
follows. Let 

U^y-cx -/(c), F= y -pa? -f{p\ 
where, in F, the value of p is given by the equation x +/' (p)* 0. 
Now 

du dja - dv 
dx"‘ dy~^ 

p. 

„ dUdV dUdV 

Hence ^ ^ ^ 

ax ay oy ox ^ 

which does not vanish identically; it does vanish in virtue of 
the two equations £r= 0 and F = 0, when we take these equations 
simultaneously. 

Hence (§ 10) the two equations [7=0 and F= 0 are independent 
of one another ; and the two solutions are therefore distinct from 
one another. 


v.D.a. 
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Ex, 1. Solve — • 

V 

The first solution is 

yssra?+-‘. 

c 

The second is given by the elimination of •p between 



and the original equation ; eliminating p, we have 

y*4aar. 

The latter is a solution^ and so it is the singular solution; the curve 
represented is touched by all the lines included in the primitive. 

JEr. 2. Solve (i) 

(ii) 

(iii) ay/)®+(2jp-6)/>«»y; 

(iv) 

(v) 


21. There is an extended form of the equation, which can be 
solved in a similar manner, viz.: 

. y=^(p)+^(p)- 

To solve this, let the equation be differentiated with regard to 
a;; then 

P “/(P) + [®/ (P) + <l>' (p)] ^ . 


or 


^ + X (p'> 

<^p fip)-p p-hpy 


which is linear in x and comes under Standard II. 


Let the integral be 

c) = 0. 

The result of eliminating jd between this equation and the 
original equation is the primitive. 


Ex, 1. Solve 


or 




Diflferentiating with regard to we have 

dp \ X dp 
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and therefore ^ 

dx X ap 

^ ( 1 “ i +JD* ’ 

the integral of whioh is 

„ C-^alog {p^(l + p*)i}. 

This equation, combined with the original equation, gives the priiSitive. 

The equation could also have been solved by differentiating with regard 
toy. 

£x,2. Solve (i) x^yp+ap^; 

(ii) y«i?p+ax(l+p*)i; 

(iii) y«:pmjo+»(l+/>8)^; 

(iv) y«yy*+2yar; 

(▼) ==n(x+yp). 

Singular Solutions. 

22. From the investigation in § 20, it is clear that a solution 
of a differential equation can sometimes be found which, when it 
exists, is usually distinct from the primitive ; such a solution does 
not involve in its expression any arbitrary constant. It may,* 
however, be included in the primitive, by assigning a particular 
value to the arbitraiy constant; such a solution is then regarded 
as being both a singular solution and a particular case of the 
primitive*^. 

We proceed now to consider the theory of these Singular 
Solutions of the general differential equation of the first order 
which will be written 

If the differential equation either be linear or be resoluble into 
a set of rational linear equations (as in the case of Standard V.), 
then it has no singular solution; any solution of it apparently 
of this nature is merely a particular solution^ derived from the 
primitive by giving a particular value to the arbitrary constant 
therein contained. For the present purpose, therefore, the equation 
in p may be considered irresoluble: if it can be resolved into 
factors which are not linear and not resoluble into linear factors, 
then we should consider in turn each of these irresoluble fsictors. 


* An example is given below, Ex. 6, § 29. 
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We may thus consider 0 » 0 as a^rational and irresoluble equation 
of degree n. Moreover, we shall assume that ^ is a one-valued 
function, and that it contains no factor which is independent of p ; 
such a factor, if it were retained and equated to zero, would satisfy 
the equation, but would not involve the dififerential coefficient. 
If in any case these facers occurred, we should suppose them 
removed. 

23. The considerations adduced in the Introduction furnish the 
inference that, if a: and y be the coordinates of a point in a 
plane, the differential equation determines a system of curves in 
that plane, which depend upon a single independent variable para- 
meter ; and as the differential equation determines at any point a 
direction through that point, there will be n directions, given by 
the values of p there, and therefore n curves will pass through any 
point in the plane. To represent this system algebraically, we need 
an equation of the form 

/(iP,y,Ci,Ca, 

the constants in which are involved rationally and algebraically ; 
^ but as only a single independent parameter is needed, there must 
be m — 1 algebraical relations among these m constants. Further, 
this function / will be one-valued ; and any factor, involving oc and 
y (or either of them) but none of the constants, would be rejected 
for the same reason as led to the rejection of similar factors from 
the differential equation. As the differential equation cannot be 
resolved into simpler equations of a lower degree, the algebraical 
equation is not so resoluble ; if it were, to each algebraical equation 
of lower degree there would bo a corresponding differential equation 
of lower degree — a result excluded by hypothesia And the reason 
that m constants connected by m — 1 relations are inserted instead 
of a single constant is this ; the equation in the latter case would 
be the same as that derived from the former with all the constants 
eliminated except one, and as this elimination would usually 
imply operations (such as squaring) which introduce equations 
other than that wanted, the result would be that the final equa- 
tion would represent more than the single equation desired. For 
example, suppose that by any process an integral is obtained in 
the form 


{«* 4* y® — a (a? cos « + y sin «)} * a a* (^ -h y*), 
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or, changing to algebraical constants, * 

+ y - a Qx -h my)} * « + y*), 

with the condition 

then the equivalent equation containisig one of these constants, 
as m, alone would represent not only tfiis equation but also 
+ y® — a (— Za; + wy )j* = a® + y>), 

with the same limiting condition, and therefore would not be 
equivalent solely to the first of these. 

Further, there are n curves passing through every point in the 
plane ; hence the equation /= 0, with the m — 1 equations between 
the constants, must give at every point n sets of values for these 
constants. Let the aggregate of the constants be denoted by c, so 
that for any point in the plane c will have n values. 


24. Consider now the formation of the differential equation 
from the primitive 

/(a7,y, c) = 0. 

It is obtained by eliminating the constants between the m — 1 
relations, this equation, and the equation 

dx ^ dydx 


But suppose the quantities c replaced by functions of x\ the 
deduction of the differential equation will proceed as before, except 
that for the last equation we must substitute 

dx dy dc dx 


The result will be actually the same as before, if 

dc dx 


= 0 . 


cZc 


To satisfy this equation we must have either ^ zero, which 
leaves c constant ; or c must be determined by 

¥■ 

dc 


: 0 . 


Let the value of c so determined be substituted in the function /. 
We may thus in general, as a possible solution of the same 
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differential equation, equate to zero the disoriminant of f with 
regard to c ; let this be written 

Discto/(a?, y, c) = 0. 


26. This locus is the locus of all points in the plane at which 
the parametric constants 6t.have two or more equal values. In it 
there wifi therefore be included the following: — 

(i) the locus of all the nodal points (double, treble, etc.) of the 
systein of curves ; for at such a point there are as many values of c 
equal to each other as there are branches through the point, since 
the branches belong to the same curve ; 

(ii) the locus of all the cusps of the system, for similar 
reasons ; 

(iii) the envelope of the system of curves, which may be either a 
single curve or several curves ; for any point on the envelope may 
be considered as belonging to two separate but consecutive curves 
of the system, the constants of these consecutive curves being ulti- 
mately equal. [In the case, when the envelope can be decomposed 
into several curves, it may happen that one of these is merely 

* a particular curve of the system f{x^ y, c) = 0 ; its equation gives 
part of the envelope and a particular curve of the primitive.] 

Let these three respectively be called the nodal locus, the 
cuspidal locus, and the envelope locus. 


Note. The occurrence of the node-locus and the cusp-locus in 
the equation 

Disct<./(a7, y, c) = 0 
may be explained as follows. 

The coordinates of a node or a cusp on the curve /« 0 satisfy 
the equations 

^=0 ^=*0 /‘« 0 - 

let these coordinates be denoted by 

X^g{c\ Y^h{c). 


On the consecutive curve f{x, y, c + dc) = 0, the coordinates of 
the node or the cusp consecutive to X and Y may be denoted 
by Z + dX, Y + dY ; and then, among the three equations to be 
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satisfied, we have 

f(^X + dX, Y'^diY, o+<io)*0, 
that is, when we include only quantities of the first order. 


Taking account of the equations 


9 /. 


= 0 , 


i/. 

0F 


= 0 . 


which axe satisfied by X and Y, we infer that the equation 

¥■ 

do 


:0 


holds along the node-locus or the cusp-locus« Hence the locus of 
all the nodes and the locus of all the cusps of the curves jf =» 0, for 
different values of c, may be expected to occur in the eliminant of 


/=» I- 


0 , 


that is, in the discriminant 


26. If we now consider the differential equation 

in connection with the system of curves, whose equation constitutes 
its general solution, it is evident that the envelope of the system is 
a solution of the equation; for at any point on the envelope (which 
is a point on two consecutive curves) the direction of the tangent 
is the same as that of the tangent to either of these curves at that 
point ; and since the differential equation is satisfied by the quanti- 
ties, which are connected with the element of the system of curves, 
it must be satisfied by these (unaltered) quantities, which are con- 
nected with the element of the envelope. 

But the nodal locus is not a solution of the equation; if it 
were, the differential equation would, for the values of x and y at 
any node, be satisfied by the corresponding value of p at this point 
on the nodal locus. Bemembering that the nodal locus is formed 
by a series of points on our system of curves, we know that the 
values of p at any such point which satisfy the differential equation 
are those given by that curve of the system which passes through 
the point. But as the tangent to the nodal locus at such a point 
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will not in general be a tangent to any of the branches of the curve 
of the system at the point, it follows that the value of p for the 
nodal locus differs from those values of p for the curve of the system, 
which satisfy the equation when substituted in it with the coordi- 
nates of the point. And it would only be by accident that the 
value of p for the nodal locus could coincide with any of the re- 
maining values of jd, which do not belong to the curve on which 
the node lies, but are furnished by other curves of the system 
through that point. Hence the value of p for the nodal locus at 
the point will usually be such as not to satisfy the differential 
equation ; and the nodal locus will therefore^ in general^ not he a 
solution of the differential equation. 

Exactly similar considerations, applied to the cuspidal locus, 
lead to a similar conclusion : — the cuspidal locus^ in general^ is not 
a solution of the differential equation. 

27. Now the envelope of the system can be derived from a 
knowledge of the differential equation alone, i.e. without a know- 
ledge of the primitive. At any point on the envelope, at least two 
of the branches of the different curves coincide in direction ; and 
therefore for such a point we shall have equal values of p belonging 
to different but consecutive curves. 

If now we express the condition that two values of p shall be 
equal, by means of the equation 



and eliminate p between this and the original differential equation 
(in fact, if we equate the discriminant of to zero), then the locus 
Di8ctp<^(a?, y, jp)«0 

will be one at points along which two values of p will be equal, and 
will obviously include the envelope. 

But, besides including the envelope, this equation will also give 
the locus of all points 

(i) at which two branches of the same curve touch, i.e. will give 
all the cusps ; this locus, as before, is the cuspidal locus ; 

(ii) at which two curves which are different but not consecutive 
touch; this locus is called a tac-loaus. Thus, for instance, if we 
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have two infinite series of concentric circles one round each of two 
points, the straight line joining the centres (and produced both , 
ways) is the locus of points of contact of two circles, one belonging 
to each system. 

As before, the cuspidal locus is rejected, not being a solution 
in general ; and reasoning, exactly similar to that which led to the 
rejection of the nodal locus, indicates that the tac-locus is not a 
solution in general 

Hence, of all these loci, the only solution of the differential 
equation is the envelope-locus; and this, and this alone, we call the 
"Singular Solution” of the differential equation. Either method of 
obtaining the envelope-locus may introduce some of the other loci 
which have just been shewn not to be solutions; and therefore in 
any particular case, unless the equation derived obviously represents 
the envelope and nothing but the envelope, it is necessary to try 
whether the result satisfies the differential equation. Should it not 
do so, it may happen that the integral equation can be resolved 
into others that are simpler, and one or more than one of them 
may satisfy the equation ; these will then constitute the Singular 
Solution. And those resolved parts which do not satisfy the diffe- 
rential equation will be found to be loci, which according to the 
principles above explained ought to be rejected. 

It may be added that the locus, obtained by equating the 
c-discriminant to zero, contains the envelope-locus as a factor 
once, the node-locus twice, and the cusp-locus thrice; and that 
the locus, obtained by equating the j>-discriminant to zero, con- 
tains the envelope-locus as a &ctor once, the cusp-locus once, 
and the tac-locus twice*. The results are often expressed in the 
forms 

Discto/ («, y, c) «= EN'C*, 

Disctp <f> (x, y, p) *= ET*0. 

28. We can assign an analjftical condition that the relation, 
obtained by the elinaination of p between 

* Oavlej, of Hath^ toL xx. (1878), pp. 11, 18, voL xix. (1888), p. 8, Coll. 
Math. Paper$f vol. Tin. pp. 588, 584; M. J. M. Hill, Proc. Land. Math. Soe., vol. xxx. 
(1888), pp. 561 — 589. Oayley inferred the reralts from geometrical coneiderationB ; 
an analytioal proof ie giyen by HilL 
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and it is a singular solution of the differential equation. If the 
integral equation does not possess ah envelope^ (and it does not 
alwa3rs possess such an envelope even when it is an algebraic 
equation*), then there is no singular solution. 

In fact, the exceptions in t|ie first case — ^when the differential 
equation has^ singular solutiod — are the exceptions in the second 
case — when the integral equation represents a family of curves with 
a genuine envelope. 

The theoiy of singular solutions of differential equations of the first order, 
as at present accepted, was first given by Cayley, Mesa, of vol, ii. (1873), 
pp. 6 — 12, ColL Math, Papers^ voL VIIL pp, 629 — 634; and an important 
memoir was independently published by Darboux about the same time, BvlL 
des Sc. Math,^ vol. iv. (1873), pp. 158 — 176. Many memoirs dealing with the 
subject have since been written; it will be sufficient to mention those by 
Workman, Quart, Joum,^ voL xxii. (1887), pp. 176—198, 308 — 324; M. J. M. 
Hill, Land, Math, Soc, Proc,^ vol. xix. (1888), pp. 661 — 589; Chrystal, Trans, 
R, S, JF., vol. xxxviiL (1897), pp. 803 — 824; and to refer to author’s Theory of 
Differential Equations^ vol. n., ch. viii., for an analytical discussion of the 
subject and, in particular, for an exposition of Hamburger’s method of 
treatment 

We now proceed to consider some examples of the general 
theory. 

In the case of each example, the corresponding figure should be drawn. 

Ex, 1. Solve y)-a?=0. 

The condition that p should have equal values is 
(^-y)2+4a^=0, 

ie. (^+y)*=0, 

or 

which is not a solution. Now the equation may be written 
the solutions of which are 

y^x—c and 

The different curves represented are obvious. 

This is an example of the remark (§ 22) that, if the equation be reducible 
to linear and rational factors, it has no singular solution. 

Ex, 2. Solve pV* cos'^a - ^pxy sin^a sin^a » 0. 

The condition that p should have equal values la 

sin*a cos*« (y® - siu^a), 

* As to this result, see the memoir by Chrystal, pp. 619, 820, quoted below. 



£9] 

SINGULAR SOLUTIONS 

• 

46 

that is, 

(r®sin*a-y® co8*a)y*»0, 


so that 

y«0, 


and 

y* ±^tancu 



The primitive is 

^ - 2«7+ c® oos*a « 0 ; 
and the condition that c should have equal values is 

a?®«(ar*+y^)co82a, 

or y= ±;rtana. 

The curves represented are a series of circles; their envdope is the two 
straight lines y« ±j?tana, which constitute the singular solution. 

The line ysO is a tac-loous. 

It is easy to verify that the lines ±a'tana satisfy the tests in § 28, so 
that they constitute a solution of the equation. 

JEIr. 3. Solve (r - a) (r — 6) = - 2r (a+b) -f 

The condition that p should have equal values is 

a; (r - a) (r - b) - 2r (a+ 6) +a6}* -lO. 

The primitive is 

(y + c)* « r (r - a) ( j? - 6) ; 
and the condition that o shall have equal values is 

6 )= 0 . 

The differential equation is satisfied by (and the cor- 

responding infinite values of p); and these are singular solutions. The 
remaining factor in the p-discriminant gives 

3.v=aH-6+(a*-a6+6‘^)4 ; 

and these lines are tac-loci. 

The cubic curve - a) (j?- 6), 

(p<a<b) consists of an oval cutting the axis of x at the origin and at a 
distance a, and of a curve like a parabola cutting the axis of ^ at a distance b ; 
the tangents at all these points are parallel to the axis of y. The system 
of curves is obtained by moving the cubic curve parallel to the axis of y. 
The straight lines x^^by are envelopes of the system; the line 

3r»a+&— (a^— is a tac-locus of real points of contact; the line 
is a tac-locus of imaginary points of contact. 

Ex. 4. In the foregoing, make a^b\ and remove (see §22} the factor 
(x - a)®. The differential equation is 

4ay*es(3r— a)®; 

the condition that jc should have equal values is 

:p(3a7-a)®»0. 
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The integral equation is * 
and the condition that c should have equal values is 

Common to these we have ^=0, which (with the corresponding infinite 
value of p) is a solution of the eqfiation, and therefore a singular solution. 
Every curve of the system has a double point; the locus of these is 
which is a nodal locus; the line is a tac-locus. 


Ex. 6. In the foregoing, let a»0 and remove the factor x. The dififerential 
equation is 

4p^^9x; 

the condition that p should have equal values is 


The primitive is 


;r=0. 




and the condition that c should have equal values is 


The differential equation is not satisfied by (with the corresponding 
infinite value of p). 

The curve is the semi>cubical parabola having a cusp at the origin ; 

and the system is obtained by moving the curve parallel to the axis of y, so 
that orssO is the locus of cusps, and therefore is not a singular solution. 


Ex. 6. — + 

the condition that p shall have equal values is 

The primitive is 

y=c(j;-c)* 

and the condition that c shall have equal values is obtained by eliminating o 
between this and 

(a?— c)(^-3c)-«0, 

so that either 

y=0 or 

agreeing with the former. Both of these satisfy the differential equation. 
The first of them is a jiarticular solution (corresponding to c=0), and it there- 
fore is both a singular solution and a particular case of the primitive ; the 
latter is only a singular solution. 

Ex. 7. Obtain the primitives and the singular solutions (where these exist) 
of the following equations ; and specify the nature of the loci, which are not 
solutions but which are obtained with the singular solution. 

(a) — 

±2x. 


Primitive 
Singular solutions 



29-^0] 

03) 


Primitive 
Singular solution 
Tao-locus 


(y) 


PaiNCIPLE OF DUAUTY 
(r® - a*) jo* - r* 0 ; 

r=0. 


Primitive 
Singular solution 
Singular solution, also particular, 

(d) + 

(C) 

(f) p®(l-^)=l-V®; 

(v) (bx-^ay)'^ (fc® -I- ^2 


47 


Further examples occur in the paper by Cayley, Meu, of Maih,^ vol. VL 
(1877), pp. 23 — 27, CoLL Math. Papers^ voL x. pp. 19—23: and in one by 
J. W. L. Glaisher, Mess, of Math,^ vol. xii. (1862), pp. 1 — 14. 


Principle of Duality. 


30. There exists in ordinary differential equations a duality^ 
in virtue of which each equation is connected with some ot^ier 
equation of the same order by relations of a perfectly reciprooil 
character. We shall consider here only equations of the fiist 
order. 


We take a new dependent variable F given by 

Y=px-y, 

and we have 

dT^pdx-\-xdp-^dy 

^xdp. 


We take p as our new independent variable, and we write it X for 
symmetry, so that 

X ™ p y 

and then we have 


a7 = 


dp 




P. 


With these relations, we have 


y^px-y 

^PX^T, 

so that the relations between the variables are reciprocal. 
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If now we have aa equation of the form 
the above relations transform it to 


^(P,PJr-F,X)-0. 

When the integral of either oV these is known, the integral of the 
other can generally be deduced by a process of algebraical elimina- 
tion. Thus let an integral of the second be given in the form 

/(X. r)-o. 


Then we have 


that is, 


and 




The elimination of X and Y between these three equations will 
leave an equation between cn and y, which will be a scuution of 


Note. The preceding process of constructing one differential 
equation from another is the analytical equivalent of the geometrical 
construction of a polar reciprocal of a curve. 

Let a curve C be drawn ; a tangent to it at a point ®, y is 

y-y-p(f-«). 

where f and j; are current coordinates. Let the pole of this tangent, 
taken with respect to the parabola »0, be X, F; then its 

equation is 

Xf-y-F=0. 


As the two equations are the same, we have 
X=p, F=p®-y. 


^e locus of X, F is a curve O', the polar reciprocal of 0", and 0 
is known to be the polar reciprocal of O’, that is, the locus of the 
poles of the tangents to O’, taken with respect to the parabola. 



80] PRlNOtPLB OP DUAUTT 49 

Thus the point «, y on 0 is th^e pole *of the tangent to (7* at the 
point JT, F; by a similar process, we should find 

y^PX-Y. 

These are the relations* used in the analysis connected with the 
differential equation. 


Ex. 1. Solve the equation 

{y-px)xm^y. 

E&cting the tranefonnation determined by 

px-y^Y, p^Xy x*=P, 
we have the equation in the form 

-YP^PX-r, 

„ Y 


that is, 

Writing F— VX, wo have 


‘ 7 + 7 - 



V+\ '“r+1* 

and therefore 



Henoe 

log K— -p+ log X = const, 

that is, 

/ (X, F) =s log F- y= const 

Thus we have 

a/ 1 df X+F 

57" Y' dY~ r» ’ 

and therefore 

Y r> 

Thus 


so that, as 

log F-^= const, 

we have 

( “" f) ^ “Const ; 

and therefore 




is the primitive of the original equation, 

* Th«ee relatioiig are the simplest Instanoe of what ate oalled eontoet (or 
tangttMal) ttansformations. 
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Es. 2. Intagnte the equations 

(i) (jf-px)x^<y, 

where e is a ooDstant* 

(ii) (y-px)(py+y-px)<mp. 


MISCELLA^TEOUS EXAMPLES. 


1. Solve the equations; 

(i) if~xpm,x-+yp} 

(iii) *»+y=^*; 

(v) my-nxpw^yj^\ 

(vii) jfi+ 3 ?’=oucp’, 

(ix) ou;»y»jo+y=2xp; 

(») F-arp=/(*i>*); 

(xiii) (1— p)*— e“**'»ep*«"**; 


(ii) a(x7)+2y)-4yp; 

(iv) p»+2g)-y; 

(vi) />®=y(y+ay>); 

(viii) j;Sy*+**yp+o®=<0; 

(x) ^*+2ypcotJf-y>; 

(xii) **-^=/(y»-a:yp); 

(xiv) (nj;+y/))»=(l+p*)(y*+nx*); 
(XVI) y=x{p+(i+p*)*}: 


(xv) (1 

(xvii) ay’\r^xp^af*^y^(cy^exp)\ 

(xviii) yp - a®) wO ; 


» (xix) («p-y)*=/>»-2|p+l; (xx) (xp-y)*=a(l+^)(j;»+jr*)*} 

(xxi) (o*+j:»)*p+y-(o*+**)*-*; 

(xxii) y=ya; + (l+y*)i^(i'*+y*); 


(xxiii) ^jfoos |+ysin|^y-^y sm|-x?ooB^^^; 


(xxi v) + A'*y* + xy + 1 ) y + («®y* - xf V -«y+l)x 7 >“ 0 ; 

f xxv) {(x*-y*) sin « +2ary cos a — y (j;*+y*)^} j» 

=2jy sin a - (x* -y*) ooe« + x (x*+y*). 

2. Shew that, if 

«=il+AiX+^A,x»+^ Ajx’+..., 


where the quantities A are connected bj the relation 

w - 1 - 1 - 1 ) (wi - 2) _ a» 

then log{w(l-ar)i}»ia?-fiaf* 


3. Integrate the equation 

cos B (cos ^ — sin a sin 4>) c^^+oos 0 (cos 0 — sin s sin c^anCX 

Bhew that, if the arbitrary constant be determined by the condition that 
the equation must be satisfied by the values (0, o) of (jB^ <^), the equation is 
satisfied by putting 
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4. Prove that, if the differential equation 

+ a + 6^) -y d[r} ■> 0 

be tranaformed into an equation between u and x hj the substitution 
« (y + a + + no:*) *y (<j + »u?), 

then the variables are separable; and reduc^the equation to the form 

dv dx 


by the further substitution v«Bat5+/9, a and being suitably determined. 

(Euler.) 

5. Beduoe the equation 

£uy/)*+ (.r® 

to Clairaut’s form ; and hence solve the equation. 

Solve the equation 


where a+/3+y«0. 


dx ^ dy ’ 


6. Shew that, if and y% be solutions of the equation 

where P and Q are functions of x alone, and y 2 *yi«i then 

r»l + ae •'Vi , 
where a is an arbitrary constant. 


7. Prove that the variables in the equation 

{j? (*'+y) + «*} ^ -y (^+y) + 

may be separated by the substitution x=u-^v and y^ku-^v^ provided h be 
proiierly chosen ; and integrate the equation. 


8. Shew that the equations 

y-jcp«a(y*+/?) and y^xp^h{\+x^p) 
are derivable from a common primitive, and determine it 
Are the pair 


and 

derivable? Also the pair 

yp^ax and y*(l-p*)»6? 
Integrate the differential equation 


^ + ft-*?)®} + y ^ 


A tangent to a curve at any point P cuts the tangent and the normal at a 
fixed point 0 in the points if and and the rectangle OMP*N is completed. 
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Find the curve which is such that the tfiangle formed by the tangents at any 
throe points R equal to the triangle formed by the corresponding 
points P\ 

10. Determine the system of curves which satisfy the differential equation 

c^{(l {(1 ^nx}^Q\ 

and shew (hat the curve, which passes through the point and y«n, 
contains as part of itself the conic 

- a ?* (1 + 

11. Integrate the equation 

b a+6.r+^’ 

and examine the nature of the solution 

a o 

12. Discuss the question whether y=0 is a particular solution or a 
singular solution of the equation 


2 


(*!«)■ 


^ dx 


• 13. Obtain, and interpret, the primitive and the singular solution (if there 

be one) of each of the equations 

(i) (ii) j^2-2yp+a:+2y«0; 

(iii) y(l+p2)=»2^/); (iv) i?2«(4y+l)(p-y). 

14. Prove that, if a locus of points of inflexion can be obtained from the 
integral family of curves of the equation 0 (jf, y, p)=0, it will be included in 
the result obtained by the elimination of p between the equations 

6=0, ^+i?~=0. 

^ ’ ox ^ 0y 

Discuss the solution of the equation 

(4p+2x+x*)2=(l+x2) (16y+4x®+d?*), 

(Darbouz.) 

15. Obtain the primitive of the diflerential equation 

Shew that exactly the same equation is obtained by expressing the con« 
dition that p should have equal values in the differential equation as by 
expressing the condition that c (the arbitrary constant) should have equal 
values in the primitive; and determine the geometrical meaning of this 
equation. Is it a singular solution 7 
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16. The primitive of the dififerenti^ equatibn 

(2^+l)pH(4^+2:py+y2+2);)+2ya+l»0 

is c®+<?(a?+y) + l — Verify this; and obtain the singiiUir solution both 

from the equation in p and from the equation in e, explaining the geometrioal 
significance of the irrelevant factors that present themselves. 

17. Shew that the solution of the equation 

is -I- 2 cj7 - 8jf*) - + a®^= 0. 

Is 2^=1 ± ay a singular solution 1 

Trace the curve and the locus given by the equation independent of an 
arbitrary constant. (Woolsey Johnson.) 


SUPPLEMENTARY NOTE: 


runge's method for the numerical solution of 

DIFFERENTIAL EQUATIONS. 


It is not always possible to obtain the explicit expression for 
a quantity y as defined by a differential equation even of the 
first order. Cases arise in which the quadratures required do* 
not belong to known forms; cases occur in which reduction to 
quadratures is not possible, that is to say, the equation cannot be 
solved analytically in simple forma 


There is, however, a convenience, particularly for numerical 
problems, in being able to assign a numerical solution; and a 
method has been devised by Runge^ which is effective for this 
purpose. The following account of Runge's method relates only 
to insoluble differential equations of the first order; reference 
should be made to his memoir for applicatit»ns to equations of 
higher order. Briefly stated, the question may be propounded in 
the form : 

A quantity y is defined by the differential equation 




and it is subject to the condition that y « 6, when a? = a ; what is 
the value of y, when x^cl 


* Mathematiiche Annalen , t. xlvx, (1895), pp. 167—178. 
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For the purpose of the questiop, it is assumed that a, b, o, are 
real; that o is greater than a; and that /(x, y) remains finite 
throughout. As a matter of fact, we take f(x, y) to be not greater 
than 1 numerically: if at any stage the value of f {a, y) is greater 
than 1, we deal with the equation 

which satisfies the assumption made. 

The range between a and c is divided into portions, not 
necessarily equal to one another ; if h denote one of these portions, 
the governing consideration is that the approximation shall be 
accurate to quantities of the order h inclusive. According to the 
degree of accuracy required, we shall have an indication of the 
extent of the portions. 

For brevity, write 

/(®.y). £/(®.y). ry^M 

—fot fit flit fit fat flit 

respectively, when x is made equal to a and y to b after the 
differentiations are affected. Let 

ki=f{a + ^h, b-¥\fik)k\ 

and let 
where 

V^fih, 

r=/(a + A.6 + ir')A, 

r'-/(o + A,fc + r)A 

Then, expanding and rejecting powers of h beyond h\ we have 
^f»k + ^ (yi ■¥fif^ i (yix + ^ffvt "^fofi^ A* + , , . , 

ki=f)h "¥ \(^f\'¥fif^h^+ J {^x+2^i^j+yo^^ + %fi(^i "^ftf^ 

Let the value of y when a; a a + A be denoted by A + A ; then, if 

A cb\ht “f* ^ , 
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we must have 
0L\ * 4 " CL<Jht ^ * 

=/(a + A, 6 + i) 

+ ^fi ^f% + i Q^fw + + • . • 

=/o + A (yi 4- Oi/i) 4* (ctg^j +^i + Stti/iQ 4* + . . . • 

Consequently 

*^01 

®2 ^f\ ftif 29 

®8 “*yii 4- %fi\f 12 4-^Va +^(yi 

which are the initial coefficients in the accurate value* of k. 
From the expressions for A;, and we have 

A?*S*i + Jfca 

Ajj 4“ J (A?a ““ A^i), 

accurately as far as quantities of the order A* inclusive 
When we write k in the form 

i(*'+4Ai + r'), 

the approximation takes the form stated in Simpson’s rulef . 

Having now obtained 6 4- A as the value of y, which is associated 
with a + Aas the value of a; to the required degree of approxima*- 
tion, we can take a + A and 6 4- A as initial values of the variables 
for the next portion of the range of variation of x : and obtain a 
final value 5 4- A 4- A;' of y which is associated with the final value 
a 4- A 4- A' of X, to the same degree of approximation as before. 
We thus proceed from portion to portion of the range until the 
ultimate value of x is attained. 

Ex, 1. A solution of the equation 

dy ^ y^-2x 
dx y*4“a? 

is to satisfy the condition that y » I when ; find its value when 
For the sake of illustration, the range from ;r»0 to x^*f^ will be divided 
into two portions : from ^=0 to am % and from a?» *2 to orn *6. 

For the first portion of the range, we have 

o«0, 6«1, A«-2, /o«l. 

* It would, of oourse, be poBsible to use this expansion to oaloulate k ; but the 
calculations are long, and might be intricate. They are avoided by the adoption of 
Bunge’s result. 

t Lamb, If{finitesimal Calculus (2nd ed.), pp. 260, 277 ; in this oonneotion, see 
Bunge, p. 168 of the memoir quoted on p. 58. 



66 

NUMERICAL SOLXmOM 

Thus 

i,-/(l,M)x-2 ' 

Also 



[OHAP.U 


^-•2; 

c 1 ‘AA ^ •A 

l-2)x''2=-2xigp?--m; 


^(a+A,6+it")-/(-2,l-127) 


Here 

and therefore 
Consequently 


1-270- -4 
' 1-270 + -2* 

-i^*{/o+/(«+A.6+r)} 

«-lx 1-592= -169. 


-592; 


i(ita-^0-‘OO2, 

^ + i (^2 - ^i) “ 'ICC. 

.y= 1-166, ;f=*-2, 
are simultaneous values for the solution determined by 

y=l, 4?*=0. 

The calculations in the second stage ore similar to those which precede; 
only the results will be stated We have 
‘ a«-2, 6=1-166, A«-3; 

itri=136; 

/:' = -183, 
r = -104, 

r'«-086, 


ita»-134. 

Hence we have 

it* -136; 

and therefore the value of y, when i?«-5, is given by 

y=l-166+135 

-1-291, 

with a possible error of one unit in the third place of decimala 
2. Apply the process to the equation 
dy 

dx y + a? 

for a solution which is 1 when ar=0; and prove that y— 1-499 when 1. 
(It is convenient to divide the range into three portions 0 to -2, *2 to *5, and 
•6 to 1.) 

Integrate the equation ; and compare the result obtained by the numerical 
process with the accurate value. (Bunge.) 



CHAPTER III 

THE GENERAL LINEAR DIFFERENTIAL EQUATION WITH 
CONSTANT COEFFICIENTS 

Preliminary Formulce. 

31. Before proceeding to the discussion of the linear equation 
of the order with constant coeflScients, it is convenient to for- 
mulate and prove certain theorems in differentiation and integra- 
tion, which will be required in that discussion. 

d • 

Let D stand for ^ for “id so on. Then this symbol 

D obviously is subject to the fundamental laws of algebra ; for 
evidently 

(]>■-}■ l>)u = (I^ + D^)u; 

D' . i)«w = i)“ ; 

D(u + v) = Du + Dv. 

It is necessary to deal with negative indices ; thus if we have 
Du = v, 

and if, after the algebraical analogy, we write 

we have v = Du = D . D~^v, 

so that D . D~^ = 1. 

Thus jD~i represents such an operation on any quantity that, 
if the operation represented by 2) be subsequently performed, the 
quantity is left unaltered. It at once follows that these S 3 rmbols 
with negative indices also follow the laws of algebra; and an 
operation with a negative index is equivalent to an integration. 



58 THE LINEAR EQUATION [CHAP. HI 

I 

But it is important to point out that the special object of these 
•inverse operations is to find an integral but not the complete 
integral ; and the arbitrary constant which arises in integration is 
therefore omitted. 

In what follows, deno|;e3 a functional symbol; and 
eveiywheret^ denotes a rational function of x which can be ex- 
panded in ascending or descending integral powers (or both) of 
the variable. 

32. Theorem 1. 

Vr(I>)c“* = -f (a)e". 

For, since D stands for ^ , 
ax 

Lei^=at/^. 

When each side is operated on with i)~', the equation becomes 
or transposing the sides of the equation and dividing by a, we have 
Repeating these operations, we obtain the equations 

Now as is a rational function which can be expanded in 
powers, we may write 

■f(D)e^=lAt+AiD + ...+ArI^+... + BiI>-^ + BaD-^+...]e^ 
= \^Ao A la q-...^ AfO'^ + . . . + + B^a"^ + . . . j e®* 

= -f (a)e“. 

33. Theorem II. If X denote any function whatever of x, then 

>|r (D) {e“ Z} = (D + a) X. 

A single operation with D gives 

2){c®'Z}«e“(Z> + a)Z, 

from which, if both sides be multiplied by c““, we have 
{e-^ De“*) Z *= (D + a) Z, 

so that the effect of operating on Z with is to give D + a 

operating on Z. Let the operation be repeated ; then 
(tf-®* Dc®*) (e-®» De“) Z » (D + a) (D + o) Z, 
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or (e-“ Z-^D+ o)*X. 

Operate again with then 

(e-** iJe**) (c-“ Z - (D + a) (i) + o)» Z, 

or (e-“D*e“)Z=(D + o)*Z, 

and so on. If the operation be pe^rmed n times, the resnlting 
equation will be * 

(«-«» l)’'e^) Z = (D + a)" Z, 

which, multiplied by c*®, gives 

i> {e“ Z} «= e“« (Z> + o)“ Z, 
where n denotes a positive integer. 

Consider now the case of negative indices ; write 
(D + o)" Z = Zi, 
so that Z =» (D + a)"” Zi. 

Then the result just obtained may be written 
(D + a)-“ Z, = c“Z,. 

Operate on each side with D ~” : the result is 

e“ (D + a)-“ Z, = 2)-» Z,. 

Now no limitations were assigned to the form of Z and there 
are therefore none on that of Zj, which can thus represent any 
function of x ; denoting it therefore by Z, we have 
i)-» {e“ Z} - e®*(D 4 a)-^X. 

Let “^IriJ)) be expanded in integral powers of D, positive and 
negative (if necessary); and let c“®Z be operated on by these 
integral powers in succession, the equivalent values derived from 
the foregoing equations being substituted and the terms collected 
as before ; then the result is 

^Jr (D) {e“* Z) = e®* ^ (D 4 a) Z. 

Corollary, If we write 

e“Z=r, 

so that F is a function of x, then 

^ {D) F= e®* ^ (D 4 a) 1 Fe"®*}, 

a theorem which is useful. For example, let it be required to find 
a particular value of y to satisfy the equation 
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With the notation adopted, this will be 

1 ^ 


y- 


' D + k 


i)+A; + o 


jrg-eui- 


or choosing c so that a + A; = 0, this is 

y = e~** ^ Fc** 

(Vtf^dx. 


34. Theorem III. If be an even function of a:, say 
then 

(D) sin (ax + a) * 0 (— o*) sin (ax + a). 

For 2)“ sin (ax + a) = (— a“) sin (ax + a) ; 

and the theorem follows as befora 


Corollary. If y[r (x) be not an even function of a, it can be 
expressed in the form 

where «f> and x S'le even functions of a; ; in this case, 

(D) sin (ax + a) = (D*) + Dx (•D’)} sio (cm? + a) 

a*) sin {ax + a) + (— a®) cos {ax + o). 

If the function to be operated upon be the cosine instead of the 
sine, the corresponding changes are obvious. 

36. Theorem IV, This is really an extension of Leibnitz’s 
theorem for the successive differentiation of the product of two 
quantities whose differential coeflScients are known. 

If (a;) as before denote any rational function expansible in 
integral powers of Xy and (a?), {x)y {x)y ... denote its first, 
second, third, ... differential coefficients with regard to a?, then the 
extended theorem is 
‘^{D)uv 

^^u^|t(D)v + J)u^|r'(D)v+■^^|t'' (D)v + ^f"'(D)v + .... 

The proof depends on Leibnitz’s theorem, and is similar to that 
of the preceding propositions. 
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The advantage of this theorem arises in cases where one of the 
two quantities u and » is a power of x, or is the sura>of powers of 
a. li^ for instance, u<=ai^\ the series on the right-hand side 
need only be written as far as the term; and such inverse 
operations as are to be carried out will be performed on a single 
quantity v. * ^ 

Ex. Shew that, if 

(D+kyi/=a^V, 
where F is a function of x only, y is given by 

jj^Vd:fi-ixjjj«I^Vdjfi+6jjjj^Vdx^. 


8ft Another important operator which sometimes occurs is 
X ^ or, with the previous notation, xD ; and similar theorems 

concerning this can be enunciated. 

Let F{z) denote a rational function of z expansible in powers 
of z; then in F(xD) we shall have terms of the form (a:X>)" which 

d d 

means, not but - operating n times. The rela- 

tion between these two operators will be obtained immediately (§37). 


Theorem L F(xD) x*”' = F(m) a?”*. 

For {xD)x^=^viaf^j 

(xDyaf^ = (xD) 

and so for all integral powers positive and negative. Hence the 
theorem. 


Ex. Prove that, if be a function of x of the form 


then 


1 

F{xD) 


£7= ^ ^ X]- ^ I ^ + 

F{0yE{i)^F(2) ^FW) ^^ 


Theorem II. F{xD) F{xD H- m) V. 

We have xD (x'^ V) — x^ (xD + m) F, 

or {ar^.xD.x^) F»(^ri)+m) F, 

so that the operators x''”^.xD.x'^ and ajD + m are equivalent. 
The course of proof follows lines exactly similar to those for the 
corresponding theorem with F(I))\ and the result is in the 
enunciated form. 
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4 

87. The relation between the operators and aiD is given by 
the formula . 

(xD — 2)...(jeD—n + l), 

The theorem can be established directly; for if u the subject 
of operation be expanded in ^ series of terms of the form 
the result of operating on this with and multipl 3 ring by is 
zero if m<n, and is 

w (m — 1) (»n — 2) . . . (m — n + 1) 

if m ^ n ; but this is also the result of operating with the right* 
hand side. Hence the operators are equivalent for each term of u 
and so for the sum of all the terms of u, i.e. for u itself 

The theorem can also be established by induction ; for suppose 
ai^D^u^ xDixD — \) (xD—2) ...(aD— n + !)«, 
and write u=‘(xD—n)v; 

then D"u=xD^+'v, 

and so a“+»D"+it ; = xD {xD — 1) (xD — 2) . . . (xD — n) v. 

Now u is any general function ; hence v is also a general function. 
The theorem, if true for n, is thus true for n + 1 ; it is obviously 
true for the values 1 and 2, and so it is true generally. 


Some Pbopebties of the Qenerai. Linear 
Differential Equation. 


38. The general type of linear differential equation of the n*^ 
order is 


d”y . y d»>-»y 
dx^ 




d”-»y , 
dx^ 


• • + 




r. 


in which Xj, X#, ...,Xn, V, are functions of x (or constants) but 
do not contain y ; for the sake of shortness, let it be written 

4>(Z>)y= V. 

If this equation be integrated step by step so that each 
integration reduces the order of the equation by unity, every 
time such a reduction is effected an arbitrary constant enters, 
and therefore, when ultimately the integral equation is obtained, 
n arbitrary constants in ail will have entered; or we shall expect 
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the primitive of a given linear differential equation to contain 
a number of arbitrary consWts equal to the order of the 
equation. 

There are certain properties appertaining to all linear equations 
in common which simplify to some extent their integration; the 
most important of these are the following. , 

30. 1 . Let t) be any particular value of y, which satisfies the 
equation; and let 

y «= + F. 

Then substituting this value of y in the equation we have 
4>(D)F+«I>(Z))«7- V. 

But, since v is some solution of 

<t>{D)y^V. 

the equation now becomes 

<P{D)Y^0, 

so that to solve the original equation we must solve generally this 
equation, which is the same as the original equation except that 
the right-hand side is now zero. When the primitive of this modified 
equation, which will contain n arbitrary constants because it is of 
the order, has been obtained, it must be added to 17 ; and the 
result equated to y will be the primitive of the given equation. 
The primitive then consists of two parts : 

First, the quantity 17 , which is called the Particular Integral 
and is any solution whatever (the simpler the better) of the original 
equation ; 

Second, the quantity Y, which is called the Complementary 
Function and is the primitive of the equation when the right-hand 
side is made zero. 

The sum of these two parts is the primitive of the general 
equation. If in any particular ceise the right-hand side should 
already be zero, the former of these parts will not occur. 

The various methods available for the deduction of the Particular 
Integral occur later in § 46. The remaining properties are useful 
in the investigation of the Complementary Function. 

40l IL If 7 = F, be a solution of the equation 

«l>(D)F-0, 
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then F^CiFiia also a solntion, where (7i is a constant; and if 
. Yu Fa, Fn, be particular solutions, then 

. F-(7,F, + C'aF,+ + C'„F„ 

is also a solution, where Oi, Of, 0„, are constants. 

For <I>(D)F=4)(D)^jF, + 4>(i))C7,F,+ 

and each tdrm on the right-hand side is zero. No restriction what- 
ever has been laid on the values of the constants C, and they there- 
fore are completely arbitrary; the above value of F is thus the 
primitive of the simpler equation 

«I>(i))F-0, 

and so it is the complementaiy function in the integral of the 
equation 

«D(i))y=F. 

Hence the determination of the complementary function is re- 
duced to that of particular solutions of the simpler equation. 


41. 111. If a single particular solution of the simpler equation 
be known, the order of the given differential equation can be lowered 
unity. 

Let Fi be a solution of 

^(D)F=0, 

and let the substitution of the value YiZ be made in the equation 
then, by § 35, the left-hand side becomes 


d<P 






z^(D) F.+Dzg F, + ... 4. ~ F., 

3<I> . 

in which the operations ^ ^ derived from $ by temporarily 

considering D as a magnitude and obtaining the partial differential 
coefScients with regard to D. But 

0“4> , 

ai>» “ “ ’ 




^[D + (n-l)lX., 

H 2).+ (!L^> -K»- 2) 1 Z., 
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’and so on ; hence, re-writing the equation, we obtain 

7,D^z + (X, F, + nDY,) D”-^z + + ^ F, + j!<J> (.^) F. = F. 

But by hypothesis 

<t>(D)F=^, 

so that the last term on the left-hand side disappears ; th^ quantity 
F, is supposed known, and therefore all the functions of it on the 
left-hand side may be considered known. Let Z be written for Bz ; 
then the equation becomes 

F, X -H (Z. F. -I- n i) F) D>*-* Z -I- . . . H- X F> = V, 

an equation of order n — 1. 

Ex. As a corollary prove that, if m particular solutions of the simpler 
equation be known, the order of tlie original differential equation can be 
i-educed by w. 

42. IV, The given equation may be transformed into an 
equation, from which the second term (i.e. the term involving the 
differential coefficient of order one less than the order of the^ 
equation) is absent. 

The substitution of YiZ for y gives, for the coefficient of 

(and up to this point in the hist section the assumed value of Fj 
was not used, so that the equation there was perfectly general). 
Since the term in j is to be absent, we now have 

X,Y^ + nDl\^Q, 

and therefore 

or F = 

no arbitrary constant being inserted as the differential equation 
remains linear and of the order. If this value of Fi be substi- 
tuted the differential equation in is freed from the term in 

Of these properties, I. and IL will be immediately useful. 


F.D.B. 
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General Linear Equation ii?.ith Constant Coefficients. 


43. If, in the general linear equation, the coefiScients of y and 
of its differential coefficients be constants, it may be written 




da^ 


or say 




in which /(D) is a polynomial function of D alone, and F is any 
function of x. It has already been proved that the solution of the 
equation consists of two parts which can be obtained separately ; 
these will be taken in turn. 


44 To find the Complementary Function. 

The complementary function is the primitive of 

/(i>)y=o. 

Now it has been proved that 

so that y = e®* will be a particular solution of the equation, if a be 
tsuch as to make 

/(a) = 0. 

But fiz) is a polynomial function of degree w, and therefore 
there are n roots of the equation 

/(^)-a 

Let these n roots be a, /9, X; then e**, are n 

particular solutions of the equation 

and the primitive is therefore 

y = + . . . + Xe**, 

in which A,B,...,L,w&n arbitrary constants. This value of y is 
the complementary function of the original equation; and, if the 
roots be all real and different from one another, it is complete. 

If however two roots he equal to one another, say a and /8, then 
the value of y becomes 

y = (.4 + X) + Cal'* + . . . + Xe** 

— + . .. + Xe**, 
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A I being a single arbitrary constant* (equal to the sum of two 
arbitrary constants). There are* now only n — 1 arbitrary constants 
in y ; and the expression therefore ceases to be the. primitive. In 
order to obtain the primitive, we may suppose that the roots are 
not equal but differ by some quantity h which will ultimately be 
made zero ; the part depending on tM roots a and 0 will then be 

=e««| 4 + 5(1 + ...)! 

+ £) + Bhx + Bh -—a? + . 

As the equations A and B are arbitrary, we may assume them 
infinite in such a way that, as h approaches zero, Bh is finite and 
equal to Bi, while A and B are of opposite sign and their numerical 
difference (or algebraical sum) is finite and equal to Ai ; thus the 
sum of the two terms Ae^ + B^^ becomes 

ultimately, when h is made zero. • 

Similarly, if r roots be equal, the corresponding r terms in the 
complementary function will apparently coalesce into a single 
term. It is easy to shew, by reasoning similar to that adopted 
for the case of two equal roots, that the r terms will be trans- 
formed to 

c®* [Ai + ^237 4* A^n^ 4- ... 4" 

a denoting the common value of the r equal roots ; and the com- 
plementary function will then be 

y a= e®* [ A , 4- Aafl? 4- . . . + 4- ... 4- Le^. 

Again, if the roots be not all real, those which are imaginary 
must occur in pairs, when (as is usual) all the coeflScients a in/(z) 
are real ; let such a pair be ^ 4- The corresponding terms of 
the complementary function are 

4- 

which it is sometimes necessary to express in a form firee from 

* Throughout the book, i will be used to denote ^/-l, in aooordanoe with 
custom. 
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C 

imaginary quantities. If cosines and sines be substituted for the 
exponentials, this expression becomes 

. e®* {(.4' + B) cos + i (-4' — B) sin 

Since A' and B are arbitrary constants, we may write 

^A^ + B=^F, 

and we then have F and Q arbitrary ; the corresponding terms in 
the complementary function therefore become 
(^cos ^ 4- G sin (f>x). 

La&tly, if an tmaghuiry root be repeated, the conjugate imaginary 
root will also be repeated ; and the corresponding terms in y will 
be 

+ A"a) + e* {B + B'a^). 

Using the same method as before, and writing 

A' + B^F, A" + B'^F\ 

we obtain as the corresponding part of the complementary function 
e®* F'w) cos 4- (G + G'j?) sin <^}. 

Results, analogous to those in the case of multiple repetition 
of real roots, are obtained in the case of multiple repetition of 
imaginary roots. 

46 . In some cases of the general linear equation, when the 
coefficients are not constants but are some functions of a?, a method 
somewhat similar to this will apply. Thus, it might happen that, 
when for y in the equation 

{D^ + + ... + 4- -Jn) y « 0 

there is substituted ^Ir (m, x), where is a function of definite 
form, the resulting equation had a factor independent of a: such 
as <f> (m); if this were so, the factor would usually be of the degree 
n, and so equated to zero would satisfy the differential equation 
and would furnish n values of m which may be denoted by ttii, 
m 2 , .../nin; the primitive would then be 

y^»Aiir(mi,w) + Asir (m^, a?) 4- . . . + (w„, «?). 
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If two roots were equal, as and Wj, then writing m^^nh + h 

we have for the corresponding ^rt of y 


(Ai + -4a) (mi, w) + hA2 




or 


A'yjr (nil, x) + B (mi, x), 


on changing the constants and making h ultimately zero as before. 
A similar process holds for the case of a multiple repetition of 
any root mi. In the case of imaginary roots, the corresponding 
parts of y should usually have the constants changed in the 
modified expression, so as to leave the latter free from imaginary 
symbols. 


This process was adopted in. the case of constant coefficients, 
the special form of used being When the equation is homo- 
geneous (§ 55), that is, when it takes the form 








in which the quantities A are constants, the proper form of 

(see § 36) to be substituted is Occasionally, by a suitable 
change of variable, a given equation can be reduced to the above 
shape. 

Ex. 1. Solve 

When we substitute the equation for m is 

(m + l)(m+2)=0, 
so that y = d + Be~^. 

Ex. % Solve ^-2X^+(X*+M*)y=0. 


The equation for m is 

so that y= 6 ^( 7 co 8 (fUF-|-a), 

or ysse^(i4cos^+.5sinfur). 

('or. The solution of 

w yaffil 008/11^4’^ sin fix. 
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Ex. 3. Solve 

The equation for m is 
and therefore 

Ex, 4. Solve 
The equatfon for m is 
and the value of y is 


(»l — 

y-e*(A+jBx). 


(m* + »**)*= 0, 

{A+Bx) 008 «x+(C'+i)x) sin nx. 

Ex. 6. Solve 

When we substitute ai^ for the equation for m is 
m(wi— l)+m-l«=0, 
so that + 1 or - 1 ; the value of y is therefore 

Ax+-. 

X 


Sol,. 

With the same substitution as in Ex. 6, the equation for ni is 
m (m — l)(m-2)— l) + 7m-8=0, 
or — 6m®4*12?7i-8=0, 

giving m=2 thrice. Hence the value of y is 

0 02 

am om^ 

m being put equal to 2 after differentiation ; and thMs the integral is 
x^ {A +-51oga?+(7(loga?)2}. 

Ex. 7. Solve (a+6:r)2^+Al(a+t:r)^+5y«0. 

Let a + hx=z ; the equation will then be similar in form to the last two. 


Ex. 8. Solve 

(i) (Z>H52)2+6)y=0; 

(ii) (l)*+a*)y=0; 

(iii) (Z)®-a«)y=0; 


(iv) 


d^y 

dP" 




« £+»-<>= 

(ri) (l+»)*g+(l+:,)'g+3(l+*)§-8j-a 
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' 46 . Betaming now to the linear equation, in which the co- 
efficients of the differential codlSScients of y are constants, it is 
necessary to find a Particvlar Integral of the equation 

in which V is a function of x. Solving^y the method of symbolical 
operators, we have 

the evaluation of the right-hand side will furnish a satisfactory 
value of y. 

In some particular cases the form of V renders evaluation 
easy ; we will proceed to mention some of these which occur most 
frequently. 


I. Let F be a polynomial in a?; suppose the highest power 

of a? in F to be the To find the particular integral, 

must be expanded in ascending powers of D ; and, because 2)”+^ 
and operators of a higher order would reduce to zero all the^ 
terms of F, the terms in this expansion beyond may be 
omitted. Further, if the lowest power of D in / (D) be then 
the expansion will begin with D"* and it does not need to be 
carried on beyond D”, i.e. hence in f{D) all terms of 

order higher than may in this case at once be omitted before 
expansion. 


1 

JW) 


Ex. 1. Solve 
We have 


(2)*— 4Z)+4) 




-1 fl +2:^+3 


as the particular integral. The complementary function is ; hence 

the primitive is 


Ex. 2. Solve 

The primitive is evidently 

.jj3 

008(00? -ha). 

Ct/ 
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Ex. 3. Solv« (Z)l-2Z)»+/>»)y=*». 

We have • 

= p ( I + 22) + 32)2 + 4Z)» + 5 ZB + 6Z)») *», 

terms up to the fifth being retc^ned (§ 46). Now 1 + 2Z)+... and ^ may be 

considered ^separate operators; operating with the former first and remem- 
bering that only a particular value is wanted, so that constants need not be 

inserted with the value for y is 

Now if ^ had oi)erated first (or if the second operator had been taken 
distributively, each term with so as to be 

:^^+§+3+4/)+S2)»+62)»), 
then the value for y would have become 

~ + 3.r® -h 1 2^ SOu; -h 36. 

The primitive is 

The apparently additional part of the particular integral obtained, when 
the operators are taken in the second order, is seen to be included in the 
complementary function, since A and B are arbitrary constants. 

Note 1 . It is easy to see that in general not merely may the terms of an 
order higher than be at once removed from /(/>), but also that in the 
development of the expanded factor of f{D) all powers of D of an order 
higher than />* can be omitted, whatever be the magnitude of 

Note 2, In particular, if be a constant, only the lowest power in f{D) 
need be retained. 

Ex, 4. Solve 

(i) (Z)*-f-2Z>3+3Z)24'2i?+l)y— 

(ii) (Z>3+/>«-Z)-|-15)y«;F2 

II. This method may be applied to evaluate y, when F is an 
exponential, and to simplify the process (by rendering the evalua- 
tion more proximate) when F contains an exponential factor. In 
either case we may write 
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1 




f{D + ay 

If X be a constant, the value of y is#iow at once obtainable by the 
preceding method. The quantity a may or may not te a root of 
/ (z ) « 0. Suppose it to be a root occurring r times, so that for 
a single root r=:l. If a be not a root, r = 0. Then expanding 
f(D + a), we have 

in which (a) means the differential coefficient of f(z) with 
respect to z, when a is substituted for z ; for y, we have (by at- 
tending to the remark at the end of Ex. 3 on p. 72) 


: n 


r ! 




In particular, if r = 0, then 


/(a) 


e“. 


Ex. 5. Solve 

Hero 2 is not a root of =0, and therefore 


and the primitive is 

Ex. 6. Solve 
Here 


^ 2»+2+l 7®**’ 


(a cob^^+Bbw 
(Z>8-4Z)+3)y=2e3*. 






1 

^ (i>-l)(2>-3) 

„ ] . 

/>(!>+ 2)' 


2 . 3 . 


s=^- 


and the primitive is 
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Ex. 7. Solve (i) (Z>— 

(ii) (i)2-6Z)+8yy=ae»+e2*. 

Ex. 8. The -roots of the equation /( 2)«:0 are n in number, being 
<hj •••» ^n; obtain the particular integral of the equation 

/(Z>)y ... +e“n*. 

Discuss thh case when two of the roots (ai and a^) are equaL 
If X be a polynomial in x, then the quantity 

^ V 

f{D + a)^ 

must be evaluated as before in I. 


Ex. 9. Solve 
Here 


and the primitive is 


( />“ — 2/> + 1 ) y = 
1 


1 


3^^ 


(/>4-2)" 


Ex. 10. Solve 
Here 

and the primitive is 
Ex. 11. Solve 


{D - 2)'\y = 072^2* 

y =e^{A + Bx+ Cx ^ + 

(i) (/>2 + D+l)2y=a;c*; 

(ii) (Z>^-l)*y=:p*e*. 


III. Suppose that V contains a sine or a cosine as a factor, so 
that 

V^X cos {jix f ft), 

in which n and a are constants. Then we have to evaluate 


X cos {nx + ft). 
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then 


_ qI (na;+a) 


1. 


f{D + in) 


^X. 


It now remains to evaluate 


f{D+in)^' 

which may come under one or other of the given rules. Let its 
value be w + it;; then, equating real and imaginary parts, we have 
y = w cos (n{v + «) - v sin (wa; + cit). 

In the case when Z is a constant and cos no; is not part of the 
complementary function, so that in is not a root of /(^) — 0, the 
evaluation is immediate; for then 


1 

f(D + in) 


X 



If, however, cos nx be a part of the complementary function, so 
that in is a root occurring r times, then since 


/(D + in) = /<n (in) + (in) + 

wc have 

1 r- ■ 

f{D + iny^f^^{j.ny 

we must separate and equate the real and imaginary parts ai 
before. 


Ex, 12. Solve 




Then 


^ 

w*-a* J 

. f X 2ai ] 

"**’***” 


orcoBflwt? , 2asinaA’ 
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Ex. 13. Solve 
Then 


^+y.-ooBX 

=realpartof«*‘^-^^^;^l 

B i 1 

2iZ)+i)* 
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X . 

= 2 Sin a?; 

and the primitive is 

y^A cosjF-h.5sin jr+J.rsinjf. 
Ex. 14. Solve ^ (Z))y*»cos wjp, 

cos nx not being a part of the complementary function. 
Let <!> (D) =- 0 , (Z)2 )+ /></>2 (i>2) ; 


1 

“ <#>1 ( - «•) + - 0(^2 ( - «*') 

{.^), ( - ( - «*)} {(#>, ( - n-'^) - Z)0s ( - n*)} 

_ <^i ( — 71^) cos + n<t >2 ( ■“ w®) sin n.r 

If^ however, costzot bo a part of the complementary function, then the 
denominator will vanish and apparently render the particular integral infinite. 
But it is merely a part of the complementary function, multiplied by an 
infinite constant, which may be absorbed into the arbitrary constant. To 
evaluate the particular integral, it would be sufficient to evaluate 

assigning the infinite part (when k, is made zero) to the complementary 
function, and retaining the finite part as the particular integral. It is however 
better in such cases to use the former method ; in fact, this method is prefer- 
able only in the case of examples like that just treated. 


Ex. 15. Solve 


(i) 


djy 

da^ 


•^ymaslnnx (both when n is, and when it is not, unity); 
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(when a is, and when it is not, unity); 

(jP^ 

(v) ^ + 4y = a:flin^jr; 


(vi) {L^^rrPYy «« (1 — xY cos nix ; 

(vii) (Z)2-2/)+4)*y=^e*cos(3ij;+a); 

(viii) §-2g+4y=««C08*; 

(ix) ~+?iV=sinX^+p#«'+^; 


(x) {/>* + ( 7 /i 2 ^ ,^ 2 ) IP ^ nihi^) y = cos i(m+n)x cos J (m - n) ^ ; 

(xi) ^+y = win|^sini^. 

Ex, 16. The equation 

^2 “ =C£?P*sin (yjr+o). 


where a, 6, c, o, are constants, is of great importance in dynamics. The 
form of the primitive depends, to some extent, upon relations (of equality or 
inequality) among the constants. The results, for the various cases, are as 
follows. 


I. Let h>a\ and take i=aa2+<c* 

(i) If p is not equal to a, and is not equal to ic^; or if /7=Gt while g* 
is not equal to jc^ ; or if q^=K^ while p is not equal to a ; the primitive is 

y =s <>«* cos KX + Ji sin K,v) + eP* ( £ cos qx -H /^sin qx)y 

wheie A and B are arbitrary constants, and where £ and E are definite 
constants given by the equations 

E((p - aY+ ^ q^}+ 2Fq (p^^a):=c Bin a) 

- 2Eq (p — a) + -^{(p — * o cos« j 

(ii) If psaa and g'sK, so that the equation is 

^ “ 2a^+ (a2 4- *2) y = ce^ sin (Ka?+ a), 

the primitive is 

y = (i4 cos ic:f+ 2? sin jtr) - ^ xe**^ cos (k^+ a), 
wheie A and B are arbitrary constants. 

II. Let ft»a2, BO that the equation is 

^ — 2a a2y *=<?cP* sin (qx-{>a). 
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< 

(i) If p is not equal to a and q is not zero; or if while q is not 
zero ; or if ^ is not equal to a while q i» zero ; then the primitive is 

y = ( A 4 * -Bjc) e®* + ( J^cos gar + F sin g'a;), 
where A and B are arbitrary constants, and where E and F are definite 
constants given by the equations 

EKp- a)® -^g*}4-2/^^ - «)«»c sin ft| 

t -2Eq(p-a)+F{{p-a)^-q^}=ccoaa)* 

(ii) If p^a and g=0, so that the equation is 

the primitive is 

y«(A+5arH-^car2 sin o)e®“, 
where A and B are arbitrary constants. 

Ill* Let b < a^, and take 
(i) When q is not zero, the primitive is 

y =s Ac<® + #*)«+ eP* {O cos qx + if sin gar), 
where A and B are arbitrary constants, and where O and H are definite 
constants given by the equations 

E{{p-a^~'yL^~-q^}'\^2Fq{p-a)^cama\ 

- 2 ^g(p— a)+/’{(p-a)^-ft 2 -g 2 }=(?c 08 aj * 
the form being eflfective for all values of p, 

* (ii) When q is zero, the preceding form is eflfective imless {p - a)*®/**. 

(iii) When q is zero and {p^a)^^p% the equation may be taken in the 
form 


covering both the exceptional values of p. The primitive of the equation is 
y * A«l® + {ce<« + »*)» - 
where A and B aro arbitrary constants. 


IV. If V contain a power of jc ae a factor, so that we may 
write 

F= T, 

then for the determination of the particular integral we may use 
the extended form (§ 35) of Leibnitz’s theorem. 

Thus 




1 

/(^) 


af^T 


--m ^ m I jjujpt-i [ ^ ^ ^ ] Tl 



WITH CONSTANT COEFFICIENTS 


79 


where the series must be csarried to the (m-fl)** term; each of 
these terms still leaves a quaAtity to be evaluated which may be 
effected by the methods applied to one of the preceding cases ; if 
it may not, the quantity may be obtained by the next method, 
which is of universal application. The success of this general 
method depends solely on the solutien of an equation (the solution 
being requisite to obtain the complementary functionj and on the 
integration of resulting expressions. 

V. Suppose that all the factors, which occur in V and can be 
dealt with by one or other of the foregoing methods, have been taken 
outside the operator and that the quantity remaining comes under 
none of these heads, so that we have to evaluate expressions of 
the form 

ir(D) 

Let expressed in partial fractions, each having for its 

denominator a linear factor or a power of a linear factor of (D), 
the constant quantities occurring not being necessarily real ; then 
the fractions will be of the form 


where n is an integer, An and a constants, and a a root of (z ) « 0. 
Hence 

rr V TT 


= jj e-“» Udaf^. 


If imaginary quantities enter into any expression, the conjugate 
imaginary quantities will enter into some other ; such a pair of ex- 
pressions must in general be combined so as to leave no imaginary 
quantity in the explicit expression of the particular integral. 


Esc, 17. Solve 


- 6/) + 6) jy = log a. 

1 1 1 

/>- 3 - 2 * 


We have 
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Hence the particular integral is 

2 j^logj;- je“^\ogxdx; 

and the complementary function is 

Ex. 18. I'et the right-hand side in the preceding example be ^log^r 
instead of log ; then we may either integrate by parts or use the extension 
of Leibnitz^s theorem. The latter gives 

log*+ 

= e~^logxdx—e^ jj s“^ log — x^ ^e“*'logxd!*+e** e~**logxdA*. 


Ex. 19. Solve 


3+.V-1', 


where £/" is a function of x. Wo have 


-L. / ^ ^ pi 

2t« \Z)— 1» i)+t» / 


2in 

= ^ |e<«| Ue-t^dx-e-*^J U^dx^ ; 
or, changing the variable under the sign of integration, 


“nj* 


in which Ut is the same function of { as (7 is of jt. 

Note. There is another method of integrating this equation which proceeds 
on different lines. Multiply throughout by sin nx ; then 

sin nx, 


d /dv . 

dx \<^ WJ7— wy cos nxj = 


and therefore 


dv 

— sin wj?-wy oosru7« / C/(Binn(d(. 


Similarly, multiplying by cosnar and writing the equation in the corre- 
sponding form, we ffnd an integral 

^ooanx+nyBinnx*=‘Bn+ EiC 08 n(d(. 
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46-47] 

EUminatiiig ^ between these, we^obtain 

1 

y«*>ilcoBna?+ iJsinna?+- I 

agreeing with the former result. 

Or we may proceed thus. Multiply throughout by ; then 

80 that 

~ - iny** “*) d^. 


80 that 


Similarly 




Subtracting the one equation from the other and changing the constants 
of integration, we again obtain the original result. 


A^s. 20 . Solve (i) ^^+?i^y^j:^cosas^ 

when nZ a and when nma; 

(ii) 

where is any function of a;; 

(i«i) ^- 2 y= 4 **^. 

iEr. 21 , By means of (iii) in Ex, 20 , prove that 

“l?a 

47. Owing to the close similarity between the linear equation 
with constant coefficients and the homogeneous linear equation, 
the latter may be dealt wdth here ; it may be written in the form 

where F is a function of x alone and may be a constant C. In 
the latter case, the particular integral is at once obtainable ; it is 
evidently 


If the operator a; ^ be denoted by then (§ 37) 


(a-«+i): 
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and the differential equation may be written 

Consider the two points of the primitive separately. The com- 
plementary function is the primitive of 

^(»y=o. 

Now w^have already seen that 

F{^)irP^F(p)a^. 

Hence, if jo be so chosen that 

F{p) = 0, 

then aP is a solution of the equation ; and if be the 

roots of = the complementary function is 
y = Aia}P^'{‘ A2 CoP^ + + Anix^* 

The case of equal roots has been discussed already (§ 45) ; if 
two roots be imaginary and conjugate, say and /Ja, so that 
jt)i = a + i/3, p2-ct-i/3, 
then the corresponding part of y will be 

/c* {Ai cos (/8 log x) + Ai sin (/3 log a?)), 
the arbitrary constants having been changed. 

Ex, If the imaginary roots a±e/3 are of multiplicity r, the corresponding 
part of the complementary function will be 

x^ [{A 1+A2 log X + As (log x)^+.„+ Ar (log xy-'^} cos (/ 3 log x) 

+ {Bi + B 2 log X + Bs (log xy+..,+Br (log j?)*" " *} sin (3 log x)]. 


48 . The particular integral is the value of 


1 

FC^) 


V. 


The evaluation may be effected in two ways, which are really 
equivalent save for the difference in operators employed. 


If V either be a power of x, or contain as a fector a power of x, 
Bay then 


’F(^y 


zsar 


1 


i’(» + 7n) 


T. 
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In the case when T is a constant, the evaluation is easy. If m 
be not a root of thtJn we may expand {^(^ + m))~> in^ 

ascending powers of ^ and neglect all but the first term, which is 
independent of ^ and in fact gives 

Caf^ 

The same method (of expansion) will apply when T is a rational 
integral function of log /r; and since 

&log^ = l, 

the expansion does not need to be carried beyond Sr”, where n is 
the index of the highest power of log x in T, 

If however m be a root of multiplicity r for F(z) = 0, then 
F(^ + m) = ^ F<r> (m) + (m) + ... ; 

and we have to evaluate 

1 T. 

If r be a constant (7, then since 

il = loga;, 

the value of y is 

(7 (log a;)** 

If it be a function of log a? as before, the operator should be ex- 
panded in ascending powers of ^ up to Sr” (^'' being retained in 
the denominator), and the value of y will be given as the sum of a 
number of terms of the form 

|;(loga)», 

that is, of a number of terms of the form 

A general expression can be given for the particular integral in 
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the case when V takes none of these forms. Let expanded 

in partial fractions, and suppose some term to be 

A ^ 

^ a * 

then y will^be the sum of terms of the form 

A 


^-a 


F, 


which is equivalent to 

or Aaf^ j 


^ote. Another method of proceeding is to change the inde- 
pendent variable from a: to s, where a; is e* ; this changes & into ^ 

or D, and all the methods of § 46 will now apply. It is easy to see 
that all the cases indicated for S- are strict analogues of cases 
indicated for D, 


Ex, Solve 
(i) 




(vii) 3^ - (2wi — 1) ~+(/w2 + w®)i/ = w2;i^logjr. 
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MISCELLANEOUS EXAMPLES. 

1. If there be two linear equations of orders m and n (n>??i) satisfied by 
the same dependent variable, a third linear equation of order ti-wi can 
without any integration be derived from tl!e first two ; and the equations of 
orders m and w — w (when integi*ated) will suffice to furnish the integral of the 


equation of order n. 

2. Solve the equations 

/ \ . 2 d\f 


(Liouville.) 


.2 dy / „ ^ 2\ 


{y) ^^+y=sma:8in2j?, 

3. Prove that the solution of 

(D + c)“ y = cos ax 

is y = 0*”" I + ^ 2 -^ + • • • + 0 + (c^ + cos (ax - n arc cot ^ . 

4. Obtain the general solution of the equation 


in the form 




y = 0 (yl cos i\!i + B sin w7) J sin n'(C- 1') U'dt\ 

whci*e U' is the same function of t as U is of and w' is given by 

(See also the results in Ex. 16, § 46.) 

5. Solve the equations 

0 + l2S + l2y=i&t-M’; 

(iii) ~~4-32^-|-48yai^0~2a:^t,2x^j(jg 2ij7; 

(vi) (^+ 1 Jy=a-»+JB*+*-*. 
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I 

6. Obtain the oomplementary function of the equation 

in the form 

2 6 * |il,.co8 ^a,V8in^^ + -ffrBin ^flw?sin~^|; 

and shew thitc the part of the particular integral, corresponding to the typical 
terms under the summation sign, is 

J « cos +a (j; - 1) Bin /(f) d(. 

7. Prove that the solution of the equation 

Boosjr 






2co8.r 


n=o 


e+e 


-1' 


8. Prove that 


9. Prove that 

(i) 

(ii) Z)»" 

(iii) 


10. Provo that, if $ denote x -j - , 


A 

' dx^ 




where Aoy -dn-i* aro arbitrary constants. 


11. If P, /2, be commutative symbols of operation, the solution of 
P, Q,R, is 

w=P->.0 + 9"i.0+P-i.0. 

Apply this result to obtain the complementary function of the equation 

/(/))y»0, 

(i) when the equation f{$)^0 has no equal roots, (ii) when the equation 
/(d) »0 has some equal roots. 



CHAPTER* IV 

MISCELLANEOUS METHODS 

49. Before we discuss the linear equation of the second order 
with variable coefficients, there are several miscellaneous methods 
which it is advisable to consider; they apply to systems of equa- 
tions which admit either of complete solution or of approach to a 
solution in the shape of a first integral. It is to be understood 
that the equations hereafter given are typical and not merely 
isolated equations which can be integrated ; it is frequently possible 
to include others under some one of the following classes, by means 
of well-selected substitutions for either the dependent or the 
independent variable. Such substitutions point out however the 
limits within which the methods are for the most part effective 
BO that it must be borne in mind that the methods are not of 
general application to all linear equations of the second order. 

60. The simplest case of all is that in which the equation is 
of the form 

where J is a function of a; alone. It is immediately integrable ; 
the result of integration is 

ill denoting an arbitrary constant. A second integration gives 

^=jixjxdx + A,^+A„ 

At being another arbitrary constant. Proceeding in this way, we 
shall have after n integrations as the general solution 

y •“ J| X {dx)* + Bi®""* + Bj®**"* + + B^iX + B*, 
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in which Br replaces and is therefore an arbitrary con- 


Ex. Shew that the Particular Integral can be expressed in the form 




where T is the same function of ^ as X is of x. (Jordan.) 

61. Another very simple equation to be considered is 

V 

in which F is a function of y alone; but in general it is intcgrable 
in simple terms, only when n is either 1 or 2. 

In the case when n is 2, let the equation be multiplied by 2^; 
then each side may be integrated, and we have 

= i|r(y) + A, 

suppose. The variables can be separated; the general solution 
of the equation 

dx* 


Ex. Solve 
A first integral is 


- = + J8. 






where c is an arbitrary constant ; separation of the variables gives 

.7. 


and therefore 


(c2-y*)i 


arcsin^-*ajr+a, 

c 

y««c8in(ajp-fo). 
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50-52] 

62. Any differential equation which merely expresses a rela- 
tion between two differential coefficients, whose orders differ by 
either 1 or 2, admits of solution. As a type of the differential 
equation, when the orders differ by 1, we may take 

d®*” \daP-V’ 

Let th® equation becomes 

E-'f’Cn 

the integral of which is 


Suppose this equation can be solved for Y and that the 
solution is 


that is, 


Y^4>{x^Al 


Then this is one of the cases already discussed (§ 50), and the 
general integral can be obtained. 


Or, after obtaining the equation = or-f -4, we may proceed 

thus. Since 


we have 


Similarly 


A = V 

dx \daf'-^) 

d”^y /•„, r YdY 


d"-»y 

diE»-« 



YdY 

F(¥) 


dY [ YdY 
F(Y)JF(Y)’ 


r dY 

f dY 

f YdY 

’}T(J)J 

IF(Y)”" 

•■jF(Yy 


and so on, until 
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an arbitrary constant being introduced after every one of the inte- 
grations, which must be taken in order from right to left. Then 
we have two equations between a?, y, F, from which F is to be 
eliminated. The eliminant will be the primitive. 

It is evident that the equation 
* 

can be solved by this method. 


Ex. 1. Solve 


Let 


then 

II 

of which the integral is 



II 

Therefore 

t 

T 

where -4, C, are arbitrary constants. 

Ex. 2. Integrate 


(i) 


(ii) 


(iii) 



63. As a type of the differential equations which connect 
differential coefficients, whose orders differ by 2, we may write 

da;n 

Let then the equation becomes 

d^z 
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the solution of which has been obtained in the form 
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/ 


dz 


\A + 2ff{z)dz\^ 


= a? Bm 


If, after the integrations have been carried out, the equation 
can be resolved for z in terms of x, sa^ 

z^d{x\ 


where the function 6 (x) will involve the constants A and B, 
then n — 2 direct integrations will furnish the primitive. But 
if it should be impossible to effect this resolution, then we have 

^={A + 2J/(z)dz}i. 


Hence 



d”-*y f dz r zdz 

J {A+2f/(z)dziy {A + 2f/(z)dz^' 


and so on. Ultimately we shall obtain y as a function of z; and thet 
primitive will be the eliminant with regard to z of the equation 
between y and z and the equation between x and z. 


Ex\ 1. Solve 


dx!^ dx^ * 


When we write z for > the equation becomes 

.cPz 


da^ 




X X 

so that «=Cie"+C 2 e % 

- 

and therefore y^Ad^-\-Be 2), 

in which A and B replace cia* and respectively. 


(i) 





(ii) 


d^\f dy 

d^^3x 



Ex, 2. Solve 



92 


MISCELLANEOUS METHODS 


[CHAP. IV 


54. In some particular cases, the general differential equation 
of the second order can, by substitution, be depressed so as to 
become a differential equation of the first order. Such cases 
occur when one of the variables is explicitly absent from the 
equation. 

First, consider an equation in which x does not occur, so that 
it may be written in the form 



d}! dry\ 
dx * dx?) 


= 0 . 


Let ^ ^ equation thus becomes 

a differential equation of the first order to find p in terms of y. 
Let the solution be 

p=f(y) 

in which / (y) will include an arbitrary constant. Then the 
variables are separable, since we may write 

dy 


fiy) 


' dx ; 


and integration of this equation will lead to the primitive. 

Next, consider an equation in which y does not occur, so that 
it may be written in the form 

dy d^v dx) 

Let then ^ the equation is transformed into 


dx^ dx* 




an equation of the first order to find p in terms of x. Let the 
solution be 

p = F{x), 

where F includes an arbitrary constant. Integrating this, we 
obtain as the primitive 


p>=A + f F(x) dx. 
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‘ Note, The foregoing explanations relate to an equation of the 
second order; but they apply £o siniilar equations of any order. 
When either of the variables is explicitly absent from an equation, 
whatever the order of the equation may be, the same substitution 
can be applied ; the order of the transformed equation is less by 
unity than the order of the original equation. 

Ex. 1. Solve 2 (2a-^) 1 + (J)®. 

When we write the equation is transformed into 

1 

the integral of which is 

(l+/>2)(2a-2')=^, 

where /x is an arbitrary constant ; the primitive is given by the evaluation of 


Ex, 2. Solve 




The substitution transforms the equation into 


on integration, this gives 


and therefore 


so that the primitive is 


Jif+i)® 


y—\pdx=B-\r f s cJr. 


Ex, 3. Integrate 
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(iv) (l+^)g+l + 


= 0 ; 


(V) 







(Vi) 

(viii) y (1 -logy)^+(l+logy) (^^= 0 . 


Homogeneous Equations. 

66. There are certain classes of differential equations in which 
a kind of homogeneity subsists ; and the solution of these can, by 
suitable transformations, be made to depend upon that of equations 
of lower orders. The homogeneity is constituted as follows : if y 
be considered to be of n dimensions, while a? is of one dimension, 

then ^ , since it is the limit of ~ , is of n — 1 dimensions ; 

dx Aa? ' CM5® 

being the limit of “ , is of n — 2 dimensions, and so on ; and the 

equation is said to be homogeneous when, if these dimensions be 
assigned to the corresponding quantities, all the terms in the equa- 
tion are of the same dimensions. The simplest case is, of course, 
that in which n is unity. 

First, let n be unity so that x and y may both be considered of 
one dimension. Let y — xz and a? = e® ; then 

dy dz . 


da? 




ana so on; the resulting differential equation becomes one between 
z and d. Now it will be noticed that the coefficient of 0 in the 
index of the exponential, wherever it occurs in any differential 
coefficient, is the number representing the dimensions of that differ- 
ential coefficient ; and therefore, when substitution takes place in 
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the differential equation, supposed homogeneous, the index of d in 
the exponential will be the same for each term of the equationT^d 
this exponential will therefore be a factor which may be removed. 
The new independent variable 6 will no longer occur explicitly in 
the equation, which will therefore be of the class already discussed 
in § 54 and can have its order depre^ed. 


&1. Solve 


Making the substitutions of 55, wo have 
cPz dz 

dz 

When we write fbe equation becomes 


d^z dz ( (dz \^ I J 


or, if 


and therefore 


dv 

ue 


fa + ; 




a6 


ds 


-ad. 


{w ( 1 4* 7i}4 - a 

The variables are separated ; and the equation can be integrated. 


JSr. 2. Solve 



Passing now to the case in which homogeneity is constituted 
on the assumption of n dimensions for y, we write 

os^e^, y = a?”-? = ze^^. 

We now have 


dx 


da? 


+ (2« - 1) g + n (» - 1)«} .i-«. 


and so on. It is obvious that the coefficient of 6 in the index of 
the exponential, which occurs in the expression of every differential 



96 


HOMOGENEOUS EQUATIONS 


[chap. IV 

« 

coeflScient, exactly measures the dimensions of that differential 
coefficient. As in the former case, the exponential will disappear 
when substitution takes place; the differential equation, having 
been thus transformed into one from which the independent 
variable is explicitly absent, can have its order lowered by unity. 


Ex. 1. Solve 




This is homogeneous if y be considered to be of two dimensions while x is 
of one. Hence we substitute 

x-«*, 

and the equation becomes 


'+3g+2.-(l + 2.)(g+2*)-4.* 


d^z dz 


A first integral is given by 

in this, the variables can be separated in the form 

the integral of which will vary (being either an inverse circular function or a 
logarithm) according to the sign of A. 


Ex. 2. Solve 


W ^dx ^ 


d^y 




dx 




A particular set of cases arises when n is made infinite; all 

the quantities have then the same dimensions. The 

simplest method of solution is to adopt the substitution 

y ss ; 

the resulting equation between u and x is of an order lower by 
unity than the given equation. 
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Exact Differential Equation& 


56. A differential equation of the form 


/(: 


'd'*y d^~'y 

,5*“ ’ dS"-* ’ 


' dx 



0 


is said to be exact when, on representing the left-hand member 
by Vy the expression Vdx is the exact differential of some function 
tf, which is necessarily of the form 





% 

dx 



Consider first a linear exact differential equation, which may be 
represented by 


P« 


-L p 

dx^ + 






where all the coefficients are functions of x. An equation of this 
form will not in general be an exact differential equation; but 
we proceed to shew that, if a certain relation be satisfied by these 
quantities P, the equation can be integrated once. 

Indicating for convenience differentiation with regard to x by 
means of dashes, we have on direct integration 

jFtydie = j^Fcydc, 

jp,^dx=-^P,'ydx +P,y, 

I Pi'ydx - Piy + P,y\ 
jPrydx + P,"y - P,y + P,y", 


V.D.B. 


D 
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and therefore 

iPdx - / (P. - P/ + P." - P,'" + )ydic 

+ (Pj-P,' + P,"- )y 

+ (P,-P; + P;'- )y' 

+(P,-P;*+P."- )y" + 

= j Q^ydx + Qiy + Qi"!/ + + Q„ > 


where the law of formation of the successive coefficients Qo, Qt, ft, 
is the same for all and, in particular. 


<2« = P», 

Qn-\ — P n-l 


— P ' 

JT n • 


Now the condition of integrability evidently is that there shall 
be no term remaining which involves an integral of y, and so 
the necesso.ry and sufficient condition is that 

ft = 0, 

that is. 


dx^ dd‘' 


+ (-!)» 


d"P» 

dx^ 


= 0 . 


When this condition is satisfied, the first integral of the 
equation is 

+ = r 


where -4 j is an arbitrary constant. 


If now the coefficients Q satisfy the corresponding condition 


o ^ 4. 

dx 


+ (-!)-- 


dx^-^ 


= 0 , 


the equation is again integrable ; and the process can be continued 
so long as the coefficients of each successive equation thus derived 
satisfy the condition of integrability. 


Ex, 1. Express the suocessive conditions in terms of the coefficients P only. 
Ex. 2. The equation 

(«*»- 6*) g+(a7-«) 

is ao exact equation ; for we have 

Po“l, P/*!, Ps"=0, Ps"'-0; 
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and so the condition is satisfied. Int^ating each side, ve have 

(a**-&r)^-{(2a-c) je+e-h} ^+(2a-e+a!)y-ia!*+.d. 


In praotice, it is sometimes easy to see that a given equation is integrable. 
In many cases the quantities P are either of the form or sums of 

dt^v * 

expressions of this form ; and is a perfect differential coefficient, if m 

be less than n ; for integrating it by parts we have 




3^^ 




dir"-* 








^ — m— ly 


If n»m+l, the last term is ( — Vpm \y. 

When we apply this lemma to the present example, the terms involving 

0 ^ > » fl-re seen to be perfect differential coefficients ; and ^ ^ +y S 

BO that the left-hand sido is a perfect differential coefficient and the equation 
is therefore exact. 


Ex. 3. Prove that the equation in Ex. 2 cannot be further int^ated by 
the foregoing method. 

Ex, 4. Obtain a first integral of the equations 

(i) 

(ii) 

and shew that the equation 

becomes integrable on being multiplied by some power of x» Obtain its 
integral 


67. The method, used for integrating exact equations which are 
not linear, may be illustrated by considering an example. 

Ex, 1. Solve 

On the supposition that this is an exact differential equation, we may write 

dx^ +2y*j») dp, 

where p stands for ^ . Let Ui denote what would be the value of Cfif p alone 
were variable^ so that 
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Let the reetriction now be removed, so that 

dUi^ (2j 7? + dia? -h (jF* + 2y^p) dp^ 

and therefore 

d ^7 — d = (y + ay) = d (a?^), 

which gives on integration 


that is, 


U- Ui^xy^A^ 


and therefore the first integral is 

The preceding method will be seen to lead to the following 
general rule for the integration of an exact differential equation of 
the order. The equation, being derivable from one of order ?z — 1 

by direct differentiation, will contain only in the first degree ; 

if this condition be not satisfied, the equation is not exact. 

Let the equation be written in the form F=* 0, and integrate 

Ydx as if variable occurring in V and its 

differential coefficient; let the result be Ui, Then Vdx'-dUi 
involves differential coefficients of y of the order w — 1 at the 
utmost; as it is an exact differential, the highest differential 
coefficient of y which occurs can enter only in the first degree. 
Repeating the process as often as necessary, we shall ultimately 
have 

FcZic — di7i — diJa— ... =0. 

Then a first integral of the given equation is 
U I ^ — 

Ex, 2. Obtain a first integral of the equations 

(■) 

Ex, 3. Shew that the equation 

=0 
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becomes integrable on multiplication by the factor 
deduce a first integral and the primitive. 

Ex, 4. Obtain a first integral of the equation 



having given that there is an integrating factor of the form Xx 

(Euler.) 


Linear Equation of the Second Order. 

68. We shall here prove some of the leading properties of the 
linear equation of the second order ; but the present investigation 
will not for the most part anticipate the discussion of the general 
linear equation, for the properties here established belong solely 
to the equation of the second order. 


The general form of the equation is 

in which P, Q, and P, are functions of a? ; they may in special cases 
be merely constant quantities. 

Substitute in the equation for y a value viOy where v and w aro 
both functions of a; ; as yet, the only limitation on them is that 
their product must be equal to y. We then have 


w 


55 + (2 a. + S + (3? + ^ + «“ j — 


. dw 


dv . fdho 


dw 


A.S we may choose a relation arbitrarily between v and w or 
make either of them satisfy some condition, we will suppose it 
possible to determine w so that the coefficient of v may vanish 
that is, 


d^W , rydw ^ ^ „ 


which, it will be noticed, is the same as the original equation wita 
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the right-hand side equated to ze^o. The quantity w being now 
considered known, the modified equation becomes 

dN /2 dw p\ ^ ^ 
daf^ ^\wdx J dx^ w* 
so that « 

~ = A+ jwRefP'^ da ; 

and therefore 

v = B + a[~ + f-f \wReSP*‘ da. 

J J 'IV^ J 


It therefore follows that, if any solution whatever of the original 
equation with the right-hand side equated to zero can he founds the 
complete primitive of the original equation in its general form can 
also be found. The problem of deducing this complete primitive 
is therefore resolved into that of finding some single solution of 
the simpler equation. This, in the most general case of P and Q 
unrestricted to particular functions of a?, has not yet been effected ; 
but in special instances it is possible to determine such a solution 
m is desired, sometimes by inspection, sometimes by means of a 
converging series, sometimes by means of a definite integral; 
but in the two latter cases (which are usually closely connected) 
the explicit evaluation of the form obtained for v is diflicult or 
impossible, though this form (§ 5) still remains the solution. 


Ex. 1. Solve 




A particular solution of 




is evidently Writing in the original equation, we get 

(I-);' 


255+* 


' dx 




Henoe 
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If msO, or if m be any positive multiple of 3, this can be simplified. 
Ex, 2. Solve ^ 

(ii) (<M:-6a:2)^+2a^+26y=a?*->; 

(iii) (l+x*)g_2.-|+2y=X 


69. If, however, a solution of the equation when It has been 
put zero cannot be obtained, then it is sometimes useful to remove 

from the transformed differential equation the term involving ^ . 
In that case, w must satisfy 

, dw 


2£ + P» = 0, 


from which we find 


there is no necessity for adding a constant in the integration, as it 
will afterwards disappear. Insert this value of w in the equation, 
and write 


then the equation becomes 
cN 




In some particular instances, this equation admits of immediate 
solution; but they occur much less frequently than those to 
which the preceding method appliea The advantage of the new 
form, which will be indicated shortly, lies in an altogether different 
direction. Now we know that, if a solution of this equation with 
the right-hand side equated to zero can be obtained, the primitive 
of the general equation is obtainable ; and we may therefore quote 
the equation in the form 


d^v 

d^ 


-h /y 0. 
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Ex, 1. Solve 


dx^ x^ dx 4r® 


Hence Pa= therefore w=ie Also 

X* 


/„r^+X+l_JL_±=_l 

4x"^ 4.r Ax^ Ax 


BO that the equation giving v is 


The solution of this is 


flPv 2 _ 


v=Ax ^-\ — ; 

X 


and therefore the general integral of the first equation is 

y = ( Ax^’\-Bx^ e®*. 

Ex, 2. Solve 

% d\i ( „ 2\ ^ 

(iii) g_4^g+(4.^_3)y=^. 

60. The advantage of using the form 


instead of 




as typical of the linear diSerential equation of the second order, 
lies in the fact that, for all substitutions such as zf{x) for y in the 
latter equation, I is a function of P and Q of such a form that, 
when the new equation 

dz y-v _ 

has its second term removed by the substitution 
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4-/w*= 


0 . 


Thus I is exactly the same function of Pi and Qi as it is of P 
and Q ; and we may therefore call I an invariant of the coefScients 
of the differential equation*. The* equation so redived may be 
said to be in its normal form. Any two linear equations, such 
as the equations in y and z, can be transformed into one another 
if the normal form of each be the same. 


If it be known that two given equations are so transformable and the 
equation of substitution between the dependent variables be desii^Kl, this can 
easily be obtained by using the normal form as an intermediate transformed 
ec^uation. Thus, in the general example, the equation in y becomes transformed 
to that in v by writing 

and the equation in v passes into that in z by writing 

and therefore the relation which transforms directly the y>equation into the 
iff-equation is 

yeh \Pidx^ 

Ex. 1. Prove that the equations 

and (l_4^)g_(l+x)^+(^ + l)f=0, 

can be transformed into one another; and find the relation between f, 
and X. 


Ex, 2. Find the value of Q which is such that the equation 

may be transformed, by a substitution y=^zf{x\ into 


dPz \ dz 




Obtain the value of f(x). 

61 . Let yi and y^ be two particular integrals of the equation 


dx 


Malet, PfttZ. Tram. (1882), p. 761. 
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and Vi and Va the corresponding particular integrals of 


then 

and therefoie 




=; and v.^ = 


2/2 ’ 


so that 8 is the quotient of two different solutions of either 
differential equation. We now proceed to find the equation 
which is satisfied by s. Since each of the quantities y (or v) may 
consist of two terms each containing an arbitrary constant factor, 
the quotient of one by the other may contain three arbitrary 
constants (not four, since without altering the value or generality 
of such a quotient any of the four constants may be made unity) ; 
therefore the differential equation satisfied by s, a function in- 
volving three arbitrary constants, must be of the third order. 


Indicating differentiation with regard to x by dashes, we may 
wpte 

Vi" + /vj = 0, 

V2" H- IV2 = 0 . 


Substituting sv^ for Vi in the former equation, we have 
8'% 4 - 2sv2 + SV 2 4 - ISV 2 = 0 , 

that is, 

28'v2 = 0, 

so that 


s' 



Differentiating this, we have 



and the transposition of the last term gives 
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This is the differential equation satisfied by a ; and it is of the 
third order, as was indicated. 

The function of the differential coefficients of a with regard to ec, 
which occurs on the left-hand side of the equation, has been called 
by Cayley the Schwarzian Derivative and is denoted J}y him by 
{St a :] ; it is so called because its properties are discussed, and it is 
of fundamental importance, in a memoir by Schwarz in CreUe'a 
Journal (t. Lxxv), though the function is not originally due to 
him t* 

62. If now any solution of this equation can be obtained, then 
a solution of the original differential equation can be immediately 
deduced. For let such a solution of the new equation be denoted 
by 8 ; then since 

Va ^ s'* 

we have, on integration, 

where 0 is arbitrary. This is one solution ; another is 

From these, the corresponding solutions of the equation in y are 
derived by inserting the exponential factor. When any one solution 
of a linear equation of the second order is known, we can obtain 
the general solution; and hence any particular value of a satisfying 
its differential equation will lead to the complete solution of the 
first of the differential equations. 

This theorem holds in regard to the general linear equation of 
the second order ; one of its chief applications arises when the linear 
equation is that satisfied by the hypergeometric series, to be 
discussed in Chapter vi. 

* Oayley, Camb^ Phih Trans, (1880), vol. zin. p. 5 ; Coll. Math, Papers^ vcA. tl 
p. 148. 

t It oooura implicitly in Lagrange’s memoir ** Bur la construction des cartes 
g^ographiques,” (Euvres, vol. iv. p, 651 (this reference is due to Bdhwaxs), and 
Jacobi’s Fundamenta Nova ; and explicitly for the first time in Hummer's memoir 
on the hypergeometrio series in CreUe^ t, zv., which is referred to in Ohapter fz. ; 
see also Oayley, l.e. 
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Ex, 1. Prove that, if , 

B{aX‘\-h)^cx^d^ 

the Schwarzian dcrivativo of b vanishes. 

Ex, 2. Find the general value of « when 

jr}+a«0, 

where a is ft constant. 


Ex, 3. Prove that 

(i) {*,.t}=-(gy{:r,*}; 

(iii) 

(iv) {*, "J- 

(Cayley.) 


63. Another method which is sometimes effective is that of 
changing the independent variable. 

Take z as the new independent variable ; then 

dy _ dy dz 
dx dz dx' 

d?y _ d^if fdz^ dy dH 
da^ dz^ \dx) ^ dz d^ * 


and the original equation becomes 
d^y fdzV dy fd^z 

s?U) 



As yet, z is quite arbitrary; it may therefore be chosen to 
satisfy any assignable condition. Thus we may choose to make 
dij 

the coefficient of ^ vanish ; then 
az 


da? 




and therefore z is given in terms of x by the equation 

^ = J dxer^^^. 
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The eliminant of this relation between z and a and the trans- 
formed equation may furnish aldifferential equation which proves 
integrable. 

One integrable case occurs when the value of z, thus obtained, 
is such as to satisfy the relation 

ivherc /x is a constant ; and then the equation takes the form 

of which the integral is 

y = Az^ -f- B^, 
a and /8 being the roots of 

m (m — 1) + /i =« 0. 

It is not difficult to prove that the relation, which must exist 
between P and Q in order that this may be the case, is 

-i + T^Qh+PQ^^o. 
ax 

Another integrable case would be furnished by 

and so for other cases. It will be noticed that in each instance the 
equation is reduced to what may be called a known form, that is, 
one of which the primitive can be obUined. 


Ex. 1. Solve 


Hence 




dx 




so tnat 
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When the independent variable is changed to s, the equation becomes 

and therefore 

y aw iln * ^ wo ooi « 

Bx.i. Sojye (i) 

(ii) ^+^tan®+ycos*a!-0; 

i d^y Zx+\dy ( 6(:g+l) 1«_ 

^ £te+y|(a;_l)(33r+6)J 


(iv) 


cPy 2 dy _ 


(y) 


64 The property used in § 60 to obtain the relations between 
the dependent variables in two equations, which are transformable 
into one another — viz. that the equations have the same normal 
form — can be used to obtain the relations between the dependent 
variables in two equations, the independent variables in which 
are different, on the hypothesis that the equations ultimately 
determine the same function. The process adopted will be similar 
to the former one, as both equations will be reduced to their 
normal forms in the same variable and these, being assumed 
identical, will give the conditions necessary for the justification 
of the hypothesis. 


Liet the two equations, which are to be thus transformable into 
one another by changing both the dependent and the independent 
variables, be 


and 




•(i), 

(ii), 


in which P and Q are functions of a, and B and S functions of *. 
Writing in (i) 
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and 

• 



/.O-g-p., 


we have 



(iii). 

Writing in (ii) 

• 


^gSBdt^ p,, 


and 

^ ^ dR 



J=.S~-R\ 

dz 


we have 



(iv). 


In (iii), changing the independent variable from x to z, we 
obtain 


or 


W/ dzda?^^y' 
+ + _0 


dz^ dz z*^ z^ “ 

in which dashes indicate differentiation with regard to x. 1*0 
reduce this to its normal form, we write 

Vie * =^ 2 , 

or, on the evaluation of the integral in the exponent, 
the equation then becomes 


g- + Oj.-0 


■(vX 


where 




= 7.-i-7r. 

and [z,x\ is the Schwarzian derivative of z. 
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If, then, the equations be transformable into one another, the 
normal forms will be the same when expressed in terms of the 
same independent variable ; hence, comparing (iv) and (v), which 
are the normal forms, we have 

and 

Substituting for Q in the latter equation, we have 



and substituting their values for ya and Vi in the former equatioii, 
we have 


These two equations are the conditions that the diflFerential 
equations (i) and (ii) should be transformable into one another. 
The first of them gives the relation which must exist between the 
independent variables. When the first is satisfied, the second gives 
the relation which must exist between the dependent variables. 

The foregoing equations enable us to obtain the general form 
of all ditferential equations into which (i) is transformable, and 
also to obtain the connection between two given related equationa 
Thus, for instance, the equation in a given independent variable z 
equivalent to (i) would have as its normal form 


where 


and 



and since z and I are known in tenns of x, J is also known in 
terms of x and can therefore be expressed in terras of z. Every 
differential equation, which is equivalent to (i) and has z for its 
independent variable, must have the foregoing equation in Vi for 
its normal form* 
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and 


/I La\^^ , 




are transformable into one another by the relation 
and find the relation between z and v. 


Ex, 2. Prove that the equations 
dh 


S (I -*)*+2 ( fl - 1 + z ) ^+k (1 - i -) t »-0 


and 5»y=0 


dx ^ X dx 


are transformable into one another by the relation 

x^\^xz\ 

and find the relation between y and r. 
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Method of Variation of Parameters. 


66. It was proved (§ 58) that, if a solution of the equation 




be known, the primitive of the equation 


dx^ 


R 


can be obtained. The following method, which is different from 
the methods already indicated, is effective in giving for this 
equation, and for other linear equations, the Particular Integral ; 
and it can be applied where the earlier methods cease to be 
applicable. 


Let ,Vi be a solution of the equation 


cte* dx 


+ Qy * 0, 


so that 
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Eliminating Q, we have 

da? ^ da? dx ^ dx) ’ 


and therefore 




dx ? dx 

where the constant A clearly is not zero when y denotes the most 
general solution of the equation 

We now have a relation between y and y, of the first order; its 
integral is 

y = By, + AyJ^;e-J^o-. 

Let ya stand for the quantity of which A is the coeflScient, so 
that the primitive is 

y = i?y, -f ^ya, 

and ye is a particular solution of the differential equation. Then 
the preceding analysis shews that any two particular solutions y, 
and ye are connected by the equation 




where the value of C is no longer arbitrary but depends on the 
forms of yj and ye, the two particular solutions of the equation. 


66. Let us now take the above value of y and substitute it in 
the equation 


on the supposition that A and £ are no longer constants but 
functions of ^ to be so chosen that the equation shall be satisfied. 
Thus the form of y is the same for the two equations, but the 
constants which occur in the former case are changed in the latter 
into functions of the independent variable; to this process is applied 
the name Variation of Parameters (§ 14, Note 1), 

We have now two unknown quantities A and B, in terms of 
which y, a single unknown, is expressed ; and we are therefore at 
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liberty to choose any relation between them that may be most 
convenient for our purpose. When we differentiate y, we obtain 






provided 


ax ax 

dB dA ^ 


we shall take this last equation as the chosen relation between A 
and 5. Again, if we differentiate so that 

d^y ^ dB dy, dA dy^ 

da^ daf^^ dx dx dx da ’ 

and substitute these values in the original equation, then, since 
yi and are particular solutions of the equation when JB = 0, we 
have as the result 


Thus 


dx dx dx dx 


dA d^ 

iUc^dx 

Vx 


R R 
^^dx 




and therefore 


A = E + ^jRy,id^^dx. 

B — ^ dx, 

where F and F are arbitrary constants, and C is a specific constant 
depending upon the forms of yi and yg. 

If now, in the differential equation, we write </> (x) for P and 
for R; fi{x) for yi and /^{x) for then the general 
solution of 


L 
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y = Ef,{w) + Ff, (a;)+ {/,(*)/ (f)-/.(<r)/,(f)} rff. 

where /i(^) and f^ix) are particular solutions of 

S+#w|+e,-o, 

arid are therefore connected hy the relation 

It may be noticed that we may make C unity without loss of 
generality ; for, if it be not unity, we may substitute for f^ix) the 

quantity ^f^ (a;) which, while still a particular solution, will render 

the constant unity. 


Rv. 1. Solve 




Arranged in the ordinary form, this is 

• ^ 3 ! dl/ 1 

dx*~x-ldx^x-i^~ 

Particular solutions of the equation, without the right-hand member, are 
jc and e® ; hence, if we take 

we may proceed as above, and have as the primitive 

As in the general case, A and B are connected by the relation 

~r ^+:t-^=0, 
ax ax 

Thus and 1; 

dx dx ' 


and therefore 


= 1 ), 



PARAMETEllS 


117 


66-67J 


The primitive ie therefore ^ 

y 4- jRp— (**+*+!). 

Ex. 2. Integrate by this method the equation 

wlioro Q and Jt aro fiinctioria of x alone. 

Ex, 3. Solve 

(ii) (1+^.2) 

67. The method of variation of parameters may be applied 
in a manner, different in regard to the terms neglected, to obtain 
a subsidiary integral, the constants in which arc subsequently made 
variable parameters. Thus consider the equation 




Neglect the term involving F{y^ in order to obtain a subsidiary 
integral ; this integral satisfies 


and therefore is 




Suppose now that C, instead of being a constant, is a function 
of X and let this relation be differentiated ; then 


Therefore 


and so 




e// (»)<**' = ' 
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A first integral of the original equa^tion therefore is 

This can be again integrated since the variables are separable. 

<• 

Ex, 1. Sol/e in this manner the e<|uation 

Shew also that the integral of this equation may be derived by the method 
of § 64. 

By changing the indeixindent variable in this example from x to y, obtain 
the integral of the equation 


Ex, 2. Integrate the general equation 

firstly ^ by neglecting the last term to obtain a subsidiary equation and then 
varying the parameters ; 

$ic(mdly^ by applying the same method to the integral derived from neglecting 
the second term ; 

thirdly, by multiplying by i^ben int^ating each term. 

It thus appears from these examples that 

is integrabie in the caaes : — 

(o) when both P and Q are functions of x, 

(0) when both P and Q are functions of y, 

(y) when P is a function of x and Q a function of y. 


Two Particular Methods. 
d^v 

68. When, in the equation ^ = 0, the quantity / is a 

rational function of a fractional form such that the denominator 
is of a higher degree in the variable than the numerator, the 
following method is sometimes of use. 
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Let a quantity 

z^P,<b 

be substituted for v ; then the equation becomes 
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where 


d‘z dz ~ 


P,=/+P,*+ 


dP, 

dx • 


On integrating the equation as if the left-hand side were a 
perfect differential, we have 

^ + 2P,z + jz(p,-2^'^dx=A. 


Since the quantities P, and Pj are connected as yet by only a 
single relation, we may assign as a further condition to determine 
them 


P. 


dPy 

dx' 


This gives as the equation for Pi 


dx 


-/v= 


/; 


while, if any value of Pj satisfying this be obtained, an integral of 
the original equation is obtained in the shape 




It should be pointed out that the possible utility of this method 
depends on the form of the equation which gives Pj; this would be 
lost by the substitution 

p _ 1 dw 

for then the equation giving Pi becomes changed to the original. 

With the assumption which was made as to the form of /, we 
may write 


V VU UV 
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say, where J7, and F, are ration/il integral fiinctions of x. Then 
we may assume 

leaving the constants in f{») as the quantities to be determined 
from the equation; but in general there are not sufficient dis- 
posable constants arising in f to allow the equation to be satisfied. 
Hence this method, like the other methods which have been 
proposed for the solution of the linear equation of the second 
order, is not one of universal application, but is effective only in 
particular cases. 


Ex. 1. Solve 

Here the equation for Pi is 
dPi 




1 


/>,2n= 

dx * 37(1 




Let /^j = — + ^ and substitute; the equation is satisfied by - 1, 

rnd therefore a first integral is 

dz 2 




where 


or 


dx ^(1— j;) 

. V [dx [ dx 

— X). 


The primitive can easily be deduced, for the first integral equation in z is 
linear of the first order. 


Ex. 2. Solve 


(i) (l-x»)»g+t>-0; 


(ii) (2x+l)»(x»+ar+l)^-18i;; 

..... «Py . sin 3jr 

If a term involving ^ should occur in the equation, this term 
should be removed before applying the above method. 
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Ex, 3. Solve 

'' dx^ .r(l-.r) dx x{\—x) ' 

fii\ <Plf . <‘-ia+0 + ^)^ (f.V _ »■ 

' ' dx^ x{\-x) dx x{\-x) * 


(iii) 


d^y a+l-(a+j8+l>^ rfy aP _ 

dx^ x(i--x) £c x(l--x)^“' '* 


Ex, 4. Shew that this method will apply to the equation 
dH 

cUfi"" (i^+iAx+Bf 

jirovidod there be a single relation between A\ B\ and C"; and find this 
relation. 


69. A certain cbiss of linear differential equations can be solved 
by the resolution of the operator on y into the product of operators. 
Thus consider the eouation 


tji. 

dn? 


dy 

’tx' 


M ~ + « + wy = 0, 


in which u, v and w are functions of x ; then, if the operator 

d ^ 

« + » TT + w 

dofi dx 


be resoluble into the product 

('’s+»)(’'s+“)- 

py q, r and s being functions of x, the equation can be integrated. 
For, if we write 

we have 

dz 

and therefore 

z^Ae ; 

and we must now integrate 
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which is linear of the first order. In order that this resolution 
may take place, we have the three equations 





to determine four quantities jo, g, r and ^ ; but we may consider p 
and r as known factors of u, and use the two remaining equations 
to determine q and a. 

But these cannot be solved in general; and again therefore the 
method will apply only in particular cases. 

Ex, 1. Solve 

vj;=*+x-2)^+(.r*-a.-)^.- (6x*+7ar)y=0. 

Here we may write jo -= 4 ?+ 2 and r=a? — 1. 

If q^Ex-¥F B.nd a^E'X’{’F\ we have 

-^+i^4-2^+/^=-2 •, EF-¥EF+Em.^^ , 

F-2F'=2 FF'^2E'^0 , 

which are satisfied by 

^= 3 ; F=4; F = h 

Hence the equation may bo written 

((^+ 2 ) ^+3,^+4} {(a-l) 4 -( 2 ^-l)} ^,= 0 . 

A first integral is 

(^-1) g|-(ar-l)y=il(T+2)*e-^, 

and the primitive is 

y=(x-l)e^ |/?+^ j e-‘»da?|. 

(ii) (ar-l)(x-2)^-(2x-3)^+2y=0; 

(iii) (2»-l)^-(3a;-4)^+(ir-3)y-0; 


Ex, 2. Solve 
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(iv) (jr»+ap+2)2+(6je*+V*+4)^,+(&r*+:^ar+4)y=0; 

(V) (^-l)g-(3*+l)g-(:**-^:)y=0; 

(vi) a:»(o-63!)^-2»(2a-&p)^+2(3«-6a;)y-6«*. 

70. There is a particular form into which the ordinary linear 
differential equation of the second order may be changed ; multi- 
plying 

throughout by we may write it 


^ jf = 0. 


Let a new independent variable z be taken such that 
then the equation becomes 




Now jg definite function of x and therefore of z\ 

let it be denoted by where is a function of z. Then the 
equation is 

d fl dt/1 __ 

dz\u~dz\^y 

which is the form referred to. 

Sir William Thomson (afterwards Lord Kelvin) indicated a 
method of approximating to a solution of this equation by 
mechanical means*. 

^7/ fi^V 

Ex. Express Prove that 

where 

iSo== AT, ^n+i^/ dv f 
Jo Jo 

expresses the solution of this in a series necessarily oonvergiog for all values 
of Xy provided ft i^mains finite. 

Work out the case when 

* See Proc. Roy. Soc. voL xxzv. (1876), p. 269. 
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General Linear Equation. 


71. The general linear equation with variable coefficients is 
of the form • 


Y 1 Y I Y I I Y ^y \ Y II — V 


dy 


in which Xo, Xi, X^, Xn, and F, are functions of a? alone; 

equations, in which the coefficients of the differential coefficients 
of y are constants, have already been considered. The coefficients 

Xo, X,, Xn, may be taken to be integral functions of a; ; if 

in any equation they were not actually so, the equation could be 
transformed so that its coefficients would be integral functions of x 
by multiplication throughout by the least common multiple of the 
denominators of such fractions as occurred in the given form. 

The primitive of the differential equation consists, as before, of 
two parts : — 


• First. The Particular Integral, which is any value of y (the 
simpler the better) satisfying the equation ; 


Second, The Complementary Function, which is the general 
solution of the equation without the second member, that is, of the 
equation 


Y 


+x 


•V Xn-i-^-¥ Xny = 0 ...(ii). 


The equation (ii), being of the order, will have in its general 
solution n arbitrary constants — the necessary number for the primi- 
tive of (i), which is the sum of these two parts. 


72. If i/i be a solution of (ii), then A^yi is a solution 

since the equation is linear; and therefore, if yi, y^^ , yn, be 

V different particular solutions of (ii), 

y = .4,2/1 + -h + 4„yn, 

where 4,, A^, , An, are arbitrary constants, is also a solution. 

If now the solutions 7 / 1 , ya, ••••.-, yn» be independent of one another, 
80 that no one of them can be expressed by means of a linear 
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function of all, or of any of, the others, then the foregoing value of 
y is a solution involving n arbitrary constants ; it is therefore the 
Complementary Function. In order that this may be the case, 
there must exist no equation of the form 

\yi + X«ya + +5 Kyn = 0, 

for any values whatever of the constants X,, Xa, , X„, other than 

zero for each of them. If all the constants X be not zero, we have 
the derived equations 


da:’-*' ^ ^ da.'"-' 

. d"-'yn_Q 
do:'-* 

^ do:’-* ^ da»- 


X + X - 4- 




and, since the X’s do not all vanish, the determinant obtained by 
eliminating the X's must vanish, that is, 


?/l 7/2 7 /n 

dx^ laF^ 


^2 cZ//h 

dx* dx * ' dx 

Vu , Vn 


= 0 . 


Hence the condition that the y s should be independent or, in 
other words, that the foregoing value of y should be the Comple- 
mentary Function, is that A should not vanish. 


73. It is easily proved that, if A be zero, then some equation of 
the form 

+ H-X«yn = 0 


must exist. For otherwise let the value of the left-hand side 
be denoted by u\ multiply the columns in A by Xj, Xg, , X^ 
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< 

respectively and add them together, substituting their sum for 
. any one column — as the first. Then we have 






d<E"-‘ 

d®"-* 

d”-^u 

d»-*3f. 


d®”-’ ’ 

d®»-» 

d®"-* 

w, 

^2* i 



an equation of order n — 1 which determines ti. Now this is satis- 
fied by = y, I ^21 • • • f yn» that is, it has n particular solutions which 
are supposed independent. But the number of independent par- 
ticular solutions which an equation can have is equal to its order, 
a property which is violated by the preceding result. The fore- 
going equation in u must therefore be an identity so that u is zero; 
and therefore, on the supposition that A is zero, there is a relation 
between the n quantities y. 


74. The value of A, when different from zero, can be found as 
follows. Let the values y = yi, y 2 , be substituted in (ii) and 
from the n resulting equations let the coefficients Xj, Xs, ...» X„ 
be eliminated ; then we have 




d^yn 

da:^ * 

d®“’ " 

da:” 


d''-‘yi 


d®«-* ' 

da;””* ’ 

dic’*-» 

d«-”y. 

d«-y^ 


dx”~’ ’ 

di"-»’ •• 

da;”-* 

2 / 1 . 

2 / 2 , 

Vn 


The determinant which is multiplied by Xo is — , and therefore 
this equation is 


which when integrated gives 
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Since A and J X^X^'-^dx are determinate functions of the 

constant C must be determined by some other method ; compari- 
son of particular terms is often effective. The value of G will 
evidently change with a change in the set of fundamental solutions 
yi) y 2 i •••> yn\ but C is never zero. ^ 


Ex. Let yi be a particular solution of the equation 









dy 


when we write y\\zdx for y, the equation determining s is (§ 76, fozi) of order 
»i-l. Let be a particular solution of this, so that y\\z\dx is a second 
particular solution of the y-equation ; and let j udx be substituted for z. 
Thus the equation in u is of order m-2. Let be a particular solution of 
this equation ; then yijzidxjuidx is a third particular solution of the original 
equation. Proceeding in this way by m - 1 successive substitutions, we shall 
arrive at an equation of the form 


of which a solution can be found ; and there will be, in all, m particular 
solutions y. 


Prove that these particular solutions y are independent of one another t 
and shew that for this set of particular solutions 


A=(_ iBi. 


(Fuchs.) 


76. The Particular Integral may now be deduced by means 
of the method of the variation of parameters; this is the most 
symmetrical method, but another will be indicated in the next 
section. In the equation 

1/ - + + Anyn, 

let the ^’s be supposed functions of x instead of constants; then 

the value of ^ is given 


dtc ^ dx ^ dx “ dx 


dA, 

dx 




dx 


dA„ 


Now as we have n functions Ay while the only condition as yet 
attached to them is that they are such as to make the preceding 
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value of y satisfy the differential equation (i), we may make them 
satisfy n — 1 other conditions assigned at pleasure, provided these 
are not inconsistent. Let us assume as one of these conditions 


dAy dA^ 




we then hs^ve * 


^a-A ^* 4 . 
dx ^ dx ^ dx^ 



Differentiating this again, we have 


ty - A A ^*y^A. 

da? * da? * da? 



provided we assign as another condition 

dx dx dx dx 

.dyn^An « 
"'^dx 


Proceeding in this way, and assuming that the A'q are such as 
to satisfy 


■ d?yidAi 
da? dx 

d’^y^dA^ 

^ djfi 'dx'^ 

d?y^dAn „ 
da? dx 

d^y^dAn p, 
da? dx 


d’'-^yndA„ 

d®""’ dx 

' da:»-» dx ' 


(which, with the previous two, make up n — 1 assigned conditions, 
not inconsistent), we have 


da? da?^ 


' "t" 


da? ’ 


d^~'y A I A.A 

dxn-l dxn-\ + + 


da?‘~^ 


The last of these, when differentiated, gives 

d^y_A ^*4- A. A ^ 

£fe" da;^^ d®" 

d ^-^y,dA^ d^^y ^dAt d”-^y ndA„_ 

dx dx /Lr"-' da * 
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but, as all the conditions which were assignable have been used, the 
second part of the right-hand side does not vanish. We multiply 
the differential coefficients of y thus expressed by the algebraical 
coefficients, which are attached to them in the equation (i) of § 71, 

and add the results; since y is a solution of (i), and yi, yn, 

are solutions of (ii) of § 71, we have • 

V r d^’^y ^dAn\ 

* dx dx dx^^^ dx / 

Let Af be the minor of ii^ in A, for the values r = 1, 2, , n\ 

then the n equations giving the values ’ 

have as their solution the equation 

for all the values of r. Hence 


dAr _ 


and therefore 


^=Cr+l 


VAr 

XoA 


dXf 


where Cr is an arbitrary constant. The value of y is therefore 

the Particular Integral being 



JEr. 1. Shew that, if /i (x), /a (x\ {x\ be three particular solutions of 

the equation 

in which Q and S are functions of x only, then the complete integral of 

§+«#> W S (*) 


J'.D.B. 
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y 


is given by 

‘^(1) 

df* rff 

/i(a /.(a M& 

/iW, /2(«). /s(*) 

where <7i, C3, are arbitrary (^nstants and a is a determinate constant. 


c» w > 

t ft 


rff. 


jS!r. 2* Solve the equations 

(u) (3^+2)g-2^rg+(*»+2)g-2a:y-*»+2. 


76. When we know one or several particular solutions of the 
equation (ii) of § 71, the order of the equation can be depressed 
by a number equal to the number of particular solutions known. 
Thus suppose we know that is a particular solution of the 
equation ; when we change the variable from y to the equation 
becomes 

^ du 





.«(. 


r — 


+ 


or, what is the same thing, 

« d^u Md^^"~^u 


. y/ du 


= 0, 


in which X/, X^, X'n i> are functions of X„, 

and diflFerential coeflScients of y^. If now for ^ we substitute v, 

the resulting equation is of order w — 1 ; the original equation has 
therefore had its order depressed by unity. 


If ya be another particular solution of (ii), then y^y^ is a value 
of M, and therefore ^ ^ is a solution of the equation in v ; this 


equation can therefore have its order depressed by unity and the 
order of the new equation will be less by two than that of (ii). It 
therefore is possible by proceeding in this way to diminish the 
order of an equation by m, when m particular solutions are known. 
Each depressed equation remains linear. 
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77. When w — 1 particular solutions of an equation of the 
order are known, the equation can be depressed so as to be a 
linear equation of the first order, and as the latter can be solved, 
it follows that we can obtain ilie primitive of an equation of the 
n^^ order when n — 1 particular solutions are known. The following 
method of obtaining the primitive avoids the process ofisuccessive 
depressions of the differential equation. 

Let the w — 1 particular solutions of the equation (ii) be re- 
presented by yi, ya, yn-i ; and let Ox, O2, On-i, be n- 1 

functions of x such that 


y = GiVi + 023^2 + 


is a solution of (ii) ; as this is the only relation between the n — 1 
functions, we may assign at pleasure n — 2 other relations, provided 
they are not inconsistent. Let these be 

dC, dC^ 

+ 

4.« 

dy\ dCJ\ ^ dy^ dCJ^ ^ 
dx dx dx dx 

, dy»i^i dOn_2 ^ 
dx dx ” ’ 

df^^yi dCi d” ^ya dOg 
dx ^ dx^^ dx 

^ d^ ^.Vw— 1 dCfi^i ^ ^ 
dx”-» dx ’ 

then the values of the successive 

differential coefficients of y are 

given by 

^- 0 ^ 4,0 ^4. 

dx ^ dx"^ ^ dx 

, n ^yn~i 
' dx * 

d^y pd^y. ^d^y., 
da? ~ ‘ da? ^ da? 

, n d!^yn~\ 

' " * ’ 


dx^ - dx^ dar»-» ’ 

yTi dx ^ 

daf> ^ ds^ ’ dx” d®" 

r-n-ldCrd”-'yr d»Cr 

dx ^.1 da? dtd^ ' 
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The substitution of these values in the equation (ii) gives 
f'-""-! /cW, . 9 da d"-»yA| „ '“i-i dC, d"-*yr „ 

®| \dai* dx * ,=i d® ' 

since yj, yn-n sie particular solutions. 


Let A Genote the determinant 
d"~" yi d"-»y a 

d®”"’ ’ d®""* ’ “ 

d”-»yi d"-»y a 

^^n-3 > 


d"-* y«-i 
•' d®»-» 
d“~*y«-> 
" ‘d®"-* 


y>. 


y». 
. d’-^y. 


yn-i 


and let the minor of in A be denoted by A^, for the 

values r=l 2, ,7i — 1. Then we have 

do.-. 


dCj dCjj 
dx da? 
Ai “ Aa 


dx 

-7 =^8ay, 

^n— 1 


and therefore, for these values of r, 

dCr 


dx 


= ^A^. 


Hence 


and 


Also 


and 


so that 


dx da;""* ,.«i ** da? ' 


dx daf^~'^ 


r»»-l 

2 A, 

r=l 


d"-*y, 

d®»-* 


aA. 


d°C> _ da . dAy 
d®’ ~ d® ^ ^ d® ' 

>-“A-idAyd»-*y,_-. 
rfi d® d®»-»“^’ 

d«ad»-*yy dg A d"-«yy . ds . 
y.i d«^ d®^*d® y„i ^ d®"^ d®’ 
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the transformed equation therefore is 


Dividing by we have 



/2^ 
\A da 



the integral of which is 


The corresponding value of Or is derivable from 


and therefore 


d/Cr A j 

Or = Ar + A 


for the values r = l, 2, n-1. Hence we have n arbitrary 

constants, viz. A, Aj, Ag, , A„^i; and the primitive of (ii) 

is thus 




r=n-l 


2 Ar^r + A 


r=l 


r«»— 

2 


r=l 



£a:. Solve completely 


<2 p“" 




where and Q are functions of 


Geometrical Application : Trajectories, 

78. It has already been noticed that a differential equation is 
the appropriate analytical expression of any property of a curve 
which is connected with its direction and its curvature; and it 
therefore follows that the investigation of many geometrical 
questions ultimately depends upon the solution of a differential 
nation. In the higher parts of mathematics, differential equa- 
tions are of almost universal occurrence; but in other subjects 
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it is less possible than it is in geometiy to give examples, as there 
is no necessarily general method* of arriving at the differential 
equation, while its deduction in geometrical problems is obtained 
almost immediately by the use of the formulae of the differential 
calculus. There will be no attempt to give here any complete 
classification of applications* to geometry; only a single general 
problem will be discussed, that of Trajectories, 

A Trajectory is defined to be a line which, at its points of 
intersection with the members of a family of curves expressed by 
one equation, cuts them according to some given law. 


79. As the most general fonn possible, let 
/(a?,y, a) = 0 


denote a family of curves of which a is the parameter ; through 
any point on one curve a trajectory will pass, and there will thus 
be a second system of curves representing these trajectories. Let 
f and 7} be the current coordinates of this second system; and 
suppose the analytical expression of the law which holds at each 
point of intersection to be 


F 



dx^ dx^ * 


^ dr) d?7) 



In this equation, f and 17 at a point of intersection are respectively 
the same as x and y, being the coordinates of that point; but 

are not the same , for they indicate the 

direction and the curvature of the two intersecting curves. 

We proceed as follows. 

From the equation 

/(^, y,a) = 0 


we obtain the values of all the differential coefficients of y, which 
occur in the relation 0 , as functions of x, y, and a ; and in each 
of these expressions wo substitute the value of a as a function 
of X and y derived from the equation of the curve. This will be 
equivalent to eliminating a between /== 0 and the equation giving 
each differential coefficient. Let these values of the differential 
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coefBcients of y be substituted in jF'bO; it then becomes an 
equation which involves a, y, f , 17 , and differential coefficients of 17 
with respect to But we have seen that x and y are the same 
as f and 97 , since both sets are the coordinates of the same point ; 
therefore F^O becomes a differential equation in 17 and f only. 

80. The most frequent example of trajectories is that in which 
a system of curves is to be obtained cutting a given system at a 
constant angle. If this angle be a right angle, the trajectory is 
called orthogonal \ if other than a right angle, the trajectory is 
called obliqm. 


In the case of orthogonal trajectories, the tangents at a common 
point are to be perpendicular, and therefore 


1 

^ dxd^ 


= 0 . 


which is the fonn of ^=0 for this case. For the given system of 
curves, we have 

a) = 0, 

dx^ dydx * 


from which we eliminate a and obtain a relation between Xy y and 
which is really the differential equation of this system of 

€LX 

curves ; let this relation be 



dx) 


0 . 


Now, for the trajectory, we have 

f = y«i7, 


and 


dx 3^’ 


therefore the differential equation of the trajectory is 





Vf - 



0 . 
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i 

The elimination of the parameter is immediate when the 
equation of the given family of curves occurs in the form 


y) = a. 

For we then have 


dx dydx * 


which at once gives ^ independent of a, and is the form of -i/r = 0 


for this case. 


81. When the equation of the curve is given in polar 
coordinates, the same method may be applied. For we then 
have 

x{r, e,c) = 0 

as the equation of the family of curves. If (f> be the angle between 
the radius vector and the part of the tangent to the curve drawn 
from the point back towards the line from which 6 is measured, 
we have 


while, if O be the same quantity for the trajectoiy, and B and 0 
be the polar coordinates of a point on it, 


taQ<]>a!£ 


d0 

dR' 


Since the tangents are at right angles, 


and therefore 




where R and r, 0 and 0 (but not their derivatives), are the same, 
Now 

dr^dddr 


eliminating c between this equation and the equation of the curve, 
we find a relation of the form 



0 . 
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For the trajectory 

R = r,% = 6, and ^ 
cLr 


1 

T730“"22»d0’ 


the differential equation of the trajectory is therefore 

This, when integrated, gives the equation of the system of curves 
possessing the required property. 


Ex, 1. Find the orthogonal trajectory of the series of straight lines 

y^mx. 


We have 


dy 

dx 




and therefore the difierontial equation of these lines is 


X 



Hence, by our rule, the differential equation of the system of orthogonal 
trajectories is * 



which on integration gives 


a scries of concentric circles having for common centre the common point of 
the lines. 


Ex, 2. Find the orthogonal trajectory of 

sin nd. 

Taking logarithms and differentiating, we have 

n dr cos 7i0 
r do sin 7i6 * 

which is the differential equation of the family of ciures. For the trajectory 
we have 

1 dr 

and therefore the differential equation of the trajectory is • 

^ (ie cos 71© 
d/i^sin 710 


0 . 
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The Tariables may be separated ; we have 

dR sin n© 

“ -w -rfe, 

R cos 710 ’ 

so that R }^ = cos ti©, 

the family required. , 

« 

jE!r. 3, Prove that, whatever be the value of w, a non-parametric constant, 
the orthogonal trajectory of the curves included in 




is a family of conics. 


Ex. 4. Shew that the orthogonal trajectory of a system of oonfocal 
ellipses is a system of hyperbolas confocal with the ellipses. 


Ex. 5. Obtain the orthogonal trajectory of the system of curves 

(i) 7*«sin 

(ii) log (c tan 6\ c being arbitrary. 


Ex. 6. Shew that, if f{x-^iy) be denoted by ?4-f iV, where u and v are real, 
and i denotes V— Ij then the families of curves const., const., are the 
orthogonal trajectories of each other; and the families ?e cos a+v sin a — const., 
for different values of a, are oblique trajectories of each other. 


In particular, shew that, if u and so obtained, be homogeneous of order 
n, then the value of u is 


ov 

dy 



How may the value of w be found when n is zero ? 


Ex. 7. Find a system of curves cutting, at a constant angle other than 
right, a system of concentric circles. 


82. If one of the variables be given as an explicit function of 
the other and the parameter, the equation will be of the form 

y = <f>{x,a)-, 

instead of eliminating a we may proceed as follows. Let the 
equation of the orthogonal trajectory be 

V = a), 

where in the last a is to be considered an unknown function of { to 
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be determined so that the curve may be the orthogonal trajectory. 
We now have 

^ d<f> 

dx dx * 


and therefore 


dr) ^d(f> d<j> ^ 

/0<^ M da\ - 
0a! V9f 0a d^J'^ 


da d^) 

Now, as no further differentiations are to take place, we may 

0? 


write ^ in place of since x is equal to f ; hence we have 


4. 

^ V0f J '*'00 0f d^~ 


This is an equation between two variables a and f ; when 
integrated, it determines the value of a which, being substi- 
tuted in 

V=‘<f>(^, a), 

gives the orthogonal trajectory. 


Ex, Obtain the orthogonal trajectory of the ellipses represented by 
y=o(l-a!»)4. 

Hero 

and the equation determining a is 
which gives 

da^ 

This on integration leads to the equation 

a»(l-{*)=d-^»+log{*; 
tberoforo the orthogonal trajectory required is 

7*=il-i*+log{a. 
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MISCELLANEOUS EXAMPLES. 


1, Solve tbo equations: < 

r 

d^y 2 dy / 2 \ 

<■') 

(vii) ^^+27tcot 7w;^+(w'‘* - w^)y=0 ; 

(viii) ,(,+,)g+(.-j,)g+,(*y-j. 

(X) ainXx^-?^; 

2. Assuming that tho primitive of 

is of the form y=aw+-, prove that it is given by 

u^A sin (a* - fa), v^Aoo8(x-{-a). 
Obtain the primitive of 

d^y 


-(i 2'' » 
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8. By the mothod of variation of parameters, deduce the primitive of 




4, Prove that the equation 

(as+ftgar) ^+(aj+6ia^) ^iKao+i'o*)y-0 

has a particular solution of the form provided 

(ao6i - ai bo) (aj 62-03 61 ) = (0063 - c^bo)^ ; 
and hence solve the equation, assuming this condition satisfied. 


(Schl5milch.) 


5. Integrate 


sm^a? y +sin j; cos 


If u=0 when a’asO, and w=l when then 24*=^^2-l when a?= j. 

Also solve the differential equation 




determining the arbitrary constants by the conditions thaty«=a and ^=0 
when ^’=0. • 

6. The equations 

liave a solution in common ; find the primitive of each, and the necessaiy 
relation between /\ P\ §, supi^sed to be functions of x, 

7. Prove that the equation 

can be integrated by the method of § 68, provided the relation 

(«+i)i+(4+i)i+(r+i)4=i 

be satisfied for some one set of signs given to the radicals. 

Find the solution when this condition is satisfied. 


8. Solve the equation 


(ar+o)* (a?+ i)* ^ 
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where a, 5, k are constants, by assuming 

and obtain the general solution. 

Solve similarly the equation 

also Ex. 1 in § 68. 


9. Prove that, if (a:) be a particular solution of the equation 

d^z 

then xtp is a particular solution of the equation 


dz 




Hence solve the equation 


^ dx^ 


10. Prove that, if z=^<f)(x) be a solution of 


d^z 

d^ 


z^(x), 




is a solution of 




dx^ 



the constants a, i, c, d^ being connected by the relation 

ad — bc*=l. 


Hence solve the first equation in question 8. 

11. Shew how to solve tho equation 

^ . ^2 \y . . A nV ^ 

dx^ a-^bx dx'^'“^ (a + ij;)^ *** (a + ^)""* ’ 

where .T is a function of x only, and ..., ii,,, are constants. 


12. Integrate the equation 

g + (2ir+a) 1+ jsrHaj:+ 1) 

Z being any function of x. 
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13. Shew that, if a particular solution of the equation 

be known, AT} and X 2 being functions of jr, the primitive can be obtained. 
Hence solve the equation 


14. The primitive of 


-f sin ^=2 — 5 — . 
dx cos^ X 




being 3'=^yi+%a, 

shew that the differential equation which has for its primitive 

is 

E7/ . f ET/ \ / ^ 

+»i |i (»»-l)^+ i (m- l);?2^+»ny/’(3;)j. «=P, 


where 

15. Given an equation 


■^W=yiy8- 




(Hermite.) 


shew that the equation, whose integral is given bj 

u^y\ 

and that the equation, whose integral is given by 

»=y, 


18 




Account for the respective orders of these equations ; and state their primitives 
when the primitive of the first equation is known. 

16. Prove that, if yi and y^ be two particular solutions of the equation 

§+^^,+<2^=0, 

the roots of and ^ 2 ””^ separate each other so long as both of these 
solutions remain continuous. 


(Sturm.) 
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17. Solve the differential equations : 

(i) sin2^^^+8in^oosd^-y«^-sin^; 

< (iii) (l+or*) 

(iv) jr»(j:»+a)^^+ar(ar»+a)^=n*y; 


dx 


(Vi) («*-^)g-8*|-12^-0; 

(vii) (3-:r)g-(9-4x)g+(6-ar)y-0. 

18. Solve the equation 

where P, and /i, are functions of wliich satisfy the relation 

,dR 


E 




When this relation is not satisfied, can the equation be solved by the 
introduction of a factor /i so chosen that the new coefl&cients satisfy the 
relation ? 


19. Solve the equation 


cPy 

(2ca7-a7*^)** 




(Stokes.) 

20. Find the form of 0 such that, if x^<l}{z) be substituted in the 
equation 


it will become 






and thence solve the former equation. 

21. Prove that the equation ^ transformed into 
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when the relation between z and x is given by 
and 4 ( 2 ) is given by 

ge2/^‘<*=* («) e8/J'(*><to. 

Hcnoe reduce the eqimtion i (”* ~ «**) to the form 


^+l5^+^_”*'\v=0 


^: 2 . Solve the equation 






where and B are constants. 


Verify that the equation 




is transformable into the foregoing equation by the substitution 

sin (arc tan z ^ ), 

provided = 4 ^* - 4 ^ + ^ . 

and find the relation between y and v. Henoe solve the second equation. • 

23. By transforming the dependent variable from y to e*, solve the 
equation 

‘ dx^ dxdx 


Hence solve the equation 


g+2* .r-J. (t (i 


24. Prove that the primitive of the equation 


(Sparre.) 




where a- ia the Schwarzian derivative of y with regard to x, is 
y (d' + J»'x + <7'x*) = .1 + i5x + Cx* ; 
and shew that this is also the primitive of 

ys, 3y*, 3yi =o. 
yu 4ys, 

y*. By«, lOys 

where yi, yg, ... aro the first, second, differential coefficients of y. 
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25. Prove that the primitive of the equation 


CB-Vd 




where 26. Discuss the case in which 6^ supposed constant, is equal to 

26. The ai;c of a plane curve measured from a fixed point A up to a point 
P, whose rectangular coordinates are a: and y, is denoted by 8; obtain the 
general Cartesian equations of the curves for which the following equations 
respectively hold : 


(i) 

..... /t*A* 
(in) -a 


(ii) «=carcLin ; 


dx d'^x ^ 
ds di^ * 


(iv) «=sa 


d^ 

itr' 


, . d» - d^8 ^ 


(vi) *=(j:®+2cx)^ ; (vii) 


27. Find the general difierential equation of all parabolas touching the 
axes and having their chord of contact of constant length. Solve the equation 
obtained. 


Obtain also the difierential equation of all parabolas touching the axes. 


28. Shew that the differential equation of a general conic is 

d^lUW f ’ 

and of a general parabola is 

(Monge and Halphen.) 

29. Find (i) the curve in which the radius of curvature is proportional to 
the arc measured from a fixed point ; (ii) the curve in which the product of 
the perpendiculars from two fixed points on the tangent is constant; (iii) the 
curve which has an evolute similar to itself. 


30. Find a difierential equation of the first order of the curve, whose 
radius of curvature is equal to n times the normal; and shew that it is 
always integrable when n is an integer. In particular, shew that when tz « 2 
the curve is a cycloid, when w = 1 a circle, when - 1 a catenary, and when 
fisa —2a parabola. 

31. Shew that the system of curves, cutting a system of oonfocal ellipses 
at a constant angle a other than right, is given by 

ore: c cos cosh n (X+ <f)\ y^c sin </> sinh n (X +<^), 

where 2c is the distance between the foci and n is tan a. 

(Mainardi and Mukhopadhyay.) 
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82. Obtain the orthogonal trajectories of the curves 

(i) * (ii) ; 

(iii) (iv) 7y»c*; 

in the last r and r' are the distances from two fixed points, 

33. The curve, for which the ordinat^ and the abscissa of the centre of 
gravity of the area included between the ordinates x^a and are in the 
same ratio as the bounding ordinate y and the abscissa x^ is given by the 
equation 

34. The curve whose polar equation is r^cosm^-ea”* rolls on a fixed 
straight line. Assuming that straight line to be the axis of x^ shew that the 
locus of the curve described by the pole in the rolling curve will have for its 
equation 


In particular, shew that, when 2w=l, the described curve is a catenary; 
when wi«2, the described curve is an elastica. 

(Frenet) 
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83. It may happen that a differential equation, the solution of 
which is required, comes under none of the preceding classes which 
are all of some particular form, and therefore that the methods 
applicable to these fail. Recourse can then be had to approximation, 
i\i order to obtain the value of the dependent variable. The form 
of approximation which is most frequently adopted is that derived 
from converging series ; by retaining a large number of terms the 
error can be made small, and the series may be considered to 
represent the value of the variable. That this method is a jrrion 
justifiable may be seen as follows. 


The given equation is a relation between the successive differ- 
ential coefficients of y and may be considered as giving the one 
of highest order in terms of those of lower onlers ; thus if it were 

« dv 

of the second order, it would give ^ in terms of ^ and y. When 

differentiated once, it would give in terms of ^ and y, 

that is, in terms of ^ and y, since is expressible in terms 
of these two, and so for each of the differential coefficients of 
higher order, which can thus be expressed in terms of ^ and y. 
But the differential equation will not give any relation between 
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“ and y, which are thus independent of one another. Suppose 

now that a value a be assigned to x and that for this value of x we 
da 

make A and ~ — By which constants are, in general, arbitrary ; 


then the equations derived by successive differentiation furnish the 
values for x=a of the dififerential coefficients of y of successive 
orders. Let these be denoted by O', /), J?, .... Now if the value 
of y be ^ (x), which wc assume is a function expansible by Taylor’s 
theorem in a converging scries of ascending powers of x — a, we 
have 


4>(x) — (f) ja+(ir— a)} 

-A/'n'i I (t I , (x-afd?<f>{a) , 


where ^ stands for the value of ^ ^ , when a is written 

da^ dx^ 

for X after differentiation. Inserting now for the various coefficients 

their values, wc obtain 


2 ! 


3 ! 


This series, if it converges, is a solution of the given equation. 


It should be remarked that, for some particular value of x, the 
differential equation may determine not the coefficient of highest 
order but one of lower order. Thus the equation 




2n dy 
X dx 


— vi^y = 0 


d‘^ If 

would for values of x other than zero determine ^ ; but for x = 0 


would give ^ 0, if we consider infinite values of any coefficient 


excluded. 


The foregoing method and another, which is in practice substi- 
tuted for it and which will be explained in the next article, are 
almost impracticable in the case of equations which neither are 
linear nor can be transformed so as to become linear ; for such 
equations, the determination of more than the first few terms of 
the expansion often entails groat labour. 
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Ex, 1. Let us apply the foregoing method to the equation 

d^y _ 

When differentiated n times, the equation gives 

d^y 
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and therefore, when a’=0, 


^ n + 2** - 1 * 


Now the given equation leaves y arbitrary, say*=il, and arbitrary, say 
when A'=0; but t^“ 0. Hence we have 

epp + ay flPP ~ 

= 3p(3;>-3)^, 
=(-l)P3p(3p-3)...6.30, 


similarly 


= (-l)P(3p-l)(3p-4)....6.2./i; 


^ - 1 )»> (3p- 2) (3p- 6)... . 4 . 1 . 

= (-!)•’ (3p-2)(3p-6).... 4.1.^. 

The expansion of y is, by Maclaurin’s theorem, 

v^v A.X <^y. 

^ eir,»+3! <*r/+41 

This expression is the sum of two converging series. It contains two arbitrary 
constants, and is thus the primitive of the equation. 


Ex, 2. Solve 




(ii) ^+«w*y‘*0- 
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Ex, 3. Obtain an integral of the equation 


in the form 






mx ^ 


m^x^ 


7)1* X* 


1 *. 2 ^ 12 , 2 ^ 3 ^ 3 ^ 4 * 



84 . The preceding investigation shews that, by mefcns of the 
differential equation, and by the expansion of a function in terms 
of the independent variable as given in Taylor’s or in Maclaurin’s 
theorem, an expression in the form of a series can be obtained for 
the dependent variable ; but, instead of working through what is 
sometimes a troublesome process, it is convenient to accept the 
principle that a series can be obtained, and so to assume for y 
some series arranged according to powers of x with indeterminate 
coefficients and indices. This series is then substituted for the 
dependent variable in the differential equation; as it is to be a 
solution of that equation, it must make the equation an identity. 
A comparison of the indices of the independent variable will shew 
the law of their progression ; and a comparison of the coefficients 
of the different terms involving the same powers of the variable 
will give the required relations between the coefficients in th»ft 
expression assumed. The latter will then, for such values of 
the independent variable as leave the series converging, be a 
solution. 


86. As the method just indicated is really equivalent to the 
earlier one, it is not better suited to the solution of non-linear 
equations ; but much labour is saved by it when the differential 
equation to be solved is linear. One of the most important forms 
to which it is specially applicable is that which may be written 


f . / 

1 1 . / 

d \ 


l+j+l 



where <j) and yjr are polynomial functions of their argument. To 
solve this equation, assume 

where mj, ma, mj, ... are exponents in ascending order of magni- 
tude; since 
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the equation, when the value of y ia substituted in it, gives 

Ai^ (jWi) a;”H + (wj) ic"*i + . . . 

+ (nia) + . . . — 0. 

In this equation, m, — 1 is the lowest exponent and it occurs in 
only a single term ; as the left-hand side is to vanish identically, 
this term must disappear, and therefore 

il,i/r(nj,) = 0; 

or, since .d, is a coefficient of a term actually occurring and so is 
not zero, we must have 

A comparison of the indices of the remaining terms shews that 
nil = nis — 1, and therefore w, = + 1, 

TOj = m3-l, „ „ TO, = m, + 2, 

and so on ; while a comparison of the coefficients of terms involving 
the same indices gives 

A , ^ (nil) + Aj'f (otj) = 0, 

* A,^(77i,) + A,i^(ni,)*0, 


and so on. Take now any value of m, as given by the equation 
\lr(m,) = 0, say mi = a; as Aj is quite arbitrary, denote it by A. 
The remaining coefficients are given by 




0(q) j 

•f>(a + l) A 
Vr(a + 2)^* 


4>(a)4,(a+l) 


and 80 for the higher coefficients ; the corresponding value of y is 
thus 


Aaf^ 



ylr{a 4- 1) 




1 ) . 

^(a4-l)i/r(a4-2) 


<^(a)<^(a4- l)0(a4’2) 
yjr (jjb 4" 1 ) ^ (® 4" 2) ((i 4" 3) 


The expressions connected with the other roots may be similarly 
obtained ; and as the equation is linear, the sum of all these values 
of y is a solution. 
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» 

Of this general form the most important example is that 
equation which has for a solution the series known as the hyper% 
geometric series; it is discussed in full detail in the next chapter. 


Ex. 1. Prove that the primitive of the equation 
dPy , 2w du * . 


is given by 






nix^ 






2 (2»-f 1)^2 . 4 (2a+ 1 ) (2/1+3) 










2(3-2n) ’ 2.4(3-2w)(5 




Ex. 2. In the cclsg when 2na=l, the separate parts involving the arbitrary 
constants in the preceding example become the same, each being 

- mx^ m^x* ^ 

^ “^“*“2^2“ •••* 

If this be denoted by v, and y— where u and w are to be determined, 
we have on substituting, since v is a solution of the original equation, 


cPw , I dw , 


1 du\ 

VS? *^5 di) 


+ 2$‘i"=0. 

dx dx 


As there are two quantities v. and w, we may assign any one condition we 
pleiisc ; let this be 

rf-w 1 d\i 
dx^ X dx 

The value of u hence derived is A + log jt, and thus 


dPw \ dw ^ dv ^ 

dx^ dx X dx‘^ * 


\ dw ^ -D 


{ 1 m.\^ m 

2~2^4'*'F7 




4-. 6 22.4-*. 6^8 




The value of y is now 


V (^ + B log x) + w. 


and therefoi’e contains two arbitrary constants, the total number necessary 
for the primitive ; hence we require only a particular integral of the equation 
in w. To obtain this, write 

w=/?' + 5,jr + ^2^+-®3-a^+54^ + ... ; 

then 


dx^^x dx 


‘ + 22Z?a + :M3a7+ . .. + .... 
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' Substituting and equating coefficients of different powers of .r, we have from 
the ' 

coefficient of j;"* 

niB' 2^82"^ Bin; 

.V* 3^ Z?3 4- mBi ■» 0 ; 

t . (27l4*l)^^2n + l + ?W^2n-l = 0 » 





These equations give 

2?i =0*=»Zf3= ... =^2» - 1 — ••• > 

BO that no terms involving odd powers of a? occur in w. For the coefficients of 
even powers, we have 

B^^B-^-B ~ , 

= —B gx-ji (i + 1 ) + ■B' ; 

^•=+^2.S:T3-B4g 

and, generally, 

•B2»=(- 1)" 20*763. . .(2«)2 (» ■’■ji- 1 i"*" ^ " ^^*^43T63...(2ny3' 


Hence the value of y is 

(A+^log^)!! 22 *+'2*'^. 4^ 2 *. 4'^. 6* "^”7 


+5 


/ ii _ 

t' " 2 ^ 




2 -^ 2 -^. 4 ^ 2 ^. 4‘*.62 


-...} 




As B* is undetermined, there are apparently three arbitrary constants. 
But it will be seen that the expression multiplied by /?' is the same as that 
multiplied by A ; and therefore these two constants coalesce into one new 
arbitrary constant A'^ which takes the place of A-^B', 
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Ex. 3. Obtain the primitive of the equation 

in the form 

p/ 3^ ll.r3 50 j4 \ 

gg -t--3 2^. 

+ “ j2 + 1*72* 1*7 2*. a*"^!*. 2*. 3*. 4* ” • • 

(Fourier.) 

4. Integrate in series, and express in a finite form, the primitives of 
the following equations : — 

(0 

(ii) (^-a;»)g+(l-3^)^-.ry=0. 


86. There are two special cases which occur in the integra- 
tion of some differential equations. They owe their origin to the 
same cause, but they require to be dealt with separately. 


As an example of one of them, let us recur to the series 
obtained as a solution of the equation 


which was 


(j / fl\ 

1 . 


rrai) 

i+jf 1 

rcs)} 


Aaf^ 


1 


ylr(a + lj yjr {a + i)^{r (a 2) 


the constant a being some root of the equation 


yjr (m) = 0. 


This equation will usually have more than one root; let some 
other root bo denoted by b. Then, in the case when b is greater 
than a by some integer k, the solution in the form above adopted 
ceases to be available ; for in the denominator of the coefficient of 
within the bracket there occurs the factor (a + A:) or (b) 

which is zero, so that, unless there be a zero factor in the 
numerator, the coefficient apparently becomes infinite. 


When such a zero factor does not occur in thi^ numerator, we 
must recur to the fundamental equations from which the series 
was derived. These are 



156 


INTEGRATION 


[chap. V 


Ai<l>((i) + 1) — 0, 

A2<f> (tt + 1) + (a + 2) = 0, 

Ajcif> (a + & — 1) -h (a 4- A:) = 0. 

Now since ‘^(a + fc) vanishes and Ai^i is not infinite, being a 
coefficient in a series supposed converging, it follows that either 
or ^ (a + A? — 1) is zero. Rejecting the latter on account of the 
hypothesis that no zero factor occurs in the numerator, we have 
j4fc = 0, and thence from the preceding equations we find that all 
the coefficients Ai, -da, are zero. Hence the part of the 
series which precedes the term inside the bracket is, on account 
of its coefficients, evanescent, and the series actually must begin 
with the term that is, with and this will be the series 

derived from the root h of the equation ^fr = One of the 
particular solutions has thus disappeared ; but to obtain one in its 
place, we may proceed as in Ex. 2 in § 85. Denoting by v the one 
which remains and has absorbed the other, we may write 

yssuv + Wj 

and, after substitution, assign some one relation which shall serve 
to determine u and w and render the difierential equation easier 
to solve ; this relation will usually be determined by the special 
form of the equation. 

1. Consider the differential equation 

Substituting 

which is easily seen to be the necessary form, we find as the equation 
determining m 

— 1) — 4m+4=0, 
that is, (m — 1) (m — 4) ** 0. 

Hence a*= I and 6=4, so that the roots differ by an integer. It will be found 
that, on taking the root w= 1, the equation is of the form discussed and that 
the terms up to, but exclusive of, ^ disappear ; while the series derived from 
the nx)t m = 4 is 
Complete the solution. 

ATa*. 2. Solve 
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87. We now proceed to consider the other special case. 
Hitherto it has been assumed that no vanishing factor occurred 
in the numerator; and the result of the necessary alternative was 
indicated. But a vanishing factor may occur in the numerator of 
some of the coefficients of the terms within the bracket, either in 
that term in which there is a vanishing factor in the denominator, 
or in an earlier term. In the latter event, all the terms which do 
not have a vanishing factor in the denominators of the respective 
coefficients disappear ; and if such a factor never occurs in a later 
term, the series will end at the term next before the first which 
contains that vanishing factor in the numerator, and the solution 
will thus be expressed in a finite form. But some vanishing factor 
may appear in the denominator of a later term, and the coefficient 
of this term will then take the indeterminate form 0/0, while the 
intervening terms will disappear ; and all the terms after this will 
contain this indeterminate coefficient. The series will then be of 
the form 

^vhere A — 1 is not less than / This may be written 

^ Z ^ + ...) , 

where A is arbitrary, and BjA^ ..., jP/il, are determinate; M, being 
equal to x 0/0, is arbitrary (on account of the indeterminateness 
of 0/0) and LjK, ... are determinate. This series is a solution 
of the corresponding difierential equation ; it therefore will be a 
solution when a particular value is substituted for the arbitnir}’ 
constant; hence 

obtained by writing if =0, is a solution. In such a case there is 
therefore a solution of the equation expressible in a finite form. 

Ex. 1. Consider as an example 


When we write 
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the equation to determine m is 

and therefore m=! —3 or +3. 

For the root - 3, it is not difficult to obtain the series 


[ 221 *1 
1 - in jir®, which vanish 

- 2 - 1 - 0 - 1 - 2-3 ^ - 2 .- 1 . 0 . 1 . 2 . 3.4 *1 

[_-6.-8.-9.-8.-5.0 -6.-8.-9.-8.-5.0.7 


Write If instead of 

then the series is 


- 2 . - 1 . 0 . 1 . 2. 3 
-5.-8. -9.-8. -5.0 




;*+ 


4.5 


a*-- 


A; 


4.5.6 


(42 - 3*) (5« - 32) (4* - 3“) (5* - 3*) (6^ - 3*) 






thus verifying the theorem that one solution of the equation is expressible in 
a finite form. 

Ex, 2. Verify the general theorem in the case of the equation 




dz^ 


Ex, 3. Solve the equation 
d^y 


g+(y-2m)g+(«‘-y»t-|)y=0. 


88 . Further illustrations of these special cases will occur 
later, and they need not therefore now be considered in greater 
detail; various other matters arise which will be discussed in 
connection with special equations. Thus it has not been stated 
that a series must always proceed in ascending or in descending 
powers of the independent variable; but the comparison of the 
terms in the differential equation after the expression for the 
dependent variable has been therein substituted will indicate the 
nature of the series. In the case when one of the solutions 
becomes evanescent one method has been pointed out, which will 
be useful for supplying the deficiency thus caused ; another will 
be indicated below. In fact, the difficulties that arise are usually 
connected with special equations and not with the general equation; 
and therefore some special equations will be considered. Of 
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equations of a particular form, there are four which reckon as the 
most important among those included in the class soluble by means* 
of series ; they are : — 

First, the differential equation of the hypergeometric series 
which will be discussed separately i^ the next chapter; 

Second, Legendre’s equation ; 

Third, Bessel's equation ; 

Fourth, Riccati’s equation. 

The last three of these will now be discussed in order. It must 
of course be understood that what is carried out here is merely the 
complete solution of the differential equations. There is no attempt 
at an exhaustive investigation of the properties of the respective 
functions determined by the dependent variables. 


Legendre’s Equation. 

89. This differential equation is 

or, what is the same equation, 

in which the quantity w is a constant. The equation is one which 
frequently occurs in investigations connected with questions in 
most of the branches of applied mathematics ; in these cases, n is 
usually, but not always, a positive integer. The equation is one 
of the second order, and has therefore two independent particular 
solutions ; and every other particular solution can be expressed in 
terms of these two. It will be found that the form of these funda- 
mental particular solutions is different in the two cases when n is, 
and when n is not, a positive integer. 

We proceed to obtain these solutions. In accordance with the 
general method of integration by series, we write 

y » 4- > 
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and substitute this value of y. Then we have 
‘n(a + + ...) 

J 

= ^ {(a?* — 1) + 

= mi (pi + 1) — mi V^??ii — 1) 

+ 7yia(^+ l)-42a?**** — m8(ma — ; 

and this must be an identity. An inspection of the equation shews 
that, so far as powers of x are concerned, we have 

m 2 = mi- 2 , 
wi 8 = m 2 - 2 , 

or the series must be one in descending powers of a?; we there- 
fore now assume that m^ mg, m 3 ,... are arranged in descending 
order of magnitude, their common difference being 2 , A com- 
parison of coefficients of the same powers of x gives, for those 
of x”h, 

{mi(mi-f l)-n(w + l)} Ai = 0 , 
or (mi — ?i)(m, + 71 - 1 - 1) Ai=s0. 

Now Ay is not zero, being the coefficient of the highest term 
in y ; hence either 

mi = n, 

or m,== — (n + 1 ). 

The relation between the coefficients of consecutive terms arises 
from equating the coefficients of on the two sides ; it is, for 

values of r greater than unity, 

n{n-\-\) Ar = (? 7 i, — 2r + 2) (7711 — 2r + 3) At 

— {rrii — 2r + 4) (mi — 2r + 3) A^^i, 

and this gives 

(n — mj + 2r — 2) (n + mi — 2r + 3) Ar 

= — (mi - 2r + 4) (ttIi — 2r + 3) Ar-i* 

90v Consider first the solution corresponding to 


m,«n. 
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The highest term is then and the relation between the 

successive ^’s is 

(2r — 2)(2n— 2r + 3)^r“ — (« — 2r + 4)(»— 2r+3)ii,^„ 
so that 


. (n — 2r + 4)(n — 2r + 3) . " 

2(r-l){2»-2r + 3) 

«(»-l)(w-2)...(ra-2r + 4)(n-2r+3) . 

^ 2^M.2.3...(r-l)(2a-l)(2n-3)...(2n-2r+3) 

and therefore the series becomes 


Ar 



n(n--i ) n(n-l)(n-2)(n-:i) 

2(2n-l) 2.4(2n-l)(2»-3) 



Let the series within the bracket be denoted by which is 
therefore a particular solution. When n is a positive integer, the 
series is finite. When n is even, the last term is 




m(«-1)(«-2) 2.1 

2.4...(n-2)n(2n-l)(2w-3)...(w + l)’ 


or, what is the same thing, 




n!nln! 

! 2n !’ 


while, when n is uneven, the last term is 


r_,YJ(«-l) «(n-l)(w-2) 3.2 

' ' 2.4...(n-3)(n-l)(2n-l)(2a-3)...(n+4)(fi + 2) ’ 


or, what is the same thing. 


1 («- 1) «!n!(w-l) 

'' J(n-l)!J(w-l)K2n-l)l 


The numbers of terms in the two cases are respectively + 1 and 

i (» + !)• 


When n is an integer, 2n is an even integer, and therefore a 
ssero factor can never enter into the denominator in this case; thus 
the series considered will never come under the class considered in 
§ 87 which yields two solutions. 



162 


lbqendre’s 


[OHAP. V 


The series yi, multiplied by 

2n! 

2».n!»!’ 

n being a positive integer, is usually denoted by P„, and sometimes 
is called a Zonal Harmonic. This function is an extremely im- 
portant obe in physical applications. 

Ex. 1. Verify that 


Ex. 2. Shew that Pn is the coefficient of in the expansion in ascending 
powers of « of (1 - " 4. 

Hence shew that - 2 j»+x®) “ 4 is a solution of the equation 

Ex. 3. Prove that the roots of the equation ^i«0 are all real and numeri- 
cally less than unity. 


Ex, 4. Prove that the sum of the coefficients in with their proper signs 
*is unity. 

Ex. 5. Obtain the equations 

(i) wP^=(27l-l)j7Pn-l-(n-l)P^_2; 

(ii) 


Ex. 6. Prove that 

- f''{x±(x*-l)i cos 
7r J 0 

Pn=— f {a: + (a:2— 1)4 cos </>}“**“ 

IT J 0 

Ex. 7. Shew tnat 

when m and n are different positive integers; and that 
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In the case when n is not a positive integer, the series yi pro- 
ceeds to infinity ; and for convergence, it is necessary that x should 
be greater than unity. But in particular when 2n is equal to 
some positive odd integer, say 2r— 1, then the coefficient of 
has a zero fector in the denominator, and no zero fitctur occurs in 
the numerator either of that term or of any subsequ^ent term ; 
hence (by § 86) the terms whose indices are higher than « — 2r do 
not exist in this solution of the differential equation, which will 
therefore begin with a!""*" multiplied by some new arbitrary con- 
stant. But since 2n = 2r — 1, therefore « — 2r = — (» -|- 1), or the 
solution degenerates into an infinite series of descending powers of 
a beginning with «"<“+*>. To the consideration of this solution we 
therefore proceed. 


91. We take now the second solution of the equation determ- 
ining the value of m, ; this is — (n + 1), so that the term with 
highest index may be taken to be The relation between 

the successive coefficients is 

(2n + 2r— l)(2r— 2)il,.=(n-h2r— 3)(n + 2r— 2)il,wi 
for values of r greater than unity ; and therefore 

. _ (n-|-l)(n + 2) («-J-2r— 2) . 

’■■"2'^‘.1.2.3...(r-l)(2« + 3)(2ft + 5)...(2n + 2r-i)^*’ 

so that the series is 


^ 2(2«H-3) 

(n+I)(n+2)(n-|-3)(w + 4) ) 

^ 2.4(2«-|-3)(2n + 5) 


Let the series within the bracket be denoted by y,, which is a 
particular solution ; the series y^ multiplied by 


2". rain! 

(2n-l-l)I’ 

n being a positive integer, is usually denoted by Q^. For con- 
vergence, it is necessary that x should be greater than unity. 
This function Qn, like the function P^, ia of great importance in 
physical investigationa 


When n is a positive integer, the series proceeds to infinity. 
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When n is a negative integer, is a finite series; if n s — 2p, 
the series begins with and proceeds for p terms; if n s — (2p +1), 

the series begins with and proceeds for p + 1 terms. 

When 2n is equal to an odd negative integer other than — 1, 
say — (2r + 1), then the coefficient of has a zero factor in 

the denominator, and no zero &ctor occurs in the numerator of 
any term in the series ; hence, as before, the preceding terms do 
not exist, and the series begins with multiplied by some 

new arbitrary constant. But since 2n « — (2r + 1), therefore 
— (n + 2r + 1) *= n, or the solution y* becomes an infinite series of 
descending powers of a: beginning with a;", i.e. degenerates into pi. 

92. We thus have the following results. 

L When n is a positive integer, there are two independent 
solutions of the differential equation; (1) y,, a finite series, (2) yi, 
an infinite series ; and the primitive is 

y-Jy, + %,. 

IL When n is a negative integer, there are two independent 
solutions; (1) y„ an infinite series, (2) y„ a finite series; and the 
primitive is 

y=.dy, + Bys. 

IIL When n is not integral and 2n is not equal to some odd 
positive or negative integer, there are two independent solutions ; 
(1) y„ an infinite series, (2) y^, an infinite series ; and the primi< 
tive is 

lY. When 2n is equal to an odd positive integer^ there has 
been obtained only one solution of the differential equation, for yi 
degenerates into ya> this solution being an infinite series; the 
primitive is thus not expressible in terms of yi and y^ alone. 

V. When 2n is equal to an odd negative integer other than — 1, 
there has been obtained only one solution of the differential 
equation^ for y^ degenerates into y^ this solution being an infinite 
series ; the primitive again is not expressible in terms of y, and y% 
alone. 
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VI. When 2n is equal to —^1, there has been obtained only 
one solution of the differential equation, for yi and are the same * 

infinite series beginning with the primitive again is not 
expressible in terms of yi and y^ alone. 

It therefore remains to obtain the* primitive in the Jast three 
cases. 

93 (i). Consider first the ease when 2n is equal to an odd nositive int^r ; 
then 

^ 2(i>i+3) ^ 2.4(2»+3){2»+6) 

is a definite solution, and we have to find a second and different particular 
solution. In the first instance, assume 

where 0 is an infinitesimal quantity which will ultimately be made zero. 
Then, so long as d is not zero, the quantity 

^ M(n-l) ^ » . 

-2^)^ *+••• 

is also a definite solution ; and it ceases to be so by the vanishing of d, since 
d enters as a factor into the denominator of the coefficient of and aN 

lower lowers. Now wo have 


Ay,- ^ 


' 2.4...2^(2«-l)(2»-3)...(2»-2p4-l) 

+ (_1)P*1 

' 2.4...(2jB + 2)(2M-l)(2>i-3)...(2»-2p-l) 

+(_l)P-s «(n-l)...(n-2;>-3) I 

^ 2.4...(2j[? + 4)(2n-l)(2«-3)...(2»-2p-3) 


w(«- 1) 
’2(271-1) 




+( - 1 )P n(>4.-l )...(«- 2p+l) 

■' 2.4...2p(2»-l)^2n-3)...(2«-2p+l) 

Ca"-**-* f (»-2p-2)(«-2p-3) , \ 

■^2n-2p-l i (2p+4)(2»-2j9-3) 




n(n-l)...(7i-2p- 1) 

2,4...(2p+2) (2n- 1) (2»- 3)...(2»-2p+ 1) ’ 


where 
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and BO is determinate and finite. But 
n-2p— 2= 

and therefore 

1) . (1 +dloga:), 

approximatelj. Also the coefficient of within the second bracket is 

f m («-2p-2)(ro-2p-3)...(»-2p-2r-I) 

' ^ (2jo+4)(2p+6)...(2p+2r+2)(2»-2p-3)(2«-2p-5)...(2n-2jo-2r-l)’ 


ln + l-6)(n + Z-0)...(n+2r-6) 
(2«+3-d)(2a+6-tf)...(2«+2r+l-«)(fl-2)(tf-4)...(fl-2j-)’ 

(n+1 - 6)(n+2 - 6)...(n+2r-0) 
{2n+3-0){2n+b-0)...{2H+2r+l-0){2-0)(4-0)...{2r-0y 

(n + l)(«+2)...(n+2r) /i , /t a 


(2»+3) (2n+6)...(2n+2r+ 1) 2 . 4. 6...2r 




a=r 1 «=r | «=2r J 

2n+27TT"’»fi 




+Cr-<*+*> 


■ / n, n(»-1)...(»-2p+l) 

' ■' 2.4...2n(2n-l)(2n-3)...(27»-2p+l) 

1+dlogx 


xfl+T I («+ l)(n+2)...(»+2r) (i + CVd);t-41. 

L r=i l2.4...2r(2»+3)(2» + 5)...(2»+2r+l)' ^ ^ ' jJ 

When the second part of the right-hand side is expanded the aggregate of 

1 c 

terms which involve ^ is ^^2 > the aggregate of terms which involve logj; is 
u tf 

0^2 log x; 


and there remains the aggregate of terms independent of 6 (and also as it 
appears of log x)^ as well as a further aggregate of terms multiplied by positive 
powers of 6, most of which have been omitted and all of which disappear when 
0 is made to vanish. From the first part of the right-hand side there is an 
aggregate of terms independent of os well as an aggregate of terms which 
disappear when 6 is made zero. Hence the primitive of the equation is 

y-Byi4-Ay^ 

“ ) y2+C(y2iog*+ 

-i^i+CCyslogaf+TH+iy, 
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on changing the arbitrary constanta. Here stands for 




2 ( 271 - 1 ) 


and Rn. stands for 


4 ./ IS.. n(«-l)...(«-2j)+l) 

^ 2 . 4...2J9 (2» - 1 ) (2ft - 3)...(2» - 2p+ 1) 


r=s® ( 

^-n-1 2 I 

rt, 12.4...: 


(ft+l)(«+2)...(ft+2r) 

2r(2n+3)(2»+5)...(2»+2r4-l) 




the value of being 


*i7i+ — L_\. 

a=i\2« 27i-|-2a-l-l 71+2«— 1 n + 2sj 


The value of the coefficient A /(7, which occurs in Tn, is 


so that we may write in the form 

{sffcpST)}*''"*'} 

The second particular solution of the equation is thus ^ 

yalog:r+r„4*/?„;* 

and it will be noticed that that part of it, which is expansible in descending 
powers of or, begins with a term involving x* and contains no term involving 


But in the special case when 2n is equal to unity, so that p is zero in the 
preceding investigation, then the form of now say, is limited to the 
fii*st term ; and we have 


BO that 


c— 


The remaining parts are unchanged in form. 

93 (ii). Consider now the case when 2n is equal to an odd negative integer 
other than - 1 ; the solution is definite, but 

+ 2(2n+3) 

is not a definite solution. 

* The solution thus given oorresponds to that for BessePs equation » Bx. 

§ 105, due to Hankel. 
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Before assuming n to be half an odd integer, write 

- n=fn+l, 

so that 2m is a positive odd integer when the assumption as to the special 
value of n is made. Then 

+. 2(2m+3) * +••• 


and 


2(2m-l) 


where F] and Y 2 are the 8|)ecial solutions of 

m being positive. When 27a is an odd positive integer we know, from the 
preceding investigation, that the primitive of this is 

y- BFg + A ( Fs log * + T* + /f„), 


wh«sre 


1.3.5...2m- .r (8« + 4)[^- 


m (m — 1 ) 




and 


2(2m-l)‘ 


{2-4- 

the value of Ar being 

V2* 


(w + l)(»i+2)...(»»+2r) 


2r(2»i+3) (2wi + &)...(2m+2r+l) 

1 L_^ 

2« — 1 m+2«/ 




2« 2m + 2«+l m+2«- 


Hence the primitive of 
dx 




in the case when 2n is an odd negative integer other than -> 1, is 
y^By^^A (y, log F,*+ 1\\ 

where 

^ 2(2»-l)'^ ^ 2.4(2»-l)(2»-3) 
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( n(n-l)...(»-2r.H) irJLr-*-] 

" r-i I2.4...2r(2tt-l)(2«-3)...(2n-2r+l)^ /’ 

where in the value of is 


Tfi+— i i i_V 

\2« - 2w — 1 2«— ^-2 2«-n — 1/ ^ 

The second particular solution of the equation in this ease is thus 
yx log :r+ C7» ; 

and it will be noticed that the part of it, which is expansible in descending 
powers of jr, begins with a term involving and contains no term in- 

volving 


93 (iii). Lastly, for the siiecial case in which 2/i is equal to - 1, we proceed 
in a manner similar to that adopted in § 93 (i) ; and we find that the primitive 
of the equation is 


-dyi -h-B (yi log or- IT _ j), 

where yx is the series 


' o o • O A A ** • 


2.2 


.4.2.4 


9 


and 


and 


W«x««4?“a 2 — n 
5 r=:l ^ 


4r- 1 




-DrX-K 


Dr -2 2 
«=l 


1 




1 


2s-l 



94. Since in all these cases 2» is an odd integer, the equation can be 
written 

where/) is an integer. 

The case of p positive is that considered in § 93 (i) ; the case of p negative 
is that considered in § 93 (ii) ; and the case of p zero is that considered in 
§ 93 (iii). Properties of the functions defined by the difierential equation in 
the present form have been discussed by Mr W. M. Hicks in his memoir on 
“Toroidal Functions,” PkU, Trans. Boy. Soc. (1881), pp. 609 — 652. 


Ex. 1. Assuming the result of Ex. 1 in § 64, shew how the solution of 


can be derived from that of 


( 1 -^) 


cPv . 1 - 3^ eft) 


dk^ 


k rft 


-V, 


which is the difierential equation for the quarter-period in elliptic ftmetiona. 
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B». 2. Prore that the Particular Integr^ of the equation 


is where X is a constant; and that the Particular Integral of the 

equation ^ 




gii An 


dx 


is X'$n-f ii where X' is a constant 

95. In the general cose of the differential equation, as represented by I., 
II., III. of § 92, it is possible to express the second particular solution in terms 
of that already obtained and of similar functions. Let v denote the jiarticular 
solution already obtained, so that for instance v would be in L ; and let 

where u and w are as yet indeterminate. When this is substituted in the 
differential equation, we have 

-[s (a-^)g}+«(»‘+i)«’]+»’ 

, +2 g (1 - j;*) g +« ^ {(1 -^) +» («+ 1) "J-o. 

Since is a solution, the last term disappears ; and, as the only condition 
im]X)&ed on u and w is that y must satisfy the equation, wo may arbitrarily 
assign another. Assigning it so that the coefficient of v may vanish, we have 


(l.^)g_2^ 


dx 


» 0 , 


and therefore 


(jr2— 1) ~ =constant. 


As we are seeking a particular solution, it is convenient to have it as 
simple as possible ; and therefore, giving a special value to the constant, we 
may write 


80 that a value of u is given by 




The equation to determine w now becomes 

^ {(1 -**)^} +«(»+!) 
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When the Particalar Integral, nay v>i^ of this is obtained, the seoond 
solution of the original equation is 

The value of as a series of descending powers of ;i7 is easily obtained. 
Thus in the case when n is a positive integer, we take ^ 




2(2»-i) 2.4(2n-i)(2«-3) 


I 


and at once have the equation, which determines Wiy in the form 




then, substituting and equating the coefficients of the highest term, we have 
Ci{n («+l)-»(»-l)}s=2n, 
or Ci*=l; 


and equating the coefficients of the terms involving we have 

Cl.{a(n+l)-(n-2r+l)(w-2r4-2))+(7i-2r+3) (n-2r-|-2) CV-i 


( g (n~ 1) (n- 2)...(n- 2r+2) ^ 

2 . 4...(2r- 2) (2n- l)...(2n- 2r+3)‘ 


The general value of C>, dediicible from this, is complicated ; the values of 
the earlier coefficients are 


^ (n>l)(n-2)(3n--l) 

3(271-1)(2»-2) * 

^ ^(n - 1) fn - 2) (n - 3) (»- 4) (30»* - 60?i+ 12) 

3 . 4 . 6 (2n - 1 ) (2n-2) (2w - 3) (2a- 4) » 

and so on ; but there is no advantage in writing down more of the coefficients, 
as the expression for Wi will soon be put into a different form. 


Relation between the particfular edutione, 

96. We have now obtained the primitive of Legendre’s equation in all 
oases when a is a real constant, by deducing two solutions which are linearly 
independent (§ 72) of one another. But we know (g 65) that when one solution 
of a differential equation of the second order has been found, the primitive 
can be expressed in terms of it and, if necessary, of other functions, and 
therefore any other solution is so expressible ; we proceed to obtain this 
rdation fbr the cases— vi& I., IL, III. above— in which it has not been 
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obtained. The first form in which it u^ay be given is derived bj means of 
§ 65. We may define and Q, by the generalised equatiotu 


n(2«) 


2«n(«)n(»i) 


and 


Q ^ 2"n(n)n0t) f 
n(2»+i) 


\ 2(2«-l)^ 

r 2(2»H-3) * 


whether % be integral or not ; n(7i) is Gauss’s n function and is r(7i4-l)i and 
(see next chapter, § 126) is n I when » is a positive integer ; and and are 
still solutions of the Legendre’s equation, since they are respectively constant 
multiples of yi and ^2* W’e therefore have 

multiplying the former by and subtracting the latter multiplied by P», we 
have 



where ^ is a constant, which is definite and not arbitrary since Qn and P„ are 
definite functions. To find we consider the terms containing the highest 
powers of x ; these are 


in Qn 


2^n(>on(w) 

n(27i+i) 




and in 


n(2w) 

2«n(a)n(n) * 


hence 


n(2n) 

n(2«-hi) 


{n-|-(w + l)}=l, 


since n (2»+ l)«(2n-|-l) n (2w) ; and therefore 


This gives 



p 1 


i (PAr ^ 

dxKQj 


d fQ^\ 1 


or, its equivalent 
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and therefore 

Qn f* dx" r djc 

“ j CO 1) ^ V" j « - 1) Pf? * 

no constant being needed, as may be seen by comparing the coefficients of 
the highest powers of x in the expansion of the two sides in descending 
powers of x, • 

• 

97. The result may be written in a different form, when n is an integer ; 
but it is first necessary to prove two relations between the functions given by 
Legendre’s equation for different values of fu 

From the expressions given in the preceding article, we find that the 
coefficient of ‘ in + 1 - Pn_ i is 

. n(27i — 2) (»— l)(?i-2)...(7i— 2r+2) 

2"-»n(w-l)n(w-l) 2.4...2r(2;H-l)(2rt-l)...(2w-2r+l) 

the last factor is easily simplified into 

(2n+l)2(2»-l), 

and therefore the coefficient is 

f .y n(2n) n(n>-l)(ii~2) ...( H~2r+2) r 2 n 4 .ir 

^ 2'»n(n)n(n) 2.4...2r(2n-l)(2»-3)...{2a-2r+3)(2»-2r+l)’^ 

Hence the coefficient of in 

±1 

dx dx 


is 


^ a; 2 . 4 ... 2 r( 2 »-l)( 2 w- 3 )...( 27 i- 2 r+l)’ 


that is, is the coefficient of the same power in (2n+l)Pn- These two 
expressions are thus equal term by term ; and therefore 


or 


dPn-k-X 

dx 

dx 




In the present case n is a positive integer, so that this leads to a finite 
• c dP^ . 

senes for , viz. : 

^-(2n-l)P._,+(2«-5)P,_3+(2»-»)7>._,+...; 


the last term of the series 3Pi or Pq (Le. 1), according as n is even or odd 
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98. Nov bj § 96 we aee that 

is a solution of the difierential equation, if be determined as the Partioular 
Integral of 

•» 

^{a-^‘s}+»(«+l)»“2^-2{(2n-l)P,.,+(2»-6)P,.,+ ...}, 

by the formula just obtained To obtain this Particular Integral, we write 

-^n- 1 + S + • •• + 02r- 1 + 1 + *•• » 


and substitute; since 

the left-hand side has, as the coefficient of 

n(n+l)-(«— 2r+l)(n— 2r+2) 


and therefore 


«2(2r-l)(»-r4-l); 


aar-i(2r-l)(»-r+l)«2n-4r+3. 


The value of w is therefore now definite ; and the corresponding solution 
of Legendre’s equation is 


ID f2n~l ^ ^ 2?i-5 ^ , 2/1-9 ^ 



the last term being 

3 p 

when n is even, and 

1 p . 1 

ia(n+l) Jn(a+1)* 

when n is odd. 


99. We have now to compare this solution with Qn* Let it be supposed 
expanded in a series of descending powers of ;r ; it must then be of the form 

AP^+BQn, 

where A and B are constants. Now in the series the term involving does 
not occur, since 



and therefore A must bo zero ; hence the coefficients of the powers between 
^ and exclusive of the latter disappear; this is easily verified for the 
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first few. The above solution is therefore a Constant multiple of and 
thus * 




, 2«-6 o , 2»-9 n . 


5(?i-2)^ 


where stands for the series which, when n is integral, is a function of 
degree n - 1. Hence 


and therefore 




Pn* 


B 



1 U 


where U is an integral function of x of degree not higher than 2n— 2. When 
we substitute on the left-hand side from § 96, it becomes 

B I a 
or J3=P„2 +(;f2-1)U; 

where the right-hand side is a finite integral function of j?. This is true for 
all values of x ; writing x= 1, we have i?= value of when x is unity. Ijow 
in Ex. 2 of § 90, was indicated as the coefficient of in the expansion of 
(1 — 2a»+z*) ” i in ascending jwwers of z ; and therefore the value of P„ when 
^ = 1 is the coefficient of in the expansion of (1 - 22 +«®) ~ i, La, of (1 -e) “L 
This coefficient is unity, so that Pn is unity when x^l; thus B=>^1, and the 
equation becomes 


Ex, 1. Discuss the significance of this expression for ^,| when n is not 
an integer. 

Ex, 2. The following properties, analogous to those of P», hold for 

rA _(-2)»n(n), 

(iii) „‘^-^+J+(n+l) 


Ex. 3. Obtain the properties of the integrals Q, corresponding to those of 
the integrals P given in the examples in § 90. 
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Ex. 4. Prove that, if y>l>*> - 1, 
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(2«+l)P,(*)9,(y). 

«*s0 

The further development of the properties of the functions which are the 
particular solutions of Legendre’s equations does not depend merely upon the 
differential eq^mtion ; the student ^ill find most ample investigation of their 
analytical properties and their applications to mathematical physics in the 
excellent treatise by Heine — Haifidbuck der Kugelfanctioneii, The treatises 
by Todhunter, The Functions of Laplace^ Lamd and Bessely and by Ferrers, 
Spherical HannonicSy will prove useful 


Bessel’s Equation 
100. This ditferential equation is 

or, what is the same thing, 

in which n is a constant; it will be assumed that n is real. 
The equation, like Legendre’s, occurs in investigations in applied 
mathematics, and n is usually an integer in such applications ; but, 
as in the case of the preceding differential equation, this limitation 
will not be imposed on the value of n. 

To solve the equation, we write 

y = + + + 

and substitute ; we then have 

(iw,* — n*) AiX^ -f (wia* — n*) 4* {'rrtf — w®) A^af^ + 

+ + = 0 , 

which must be identically satisfied. Hence, from a comparison of 
the indices, we have 

7w, = m, + 2, 

Tns*7na + 2, 

or the series is one in necending powers of Xy the common difference 
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of the indices of the powers being 2 ; and thus + 2 (r — 1). 

Taking the term in x with the lowest index, we have 

mj* =s n\ 

since Ai is not zero ; and therefore 

TTii * + w, or pii » — n. 

The coefficient of on the left-hand side must be zero ; and 
therefore 

{(wii + 2r)* - n») + ^, = 0, 

or, since »»i* * n’, 

A .. 1 

2VTO, + r' 

101. Consider, first, the solution corresponding to 

mj = H- n. 

The coefficients A are then given by 
Ar 


•^f+1 

SO that 


2*r(n -f r)’ 


A, 


(r-l)!2»‘"-i> (n + l)(n + 2)...(n + r-l)' 

for values of r greater than unity; and the series, which is a 
solution of the differential equation, becomes 




Uf 

r)'^2!2‘(n + l)(/i + 2 ) 




3!2»(n-|-l)(/i + 2)(n + 3) 
whore Ai is an arbitrary constant. 

When to Ai is assigned the particular value 2» n ( n j * 

n (n) is Gauss’s function 11 and is the same as F (n -h 1), then the 
expression is denoted by Jn, so that 

fi ^ 1 ^ 1 

" 2»n(n)L 2»(» + l)^2!2«(« + l)(n + 2) "J 


r-oo 

2 


(-ly 


n+tr 


rmo n(»H-r)n(r) 

which is usually called the Bessel’s function of order n. 
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When n is positive, whether an integer or not, the series proceeds 
to infinity and, for finite values of tne variable, obviously converges. 
Thus AJnj where A is an arbitrary constant, is one solution of the 
differential equation. 

Before considering the form of Jn, where n is a negative integer, 
it is conveaient to obtain the solution corresponding to the case 

mj = — rt. 

The work is the same as before with the change of sign of n, and 
the solution is 


W ^“71 I 1 ^ - • -- — - . 

' I 2*(-n + l)^2!2^(-n+l)(~n + 2) 

+ 1 

where Bi is an arbitrary constant. To Bi assign the value 

2""^* 11 ( — resulting expression is exactly the same 

function of — ?i as Jn is of + n, and it may therefore be denoted 
by so that 


J-n 


a;"” f- 

^n(^) 2^nT 




1) 2l2"(-7i + l)(-n + 2) 


) 


r*flo 

= 2 


(-ly 


0 n (- w + r) n (r) V2 


— n+ar 


If now n be negative, whether an integer or not, or be positive 
but not an integer, this series proceeds to infinity and, for finite 
values of the variable, converges. In this case, BJ^n is another 
solution of the differential equation. 

If then n be not an integer, whether it be a positive or a negative 
quantity, •/„ and are two independent and determinate par- 
ticular solutions of the diflFerential equation ; and the primitive is 


102. If n be an integer other than zero, two cases arise. First, 
if n be a negative integer and equal to — p, a zero factor occurs in 
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the coefficient of all terms aftejr inclusive within the bracket; 
and therefore (by § 86) the terms which precede this disappear, and 
t/n becomes 

rZp n(n + r)n(rjV2y ^ 

or, what is the same thing, 

(- ly-^P /a;\P+-* 

U(s)n{8 + p)[2) ' 

since n+p = 0. Now this last expression is (— that is, is 
(— iy^J-.n ; so that, in the case when n is a negative integer, one of 
the particular solutions, degenerates into a constant multiple 
of the other, 

Similarly it may be proved, or it may be at once deduced from 
the foregoing, that when n is a positive integer one of the par- 
ticular solutions, JL„, degenerates into a constant multiple of the 
other, Jn. 

When n is zero, the two solutions coincide. Hence in every case 
when n is an integer, whether positive, zero, or negative, we may 
write 

But that this equation may be valid, it must be remembered that 
it refers to the respective limiting forms of the particular solution 
of the differential equation when the superfluous terms of the 
latter for the special value of n have been removed from the 
expression in the general case ; and the relation merely gives this 
limiting form. It however shews that, when n is an integer, it is 
sufficient to take the positive square root of and to consider, as 
the corresponding particular solution, the function associated with 
that square root. 

It thus remains to find a second particular solution in two 
cases, in order to have the primitive ; and these two cases are : — 

First, when n is zero : 

Second, when n is an integer which (from the above explanation) 
may be considered positive. 
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103. To obtain these i>articular solutions, it is convenient to have some 
fundamental properties proved. 

It may be at once verified that 

^0 7 . 

(ii) 

(iii) 


From the last tiro, we have 


a!" “+«**■*./.«= 
rft/- , r 

Dividing the first of these throughout by and the second by a?"**"*, 
and subtracting the latter from the former, we have. 


or 


Similarly 




“■ ““*^11 + 3"” (7i-4-2) •/w + 2» 


«^« + 3 + *^n + 6 = “ ■|' 4 ) 4, 


Now it is evident, from the general value of •/„, that a/^ = 0 ; hence the pre- 
ceding equations give 

j;.., = ?{7is/„-(w + 2)J„+2+(w+4)J„^4-...ad inf.}; 

X 

this series converges. 

Ex, 1. Prove that 

d.J 2 

-^‘“-{jM-^»-(n+2)./n+8+(«+4)y,+4-.„ad inf.}. 


Ex, 2. Prove that, when n is a positive integer, •/„ {x) is the coefficient of t** 
in the expansion of 

in ascending and descending powers of z. 

Hence deduce the relations (i), (ii), (iii), given at the beginning of § 103. 
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Ex, 3. Shew that^ when » is a po£^tivo integer, 

/ co8(ntf— d?sin^)fl?A 
ir j 0 

1 /'» 

I C0S(a«50B^)fl?^; 

^ J 0 

and hence (or otherwise) verify that 

e-<^J^{bx)dx={at+V>)-\ . 

104 To obtain the desired particular solution in the case when 
wo substitute 

y^uJ^+w 

in the different ial equation 

ePy ^ 1 dif . - 

the result is 


dho . 1 dw 
dx^ 


w 1 dw j /d“u \ du\ du dJ^ 

X dx ® X dx) dx dx ‘ 


To make the coefficient of /y vanish, wo take 

d^n 1 du 
dx* ^x dx^ * 

which is satisfied by 

u«Iogar. 

The equation determining w is now 

cP?g 1 dw _ 2 dJo 

dx^^zdx x~dx 

= 

4 


— — } 4*74 4*0*^ — B«/8+ 


Now from the equation 


d*Jn,\ dJ^ - 
dx* X dx ” X* 


it follows that 

is the Particular Integral of 


y=^\Ju 
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The general term in the right-hand side of the equation determining w ih 

we have therefore for this term 

Hence 

w=2 }; 

and therefore a solution of the original equation is 

•A)l0g^+2 }• 

Let this be denoted by ; then the primitive of the equation 
dPy 1 dy 

is y = -d Jo+ jBJTq, 

where A and B are arbitrary constants. 

105. To obtain the second particular solution in the case where n is an 
itUeger other than zero, wo write 

y=/nlog4?-w, 

BO that 


ds^'^xdx'^y X dx 


2m 4 

(«+4)/,+4+(«+8)t/,+*- ...}. 


. 1 »*\x7 

cte* A* 

X being a constant ; and therefore a value of v> satisfying 

d^w I dw ^ /- (- I)** , . . a \ r 

+i 0 ~^) ’‘-“Sr 

/ TNr w4-2r y 


Let be a quantity satisfying 

d^Wi 1 dwi 

da^^x dx 


Wi J / n2\ 2n . ^ 


then a suitable value of w is 


r»«p 7Z-4-2r . 

w~v>i+ 
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The right-hand side of the equatipn giving v>i must be transformed. By 
the general relation between three successive Bessel’s functions, we have 

2 


, = j 


hence 
hence also 


also 


“©'•'■-"©■'•-'-Ki)-''-''-'-’ . 

!. 3 g)V,-!. 3 3 (I) : 


2.3.4(|)V.-2.3.4(?)’4-,.4(|)V.-4(|)/.-/..2|y.-y..y., 

and so on ; and the general relation is 




_ n(»-i )2 _ 

" n{n-2)a: “-*■ 

or, what is the same relation, 

Also, by actual substitution, we have 

+1 ^ I ^ I (■, I r_2?a^,1 

\dx^^ X dx^ x'j a:’" a:”* L dv .r” dx J 

_ 1 f 2mdJp ^”] 

so that, on writing m^n-p^ 

Xdst^^idx^'- x'-" ^ 7’ 

Xp being a constant. If bo not zero, the right-hand side is 

llEZS)\ T • 

while if bo zero, the right-hand side is 

. 


If now we substitute in the equation for iv^ the value 
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a comparison of the two sides of the equation gives 


-2(«-p)X,--in(») 


if p be not zero, and gives 

2«Xq-.Jn(»)2*+* 

I 

if be zero ; and therefore, whatever p may be, 

X L_ ^ W 

JO n(jD) 2 


n(p) 


p-n-l 1 /2\»“P J. 


Hence the value of Wi is 

^ ' p-o n’-p\zj n(p)' 

and therefore the second particular solution of BesseVs equation^ in the case when 
nisa positive integer other than zero, is 

rssoo nM9r 

y-^JnlogX- 2 + 

r«i r(n+r) 


* p»o ii-p Vv n(jo) 


Let the right*hand side be denoted by ; then the primitive is given by 


Note, In a Supplementaiy Note (l, pp. 243 sqq.) at the end of Chapter vi., 
an account is given of the method devised by Frobenius for the integration of 
linear equations in series. The method is applied to construct the primitive 
of the Bessel’s equation of order zero (Ex. 3, p. 252) and the primitive of the 
Bessel’s equation of order n (Ex. 4, p. 253) The process there given will be 
found more general, simpler, and more direct, than the preceding analysis. 


Ex, 1. Another method of obtaining a second particular solution is em- 
ployed by Hankel as follows. Any linear function of the particular solutions 
is also a particular solution ; hence, in the general case, such a solution is 
given by 




J^COS HIT — i/-,t 

sin 2n7r 


which is then perfectly determinate ; while, in the particular case when n is 
an integer, it takes the form 0/0 since (-!)’*•/» Prove that, when 
evaluated, this assumes the form 




p~Q 


n(p) 


(r 
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where 




and coinpai*e this with the solution already obtained. 

{Math. Ann, i. p. 469.) 

Ex. 2. The series for is always a converging series ; but, when z is 
large, the convergence is slow, and it is octivenient to have a series proceeding 
in descending powers of z. Prove that * 


■m- 


2 ! (»z)2 




2\in»-4n* ( - 4)t») (3^ - 4>t^) {5* - 4m») 


/2\i fl2-4i 
■ \ir:/ \ 8z 






SO that the series terminates, if 2n be equal to an odd integer. 


(Lommel.) 


106. The relation between the two linearly independent integrals 
Jn and */-n niay be found as in § 96. We have 


da^ 


and 
and therefore 

fd^Jn r d^J^n 


d Jn T 

dx 


((PJn r r \ . 1 (dJn T dJ^n r 

\Cd^ "" '^xVdl ^ ^ 

which gives 

dJ^n 


jr — ^ 


where is a constant which, however, is not arbitrary since 
and t/.n are definite functions. To obtain the value of il, it is 
sufficient to consider the lowest tenns only in the left-hand side; 
when these are substituted, we find that 


^ “ 2»Ti (n) 2-“ 11 (- »i)^" 
2n. 

n (») II (— n) 

2 

”n(n-l)II(-n) 

_ 2 sin nir 

S3 - -- ■- - - • 

IT 
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Therefore 


dJn r dJ,^ 

dx dx 


Jn 


' 2 . 

= — sin nir, 

TTX 


or, what is the same thing, 

d 2 sin mr 

dx \JnJ irxJ^ 

Ex. Obtain the corresponding equation when n is an integer. 


Relation between the Equations of Legendre 
AND Bessel. 


107. It is possible to derive Bessels equation from that of 
Legendre. For, differentiating the equation 


m times, and writing 




we have 


dx^' 


d^z 


(1 — (2m -f 2)a;^+ {n(7i + 1) — m(m + 1)} -8^= 0. 

Let the dependent variable be changed to f, where 

f =(1 

the equation now becomes 

Let the independent variable be changed from x to where 
then, after slight reductions, the equation becomes 
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When we make n infinite, we have 

. 1 df 


^ d4>^ V (f>y^ 
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which is Bessers differential equation. 


When all these operations are combined, we have, as the result, 
that the limit of 




when n is infinite, is Bessers function of order m, ^ being the 
independent variable. 


It would appear from the foregoing process that <f> is infinite; 
this however is avoided by making x approach indefinitely closely 
to the value unity. The geometrical analogue of this relation 
between <f> and x is that whereby any very small portion of a 
spherical (or other) surface in the neighbourhood of a point is 
studied, by assuming it ultimately to coincide with the tangent 
plane of the surface at that point and to be magnified in that 
plane. > 


Verify that the above expression becomes, in the limit, a multiple 

ofJtn- 

In this connection the student may consult Heine, Theorie der Kugd- 
funcHonen^ 2nd edition, vol. i. p. 182 ; Lord Rayleigh, Proc. Lond, Math, Boc, 
voL IX, p. 61, Scientific Papere, vol. l. pp. 338 — 341. 

The primitive of Bessel’s diflFerential equation has been obtained for every 
case ; the further development of the properties of the functions, which occur 
in that primitive, cannot be given here. The student will find the functions 
fully treated by Lommel in his Studien fiber die BesseVscke Furictionen and in 
several papers by the same writer in the Mathematische Annalen^ vols. n. ill. 
IV. IX. XIV. XVI. ; in particular, the paper in vol. xiv. deals with differential 
equations which are intograble by Bessel’s functions. Reference should also 
be made to Neumann’s Theorie der BesseVscken Funictionen and to Heine’s 
Theorie der KiigelfunctioTien, 2nd edition, where (vol. i. p. 189) a list of 
memoirs referring to the functions is given. The most modem and compre- 
hensive book on the subject is Q. N. Watson’s TreaiUe on Beaeel Functiam, 

For a general property of all linear dififerential equations similar to those 
which have just been discussed and which give rise to functions depending 
upon a constant parameter, the student may consult, in addition to the fore- 
going, Sturm, Liomille^ vol. i. ; and Eouth, Proc. Lond, Math, Son, vol. z. 
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Riccati’s Equation. 

108. Biccati’s differential equation is 
^ + = ca!»*; 

but it is canvenierit to consider first the more general form 
.r ^ — ay + hif = cx\ 

If in the latter the independent variable be changed from x to 
Zy where z^af^y and the dependent variable be changed from y to 
Uy where y = uZy the equation becomes 

du h ^ c ^-2 
ciz a a 

which is Riccati’s form. 

Consider now the more general form. 

Firstly, it can be integrated in finite terms when n = 2a. 

For assuming y = uaf'y we find on substitution 

du 


so that 


= cx'\ 

du , 
dx 


In the case when n = 2a, this becomes 

. n^du , , 

— =(j — 6a*; 
dx 

the variables are separable, and u is expressible in terms of ex- 
ponential, or circular, functions according as 6 and c have, or have 
not, like signs. 

Secondly, it can he integrated in finite terms when {n ± 2a)/2» 
is a positive integer. 

Let the dependent variable be changed from y to y,, where 

^ -f. — y, and -4 is a constant the value of which has yet to be 

determined. When substitution takes place and the terms are 
rearranged, the equation becomes 


— Oil 4- 6-4* + (n — a 4* 26-4 ) ~ 4 - 6 ~ ^ * 


I 
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We choose A so that the constant term vanishes; thus A=^0 or 
A =* a/b. 

Taking the value a/b for A and substituting in this new form, 
we have, after a slight change, 

+ y, -f cyi^=^bx\ 


Now this equation is of the same form as that with which we 
began ; and the changes, that have taken place, are in the coeffi- 
cients — the original a has changed to a-f n, and b and c have 
changed places. In this last equation we write 




a + n X 




the foregoing analysis then shews that the equation in will be 
aJ ^ — (a -1- %i) y^ -h by^ = cx\ 


And the result of % successive transformations will be to reduce the 
given equation either to 

/r — (a + in) + cy^ = bx*\ 


sr to X "h Vi + ^y% — car", 

according as the integer i is odd or even. 

Now, by the case fii*st considered, this equation is integrable in 
finite terms, if 

= 2 (a + in), 


that is, if 


n — 2a 
2n 


is a positive integer. 

Taking next the value zero for A, we can easily transform the 
equation into 


an equation which differs from the former in yi only so far as 
regards the sign of a. Adopting now for this the preceding series 
of transformations, we write 


yi= 


71 — a 


c 
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and the equation in is ■ 

« ^-(2n -a)ya + byi = <^. 

Hence after i — 1 transformations of this series (and therefore afber 
i transformations in all) the ^iven equation is reduced either to 

a: “ — {in — o) y* + cy^ = hx^, 

or to X — {in — o) y< + hy^ *= ca:". 

In either case, the equation is integrable in finite terms, if 

n = 2 {in — a), 

, . . n + 2a 

that IS, if — ^ — 

is a positive integer. 

Combining then these two results, we infer that the equation 
a? ^ — ay + ty® = ca?** 

is integrable in finite terms when (n ± 2a)l2n is a positive integer. 

In each case^ the integral is given in the form of a finite 
continued fraction, the last denominator of which involves either 
exponential or circular functions. 

109. We can now obtain conditions that Riccati’s equation shall 
be integrable in finite terms. From § 108 it follows that 

du T - m 
_ -f- 

ax 

is transformed by the substitution u = yjx into 

where m = n — 2, Now the latter equation is so integrable when 

71 ± 2 = 2ni, 

where t is a positive integer ; and therefore Riccati’s equation is 
integrable in finite terms if 

7» + 2 ± 2 = 2i (?» + 2). 
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> 

Taking the negative sign, we have 


while the positive sign gives 

or (what is the same thing in 

m = 


4t 



9 

-4(1- 

1) 

2i-l 

: 

the case 

of 

— 4i 





by merely changing the integer i. 

Hence Riccatis equation is integrahle in finite terms, if 

— 

i being zero or a positive integer. 
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/8 integrahle in finite terms, if 

?7i + l — 2i-fl — 2t“l 

— _ Qi* 

k+l 2/+1 2i-l ’ 

i being an integer ; and obtain the limitations upon the value of i in the 
respective cases. 


no. Both Riccati’s equation, and the more general form dis- 
cussed in § 108, arc instances of the equation 

where P, Q, R, are functions of x. 

Writing 

1, 1 dw 
Rvdx’ 

we find that the equation for u is 
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The complete primitive of this equation is of the form 
and the corresponding value of y is 


R cui + u^y dx dx) 


which, as it contains one arbitrary constant, is the primitive of the 
original equation. In other words, the primitive of 


is of the form 




y= 


cp + q 
cr+a ' 


where p, q, r, s, are appropriate functions of x, and c is an arbitrary 
constant. 


Moreover, by §§ 76, 77, it follows that, if one particular solution 
of the equation for u is known, the most general solution can be 
obtained by means of quadratures. A particular value of u leads 
tq a particular value of y ; and therefore it may be expected that, 
if a particular solution of the equation 

f=P+«y+Bj- 


is known, the most general solution can be obtained by quad- 
ratures. To establish this inference, let yi denote the particular 
solution that is supposed known ; and write 

Then we have 

dyi 1 dv 
dx dx 

dx 


“■P + Q(y.+ J)+-R(y.+i) ; 
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80 that 


veS {Q+^yi)dx = ^ — f 


When the two quadratures required to give v as an explicit 
function have been effected, and when this value of v is sub- 
stituted in the expression for y, we obtain the most general value 
of y which satisfies the equation. (It may be added that the 
process just indicated is frequently of practical use in the solution 
of differential equations of this t)q)e; its effectiveness depends 
upon the knowledge of a particular solution.) 


It has been assumed that one solution is known. If another 
solution is known, we can avoid one of the quadratures in the 
expression for v. In fact, a second particular solution implies 
that a particular value of v is known. Denoting this by i;,, and 
writing v = ViWy so that 

we have 

di\ diV V n 

^ + V, ^ + (Q + = - -fi- 


But as is a particular value of v, we have 

‘^®* + (<2 + 2%,)v, = -i?, 


dx 


so that 

and therefore 




which requires only one quadrature. When the quadrature has 
been effected, and the value of w is substituted, we again have the 
most general value of y which satisfies the equation. 

The last result depends upon a knowledge of two particular 
solutions. If it should happen that three particular solutions 
are known, then we can obtain the primitive without requiring to 

F.O.S. 


a 
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perform any qu&dratures. 
ia of the form 


For we have seen that the primitive 


^ cr + a' 


where p, g, r, s, are appropriate functions of a, and c is an arbitrary 
constant.i Tjet the supposed three integrals be denoted by yi, ^2, ^3 ; 
and let the corresponding values of c be Ci, Cg, Cg; then 

(y-yi)(y2-ya) ^(c- c,) (c, - c^) 

iy - - yd (c - cd (c^ - (h) 

= 5. 

where B is an arbitrary constant because c is arbitrary. This 
relation expresses y in terms of known quantities, and it contains 
an arbitrary constant. Manifestly it is the primitive, which ac- 
cordingly can be obtained without any quadratures. 


Ex, 1. Solve the equation 

where P is any function of x. Manifestly, a particular solution is given by 

1 


accordingly, we write 


y=-; 






SxPdx . 


and we find the equation in v to be 
dv 
dx 

Hence 

J X“ 

and therefore the primitive of the equation is 

ay -1 ) afl 

Ex. 2. Solve the equations 

(i) 

(ii) 

(iii) 

(iv; ^_=oo3jr-,vmn jr+,y*. 
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Relation between the Equations of Bessel and Riccati. 


111. The equations of § 108 in the form in which they have 
been discussed are of the first order, but are not linear ; there are 
some important transformations whi5h render them liijear of the 
second order. 


In Riccati 8 equation, let the dependent variable be changed 
from u to V, where 

, 1 dv 

V dx 


so that, if u is expressible in finite terms, v often will be so also; 
the equation then becomes 

d^v , 

^-bcvx'^ = 0, 


which might be taken as a standard form, equivalent to Riccati's 
equatioiL 

If b and c have the same sign (in whi(‘h case exponential 
functions occur in a), this equation may be written * 

d'^v 

_ r/ = 0. 


If their signs be unlike (in which case circular functions occur 
in m), the equation is 

~ -f = 0, 

dcr 

Both of these are integrable in a finite form for the same value of 
m that renders Riccati’s equation thus integrable. 

Change the independent variable from x to where 

qz =5 ar®, 

and q ^ 4* 1 = say ; 

the equation then becomes 

dH n — 1 dv 
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This equation therefore is integrable in a finite form, if 
n + ^ ^ 2t±l 2i±l’ 

whence it follows that n must be equal to an odd integer ; and so, 
if the equation be written . 

cN 2p dv , ^ 

the condition of integrability in a finite form is that p should be 
an integer. 

This is reducible to its normal form by the substitution 

« w ; 

and the equation for to is 


dz^ z^ 




which is integrable in a finite form if^ be an integer. 

Lastly, let w^z^t be substituted ; the equation for t is 
^ dH 1 dt 1 . / 1 V, i Pi 

the primitive of which is 

t = AJp^^{z (- 6c)J} + BJ_ j) {z (- k)ij. 

If p + i be an integer, this ceases to be the primitive ; we then 
have for the primitive 

* = + J (- 6c)^ j. 

Jlence the solution of Riccatis equation can be expressed in 
terms of Bessel's functions ; and, in particular, the primitive of 




is given bg 


v^xi [a 4- BJ 1 (^X^)l , 

L in+2 J 

Of v = I (z\i) 4* BY j (<2X^)1 ^ 

L m f- 2 j»+2 J ' 

according as m + 2 is not, or is, the reciprocal of an integer^ 
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This is immediately deriva\)le from a combinfition of the pre- 
ceding transformations. • 

The only case of failure is that in which m + 2 is zero, that is, 
when m is — 2 ; the equation is then 


,c 


d^v 


which c m be solved by the method of § 47. 


For further iiiforiiirttioii in)on this equatiou a memoir by J. W. L. Glaisher 
ill the Phil, Trana., 1881, pp. 759 — 828, should be consulted, where full 
i-efereuces to authorities are given; and the connection between Riccati’s 
equation and Bessel’s will be found fully discussed in the book and papers of 
Lommel to which reference has already (p. 187) l>een made. 

Some examples of the solution expressed by series occur in the Miscellaneous 
Examples. 


Symbolical Solutions. 


112. In cases, when the solution of a differential equation ii^ 
series consists of a function in a finite form, or when it consists 
of a terminating series together with some function or functions 
in a finite form, it is sometimes possible to obtain a solution 
of a symbolical nature which will, w^hen the operations therein 
indicated are performed, prove equivalent to the solution other- 
wise obtained. 


As an example, consider the differential equation 


d^y 

cUc^ 


- - 


m(m+ 1) 


y> 


the solution of which has been proved to be expressible in a finite 
form when m is an integer. When the dependent variable is 
transformed from y to u by means of the relation 


the equation becomes 


y = war*"**'’. 


d^u 


+ 2(w. + ])l~-n“w 


0 . 
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Consider now the differential equation 
d?v - 

the general integral of which is 

, v = Ae'^ + Be-^, 

and change the independent variable from x to where z stands 
for ; the equation becomes 

^ d^v dv , ^ 

2z + j — n^v = 0. 
dz^ dz 

Let this be differentiated m+\ times with regard to Zy and let 
t denote -= — : then we have 

2^g + (2m + 3)^^-«=t = 0. 

Let now the independent variable be rechanged from to a:; 
the equation becomes 

d^t , 2(m + l)dt 


X dx 


Hence we have 




/I d 


the primitive of the original equation in y therefore is 


y r= 


( 1 ^ \m-fl 

irfi) 


A slightly different form may be given to this, for 
Id nAe'^-nBe-'^ 


(Ac"* + £«-"*) = ’ 


A'e"*+BV'“ 


a? 
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on changing the arbitrary constants ; and the primitive may be 
written in the form • 

Since the differential equation remains unaltered, when for vi 
is substituted — (wi-f 1), the primitive may be expressM in the 
additional forms 

( 1 d 

is) + 


Ex, 1. From the foregoing, it can be at once deduced that the iirimitive of 


dH 

dx^ 


4- 


6 


(an equation arising iji investigations connected with the Figure of the Earth) 
is expressible in the form 

y=‘C 




Ex. 2. Provo that the primitive of tlio difibroiitial equation 

can, in the case when q is the rocuprocal of an odd integer 2t+ 1, bo exhibited 
in the forms 

’O’ 


(Glaisher.) 
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Ex. 3. Prove tha,p the primitive of the equation 
cPu ^ 

^ + a^u = ^ u 

dr^ 

\s given by 

< d \P cos ( ri -I- a) 




where r is be put equal to a'^ after the i)erfoniiance of the differentiations. 

(Gaskin.) 


In all these cases where the solution of the equation is thus given symboli- 
cally, it is not difficult to identify the solution in this form with that obtained 
in any other form, such as one in series by the earlier methods of this chapter, 
or as one by means of definito integrals to be indicated in Chapter vii. The 
student, who wishes for fuller information on the subject of these symbolical 
solutions and their connection with solutions in other forms, will find a full 
discussion in the memoir (Section vi.) by J. W. L. Glaisher already (p. 197) 
quoted. 


MISCELLANEOUS EXAMPLES. 


1. Integrate in series, and express in a finite form, the integrals of the 
equations 


and integrat-c 


(i) 


■Oi (ii) 


>iP>/ 

‘dx^' 


xa -r^-c*3'=0; 


d^y 2 dy 
c/.r- X dx 





2. Solve the equations 

0> 

(ii) -H + 3.r2) + (5.^- — 30.r) -f (4.r + 30) j/ ~ 0 ; 




(iv) ^ + {(“ + 3) q3fi+{b -c + \)x) {(«+ 1) gx-bc)y = Q. 

3. Integrate in series the differential equation 

x{l-Ax)^+{(4p-Q)x~p-\-l}^~^-p{p-\)u’=0-, 

and express the integral in tlic finite form 

il {1-(1 - 4ar)i}»’ + /f {I + (1 - 4a:)ijP. 


(Glaisher.) 
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4. Verify that any root of tlio equation 


8ati»fie8 




6. Transform the equation • 

by assuming and f into 

and integrate the last equation in series. 


(Spitzer.) 


6. Obtain the primitive of the equation 

in the form 

qxy s= A (^qx ~ 2) -h /? i^qx + 2) c" 


7. Obtain the primitive of the equation 


dafl ^ x^dx 


in tlio form 





(Lenlie EUis.) 


8. Prove that the coefficient of a”* in the expansion, in ascending jKiwers 
of a> of 

(l-2(Wr + a2)“« 

is a solution of 

L J'}+»»('«+2»)(l -.r^)”-4y = 0. 

9. Prove that, with the notation used for the solution of Legendre’s 

equation, ^ solution of the diflerential equation 

{dS "" (7.+ 1 ) sin d> sin o) U=0. 

10. Prove that, with the notation of 91 » 

(Trinity Fellowship Examination, 1884.) 
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11. Prove that the, primitive of the equation 
is given by 




^ ^ dx”' ^ dx”' ’ 

provided m bf* not greater than n. 

What is the primitive when m is greater than n i 

12. Shew that the solution of the equation 

where is an iiitcger, may bo expressed in the form 

where is the solution of Legendre’s equation. 

13. Obtain the primitive of the equation 




dy 




\4. Provo that the equation 

dhi du , 

has, in the case when n is an integer, for its j)rimitive 

y - i (n - 1) , (^i) + , (;ri)}. 

15. Obtain the primitive of the equation 


ill the form 


— 1 ) 2 — 5 . 


where 

16, Verify that the primitive of 




13 


y^X S [^ipd,n{2("^apX)i} + Bp} ^n{2(-apXji}], 

ptaO 


(Heine.) 


(Heine.) 


(Lomrnel.) 


(Lotnmel.) 
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where oo, «], o^i, are the roots of the equation o’"*!; and that of 

4.»*+ j 


where «o, an ..., 02 ^, are the roots of o‘-**»'*-*= - i. 


17. The primitive of the equation 


= Jo («*) ; 


(LommeL) 


and that of 




is y«-i?{^«/o(tf*)+^Jo(^)}- 

(See, for connection between these two equations, Ex. 10, p. 142.) 

18. Prove that, with the notation of §§ 101, 105, 

2 

+ — -sin Wtt, 

TTUf 

n not })eing an integer, and that 


(Lommel.) 


V r _ F T — 

J + •* » + Wn— 

Jl/ 


(Jjommel.) 


19. The differential equation 


is integrable in finite terms, whatever function of or is denoted by §, provided 
m be an integer. 


20. The equation 


(Bn rdu 
A' dx " 




is integrable in finite terms, if 


2{(l-r)»+4c)t 


where i is a |K>sitive integer or zero. 


(Malmsten.) 
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21. Prove that Jhe coefficient of in the expansion of c®(**'*'*^) 
satisfies the differential equation • 


<Pu iE>{« + l) 

dx^ 


22. Shew that, if y= A' bo a solution of the equation 


(Glaisher.) 




(Xr being a constant), then a solution of 


is given by 


■' X dx"*-! 

.x>'‘(p + >)-‘ I y . 


Hence solve the equation 


_ 4 dy 
dx^ X dx 


■\‘k^y = 0. 


(Leslie Ellis.) 


23. The equation 




is integrable in finite terms in the following case.s : 

(i) when - is an odd integer ; 


(ii) when |^1 integer; 

h \ f b\^ d ^ 

(iii) when ^ ~ integer. 

24. Prove that the equation 

(a + bx^) x^ + (<? + eX^) ^ ^ +.7-^) ^ 

admits of finite solution, 

(i) when any one of the four quantities o — ^ is an even integer, 

(ii) wVien any two of the quantities 

ai“"«i5) A”^2> tti+a2”^i “^21 

are odd integers; where Oi, 02 , and /3i, /32, are the nxits of the rosiioctive 
quadratic equations 

J bn (a - 2) {na - 2n - 2) + J (o — 2) + ^ = 0, 

and J an^ ~ 2) + J + /— 0. 


(Pfaffi) 



EXAMPLES 


25. Prove that the three cxpreseions 

-p / j L 2 !^ 4 . 1 ^ 1 a«£« 1 

1 ~P-i 2 ^ (p-i)(/>-§)212<”(p-i)(p-§)(p-«)3!2«‘^"7’ 

r«r~-i, (1 P„~ , P(P-'^ ) p(p-l )(p-2 ) a’>a!^ ) 

t P P(p-i) 2! ^p(p-i)(p-l) 31 ■‘■•••J’ 

fi , Pqj. , P(P-V ^(p-l)(p-2)a3.T»» ) 

are particular solutions of the equation 

d'^u 2 P(p-hl) 

Shew that, when p is not an integer, these three expressions are equal to 
one another; and obtain, in this case, a second and independent particular 
solution. 

ii6. Prove that the primitive of 

^^ah,~PlP.±}}y 
dx‘ ^ ^ 

may be written in either of the forms 

y^x-P-^(^ar^ {x - J - «*)}, 

y = ^“P“3 ^ ^ {A e"* + “"*)}. 

(Boole,) 

Prove that the primitive of the same equation may also Iki written in the 
fonn 


27. The ]>nrnitive of tlie equation 

^ + "/*’■) y “ 0 

can be ex[)ressed in the form 


(Donkin.) 


Obtain that of 


d}t 


in the form 


(* ■ ■ *•'* ‘^^• 5 - 


(Spitzer.) 



206 MISCELLANEOUS EXAMPLES [CHAP. V 

I 

28. The orthogf;>nal trajectory of the system of surfaces of revolution 
given by where P* is the solution of Legendro^s equation and its 

argument s is the cosine of the vectorial angle of any point, is given by the 
equation 


29. Prove that, if the equation 

§+y/W='> 


be transformed by the relations z (c.t’ +6 and y^u{cx-\-d)\ so that u 
is the new dependent variable, the new equation is 

where 

^w=(S)/w. 

Hence, or otherwise, solve the equation 
<f5// y 

dx^ 


30. Obtain the primitive of the equation 

I y* ^ 

, dx^ X 

in the form 

_A{E-K)+BE' 

^~AE-i-£iE'-K') 


> 


where il-rP is an arbitrary constant, while K, K\ E\ are the complete 
elliptic integrals of the first and the second kind respectively with modulus x. 



CHAPTl^R VI 

HYPERGEOMETRIC SERIES 

113. The aeries 

].7 1. 2.7(7 + !) 

a (a + l)£a + 2)_^(^ +2) (/3j^) 

r. 2 . 3 . 7(7 + lj( 7 + 2 ) " 

is called the hypergeometric series and is usually denoted by 
■P(«. A 7» ®) > the four quantities a, 7, x, are called the elements, 
and of these x alone is variable. The elements a and /9 may be 
interchanged without affecting the value of F; if either of them 
be a negative integer, the series will consist of a finite numbei; of 
terms; otherwise it will proceed to infinity. It will be assumed 
that 7 is not a negative integer, so that infinite terms may be 
excluded. 

The series converges* for all real values of x such that 
- 1 <x< 1. It diverges if x> 1 and if «< - 1. When x = l, the 
series converges if 7 > a + / 3 , and it diverges if 7 < a + / 3 . When 
a;=-l, the series converges if 7 + I >a + yS, and it diverges if 
7 + 1<o + / 9 . It is important to consider the actual range of 
convergence of the series ; for the most part, we shall not consider 
the conditions of convergence for values of x at the limits of the 
range. 

The series is one of very great generality, and it includes as 
particular examples very many of the series which occur in analysis. 
The following examples admit of easy verification ; 

I. {l + xr^F{-n,^,^,-x). 

II. (1 + xf + (1 - xf = 2 F{^ in, - + i, i, 

* Bromwich, Afi introduction to the theory of infinite seriei^ pp. 33, 35. 
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f 

m. log (1 + «) = xF(l. 1. 2, - x). 

t. 

IV. 

V. e* = i’^l, 1, when /8 = «. 

VI. co8hic= Jf* ^a, /8, J, , when a = oo = fi. 

VII. cos na; = F(in, — ^ J, sin* a:). 

iEr. 1. Prove that all the differential coefficients of the series diverge for 
the value a;a«l if the series it.s^)lf diverges for that value ; and that all the 
differential coefficients, from and after one of some order, diverge for the value 
though the series converges for that value. 

jSv. 2. Express as hyi)ergeometric series 

(i) sin ty the variable element in the series being ; 

(ii) sin ni, the variable element in the series l)eing sin* / ; 

(iii) cos nlf the variable element in the series being — tan'- 

Other examples are given by Gauss at the beginning of his earlier memoir 
referred to in § 134. 

^14. Let the coefficient of a;^' be written Ar \ then the relation 
connecting consecutive A*b is 

(1 + r) (7 + r) A r+1 — (a + r){^ + r)A,. 

Consider the differential equation 

|(^ + a)(^> + /3)-i^(^ + 7-l)Jy = 0 (i), 

d 

in which ^ stands for the operator ^ A solution of this equa- 
tion can be obtained in a series : let the series be 

y = 4 - 

Substitute this value in the differential equation, which must 
be identically satisfied ; each separate power of x must therefore 
disappear in virtue of the constant multiplying it being zero. 
Thus, for the lowest power, we have 

+ l)i?o = 0; 

and from the vanishing of the coefficients of the higher powers, the 
relation between the successive quantities B is given by 

(/i + r + 1 )(^ + r-h + r + a)(/i4-r + 5r«0. 
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HYPKRaBOMETRIO SERIES 

• 

We shall assume that the first coefficient JSq is* not zero> because 
the relation Bo = 0 would make all the Es zero; and thus the 
former equation is satisfied by either 

or /A « 1 — - 7 . 

116. Take first the value = 0 ; the relation connecting the 
quantities B becomes 

(1 + r) (7 + r) = (a + r) (/3 + r) By. 

Now when Bo = 1 = -do, the relation just proved, compared with 
that which connects the shews that By^Ari and therefore the 
series assumed for y becomes the h 3 q)ergeometric seriea Thus 
one solution of the differential equation (i) is -F(a, j3, 7 , oc). 

Let the operating factors in (i) be expanded and terms of the 
same order collected; then the equation may be written 

[( 1 - + {7 - 1 - (a + /3)} & - a^x] y = 0 . 

But ^ = /r ^ , 

ax 




^ ^ d . 

da^ ^ dx^ 


when these values are inserted, the above equation, after rearrange- 
ment and division by aj*(l — x\ becomes 

d^y 7--(« + /3+l)a? dy 

da^ a?) dx a;(l — a;)"' ^ 

which is the differential equation satisfied by F {a, / 8 , 7 , x). 

Take next the value /x = 1 — 7 ; the relation connecting the 
quantities B becomes 

(1 + r) (2 - 7 + r) Br+i = (a + 1 - 7 + r) (;3 + 1 - 7 + r) 

Let Bo = 1 ; this equation shews that the quantities B are the 
successive coefficients in a hypergeometric series whose constant 
elements are respectively a + 1— 7 , >9 + 1 — 7 , 2 — 7 . The series 
assumed for y begins with ; hence the value of y is 

jP (a ^ 1 — 4- 1 — 2 — 7, a?), 

so that this also is a solution of the differential equation ( 1 ). 
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We have tbua two particular solutions of this differential 
equation; and therefore any other particular solution, which is 
finite for values of a such that — 1 < d;< 1, may be represented by 

AFici, jS, 7, x) + Ba^-y ^*(0 + 1 - 7, /9 + 1 - 7, 2 - 7, a), 

where A and B are constants, the values of which may be 
determined by comparing powers of x. If in this expression A 
and B denote arbitrary constants, it furnishes the primitive of (1). 

116 . To reduce (1) to its normal form, we must compare it 
with the general linear equation of the second order. We then 
have 

p ^ 7-(« + /Q + l)a ; 7 7-tt-/8-l 

x{l—x) ^ X^ 1 —X 


a? (1 — ic) ’ 

and therefore the invariant /, being 




becomes, after some reductions, 


where 


1-X» 1-v^ 


\’ = (l-7)»; = v» = (7-a-/S)“ 


Let this invariant be denoted either by / or (x ) ; the latter 
form will be convenient when the independent variable comes to 
be changed. 

Thus equation (1), by the substitution 

D s= ygi 


becomes 




in which yjr (x) denotes the foregoing function of x. 
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I 

Set of 24 Particular Solutions. 

117. We now proceed to find some further particular solutions 
of this differential equation. It follows from the investigation 
of § 64 that the conditions, which must be satisfied ip order that 


the equations 

and ^4.iri|r,(t) = 0 (3) 

should be transformable into one another, are firstly, 

and secondly, 

+ = O (4). 


Hence, if we consider y}ri (t) as a given function of t, the latter 
equation will give the value of i in terms of x; and when this 
value is found, the former will furnish the relation between 
V and z. 

Now assume that the function y}r^(t) is such os to mate 
equation (3) the normal form of the equation satisfied by 
a hypergeometric series with constant elements o', /S', y'; and 
suppose that we can obtain from (4) a value of t in terms of ar. 
Then, since the value of u will be at once derivable from that of t, 
we have a solution of (2) in the form 

(1 - V) F(a', /Q', 7', t) ; 

and this is distinct from the value of v in § 116. 

118. The primitive of (4) will give t as a function of ar, a, y3, 7, 
of', 7' ; let us select those forms of this function, which malce t 
dependent on on alone and independent of the two sets of constant 
elements. We may, to obtain these, write 

{ e , 00] = 0 , 
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The former of these, on multiplication by t' ~ is directly inte- 
grable in the form 

proceeding with the integration, we have 

' f = A- ^ 

'G{Cx + C') 

cx + d ’ 


on changing the constants. This is the general value of t which 
makes the function {f, ir| vanish. But the conditions require that 


or 


(ad-6c)2 /oay + i'N , . . 
{ox + d/ W + d/ ^ ^ ' 


and this will not be satisfied for arbitrary values of these constants, 
which must therefore be determined so as to be independent of 

the constant elements of the series. Now 

« 


Vr (x) = 


. Aa? +Bx + C 
* ai‘{l-xf ■ 


where 


.4 = 1 -^’, 


and we may write 






A't^ + B’t + C 


Hence the constants a, b, c, d, must be such as to satisfy 

Aaf‘ + Bx + 0 

~aF(l-xy~ 


= (ad — bcY + ^y + S' {ax + b)(cx+d) + C' {cx + dy 

(ax + by(cx + dy{(c — a)x + d — by 

The quantities a, /3, y (and therefore A, B, C which are functions 
of them) are arbitrary, and thus the numerator and denominator 
of the left-hand fraction can have no common factor except a 
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constant; and similarly for the right-hand side^ Hence we may 
write * 


m {Aa^ + 5^ + C) 

= {ad — hcf [A' {ax ^hf^E {ax -h b) {cx + c?) -|- (7' (ca? 4- df], 
maf^{\ — a?)® = (aa? + 6)®(ca?4-r^)* ((c — a) ^ 4- d — 6)®, 

in which m is constant. The latter of these equations will deter- 
mine the values of a, 6, c, d which are admissible ; the former will 
then serve to indicate the relations of a\ J 3 \ 7' to a, 7, in order 

that the expression at the end of § 117 may be a solution of (1). 

119. Comparing now the coefficients of the different powers 
of X on the two sides of the latter equation, we find that the 
following six sets of values for the constants make the equation 
identically satisfied : 

(i) c = 0 = 6 =a — d; ?a = a®; 

(ii) c = 0 = d — 6=5a4-6; ?n = a®; 

(iii) a = 0s=d =0 — = 

(iv) a = 0 = d — 6 = c4'd; m = 

(v) 6 = 0 = c — a = c 4 -d; m=sa®; 

(vi) d ^0 — c — a = a-\'b;m = b\ 


These values, substituted successively in the expression for t in 
terms of x, give : 

(i) t=-x; (ii) t==l-x] (iii) ^ = 


X 

x-l 


(i») (V) (vi) (. ^ 


respectively; and these form the complete system of values of t 
required. 

120. We now transform the first of the two equations by 
means of e^ich of these in turn, and obtain the necessary relations 
between a', 7' and a, / 3 , 7. 

Consider first the set of values (i). We have 

Ax^ + Bx+C=:^ ^ V 4- Ex 4- G\ 


so that 


A^A\ B^E, G^0'\ 
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When expressed in terms of the constant elements, these re* 
lations are 

and (remembering that an interchange of the first and second 
constant elements makes no change in a hypergeometric series), 
we find that these are satisfied by 


(1) «'=« 

II 

7=7; 

(2) a'-7-a 

1 

II 

7^ = 7; 

(3) a' = a- 7 +l.. 

;9' = /3-7 + 1 . 

7=2- 

(4) a'*l-a 

/9'=l-/8 

1 

II 


dt 

Since unity and therefore u is unity for this value 


oi^t\ and the particular solutions of the v-equation, which corre- 
spond to these four sets of values, are respectively 

jrca, 7, x), 

(1 _ a;)4 (7 - a - /S + 1) 

a,!- j7 (1 -a!)4 ^<*+^+1-7) ^ + 1, ^ ^ 2 - 7 , a:), 

l-A2-7,a:). 

Now these are solutions of equation (2). In order to obtain the 
corresponding solutions of equation (1), we must (§116) multiply 
each of them by 

a!-4'l'(l-a!)‘-it“+^+l-'y>; 

and therefore four particular solutions of equation (1) are 

(I) y = F{a, 

(II) y = (l-a;)v— ^i’(7-o,7-/9,7,a;); 

(III) y=u?-y F{a-y + l, /9-7 + 1, 2-% x)\ 

(IV) y=«>-v(l -x)y—f>F{l -a. 1 -/8, 2-7, ®). 
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» 

Treating now the relation jal — a; in the same way, we find 
other four particular solutions ifi the forms 

(V) y = l’(a, ;S, a + ^-7 + 1 , 1-®); 

(VI) y = ®‘-’'-P'(a-7+l,/3-7 + l,a+/3-7 + l,l-®); 

(VII) y = (l-«)’’“^J’(y-a, 7-/3, 7 -«-^ + l, Tr—a)\ 

(VIII) y = ®*~’'(1— ®)’'“““^^(1 — a, 1 —0, 7 — a — /S + 1 , 1 —®). 

And from the relation t ^ we have as one particular solution 

(IX) y = ar*F^u,u-y + l,a-0 + l,^. 

121. All the particular solutions for the different values of f 
can be found in the above manner. Each value of t leads to four 
particular solutions, so that there are in all 24 of these. But this 
laborious method of obtaining the remainder need not now be 
adopted ; it is possible to write down, from the nine foregoing, the 
following fifteen to complete the set : 

(X) y = /3_7 + 1 , 1^; 

(XI) y = (1 - ®)v— ^ 7 -«, /9- «+ 1 , Ij ; 

(XII) y = afi-y (1 - x)y-^-i> F(l-0,y-0.a-0+l,~y, 

(Xni) y = (l-a;)-Jfj^o, 7 -/ 9 ,a -/9 + l, 

(XIV) y = (l-®)-?/’(/3,7-a,/S-a + l,j^); 

(XV) y = ®'-’'(l-®)’’-^-*jP'^«- 7 +l, l-/S,a-/3+l, 

(XVI) y = ®‘-r(l-®)T'-^-'2?’(/8-7 + l,l-a,;3-« + l, i); 

(XVII) y«(l_^)-«i'(a,7-/8.7.”i); 
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(XVIII) y^(l^a!ri>F(j3,y-a,y,^); 

(XIX) y = (1 -«)T'-— ‘ F^a-y + l,l-0,2-y, ; 

(XX) y = a'-r(l -a)y-^-‘‘F^j9-y + l, l-a, 

(XXI) y = ar«F^o, a-7 + 1, a + /8-7 + l, 

(XXII) y^ari>F^^./3-y + l,a+/3-y + l,^'j; 

(XXIII) y = a-r (1 - ic)y—» F(^l-a, y-a.y-a-/3 + 1,^^) ; 
(XXIV) y^w»-y(l -a,)r-H. f(i-/ 3, y-0, y-a-fi + 1, 


Relations between the Paeticulae Solutions. 

tf 

122. Let these solutions be denoted by 
Vu y^y y-say y^y 

the suffixes and the numbers of the foregoing equations corre- 
sponding to one another. These quantities y are not independent : 
for, by the ordinary property of a linear differential equation of 
the second order (of which they all are solutions), there is between 
any three of them y^, a relation of the form 

yK^Ay^ + By,\ 

and we must find these relations for the different combinations of 
the solutions. But certain cases will arise in which either A ot B 
will be zero, and therefore the corresponding solutions will differ 
from one another only by a constant factor; and these can be 
lecognised by the application of the following lemma : — 

If there be two solutions of the differential equation (1) developed 
in Hhe same ascending powers of x, and if both series converge^ then 
ihey differ from one another only by a constant factor. 
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121-123] 

For the sake of simplicity suppose cme of the solutions to be 
•^(Sf 7 , «) and the other, when developed in ascending powers 

of 0 , to be given by 

y * 4 + Bx + C!®* + 

Substituting this value of y in the differential equation we should, 
by a process similar to that in § 114,'find y » AF{a, B,*i, ®), which 
proves the lemma. 

123. Let us apply this lemma to obtain the puticulor solu- 
tions which are equal to y^, this we shall suppose to be a con- 
verging series, so that — 1 < ® < 1 . Then y, is also a converging series 
proceeding in the same ascending powers of ® as yj ; the first term 
in each is unity ; the constant factor of the lemma is therefore 1 , 
and we have 

y» = y*. 

The next one in the list which, expanded in ascending powers of 
begins with is yg; when we select fium 

F(a, / 8 , a + /8 - 7 -I- 1, 1 - ®) 
the coefficient of we find it to be 

/ i\» «(« + !) (a-Hn-l)ff(/9-4-l) (/8 + n-l) 

1.2 n.(a(-|-y 8 — 7 + 1 )(® + /8 — 7 + 2 ) (<*+ — 7 "h 

xF(a + n, /9-l-re, « + / 8-7 + 7H-l, 1 ). 

But in this coefficient F is converging (and so has a finite value) 
only if 

«+/8 — 7 + n+ !—(« + «) — 

be positive (see § 113), that is, if 1 — 7 — n be positive. Hence firom 
and after some definite term the coefficients of the powers of w 
will be diverging series ; and we cannot then consider the series 
F (a, jS, a -I- /S — 7 + 1, 1 — ®) to be converging though expansible in 
ascending powers of x. Hence yg is not equal to y^. 

Dealing with y.,, y^, y^, yw, yu, in the same way, it will be found 
that the last two alone are converging series at the same time as 
F{a, B, 7 , x)\ and hence we have 

yi = ys = yi?“yi 8 (i). 

Again y, and y^ y* and y,, y„ and y„, y* and y,*, are derived 
from each other by exactly similar transformations of elements; 
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thus to pass from yi to y, the fonuer is'multiplied by a^~^, the new 
first and second elements being obtained by subtracting the old 
third frrom the old first and second and adding unity to each result, 
and the new third element by subtracting the old third element 
from 2. This process is seen to be the same for all ; and therefore 


, y»=y 4 =yiB=yao (ii)- 

Ex, Provo that 

y&=yi^=y2i^y^ 

.y 7 =y 8 «y 23 =y 24 (iv), 

(v), 

= (vi). 


It thus appears that the 24 solutions can be divided into six 
classes; and the equal members of these classes we may denote 
respectively by Fi, Fg, F3, F4, Fg, Fa, corresponding to the above 
sets of quantities in order. It remains to find such relations as 
there may be between these owing to the fact that they are solu- 
tions of the differential equation. 

124 . Account, however, must be taken of the ranges in which 
the respective integrals have significance. 

The range of convergence of the hypergeomotric series, which 
occur in yi, ya> ya* y^y is — l<a?< 1 . For those which occur in 
Vhf y%9 yiy ysi it is - 1 < 1 — a? < 1, that is, the range is 0 < < 2. 

For those which occur in y^, y^o, yu, yi8» it is — 1 < - < 1 ; that is, 

sc 

the range consists of the two parts, — oo < ax 1 and 1 < a; < + oo . 

For those which occur in y^, y^, yu, ym it is — 1 < < 1 ; 

that is, the range consists of the two parts, — oo < x <0 and 
2<aj< + oo. For those which occur in y„, y,e, y,., y*,, it is 

— 1 , that is, the range is — oo<a;<i. Finally, for 

/C 1 

those which occur in y^, y^,, y^, y,,, it is — 1 < < 1, that is, 

SC 

the range is ^<a;< + oo. 

Thus in Ti, the quantities yi and y, are equal over the range 
— l<a;<l; the quantities y^ and y,, are equal over the range 
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— oo<d;<^; all the four quantities are equal over the range 

— l<®<i. Similarly, for the sets of four quantities in F„ F„ 
F 4 , F|, F«, for their respective rangea 

Now, when y is not equal to unity*, the two solutions and 
y, are linearly independent of one another ; and they coexist in the 
range -• 1 < a< 1 . They therefore suffice for the expresfpon of the 
primitive of the equation, and also for the expression of any special 
integral of the equation, existing in that range or in any portion 
of that range. 

The primitive of the equation in the whole of that range is 
y^Ay^ + Byt, 
where A and B are arbitrary constants. 

A special integral of the equation is y^, which exists in the 
range 0 < a; < 2 and therefore exists in the portion 0 < a; < 1 of the 
range of existence for y^ and y,; hence there must be a linear 
relation between y,, y„ and yj. This may be taken in the form 

yi = Jl/ys + Ny„ 

which is valid over the range 0 < a < 1 . We may also write it in 
the form ^ 

F, = JfF + NF,; 

but for tho determination of the constants M and N, it is convenient 
to take the relation in the earlier form 

y, = My^ + Wy,. 

In the same way, we shall have relations of the forms 

F. = Jlf.F, + N,Fe. 

selecting out of the typical quantities Fj, F», F,, F*. Fj, F«, such 
of the respectively equal members as can coexist in any relation. 
Thus the relation 

F, = 3f,F, + NjF 4 
oould be taken in the form 

y, = lf,y4 + JViy,, 

* The ease when 7=1 is dealt with later, p. 251, Ex. 1 ; the primitive of the 
equation ohangee its oharaoter. 
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valid over the ranj^e 0 < a; < 1. The relation 
F, = AfaF,*+j\r,r. 
could be taken in the form 

valid over the range — 1 < x,< 0 ; but as the range of equality of 
(— and y,s is — <»<«<— 1 and 2 < a; < oo , the relation 

could not be taken in the form 

yj = M^y3 + N^y^, 

for there is no range in which the three integrals yuyt, y» coexist. 
Similarly the relation 

F = 3f,F, + JV;F, 
could be taken in the form 

yi ~ ^ »yi4) 

valid over the range — 1 < a; < 0 ; but it could not be taken in the 
form 

y\ ~ iifaya "J* ^»yiot 

for there is no range in which the three integrals yi,y»,yia co- 
exist. 

« 

Similarly, it is possible to have a typical relation 

f, = pf3+(2F„ 

which could be taken in the form 

2/a “ QH/t} 

valid over the range 0 < a? < 1. There arc, in fact, twenty such 
typical relations; but in substituting a selected y from the four 
represented by the corresponding F, it is always necessary to have 
the integrals in special form coexistent over some range of a?. 

For our purpose*, it is sufficient to consider the four typical 
relations 

Y,^M,Y,+ N,Y,, 

Y^r.M,Y, + N,Y,. 

* A full diflcossion of the relations requires that a should be allowed to become 
a oomplex variable. Such a discussion will be found in Gonrsat’s memoir, quoted 
in §184. 



124-125] gauss's n FUNCTION 221 

We have to find the values of all the constants M and N\ and we 
shall see that; when M and N are known for the first relation, the 
values of the other constants can be deduced by using the pro* 
perties of the hypergeometric series. 

Accordingly, to determine M and ,N in the first relation, which 
we shall take in the form 

= My^ + 

the substitution of any two particular values of x will be sufficient. 
Let these be a? = 1 and ^ = 0 , and suppose 1 — 7 a positive quantity 
so that is zero when x = 0; we have for the two values 

F{a.0,y, l)«ilf^(a-7 + l,/8-7+l,2-7, D + 
l=:NF(a, /3,a4-/3-7 + L !)• 

To evaluate M and N we must obtain the relations between 
the series for argument unity, to which we now proceed. 


Introduction of Gauss's IT function. 

126. The coefficient of in 

F (a, /3, 7, a?) - (a, 7 - 1, x ) 

is 

tt(tt + l) + m — l )y3( /8-h 1) (/3 + m-l) ( ^ 7H-m— 1) 

1.2 (7-f-m— 1) ( 7— 1 j 

aff («+!)(«+ 2) («-f m — l)(ff -t-l)...(ff ^m** 1) 

7(7 — 1) * 1.2. 3 (m — 1). (7+ 1)...(7 + m — 1) 

CLOX 

=» coefficient of x^^ in ; :pr -P(a + 1 , /8 + 1 , 7 + 1 , a?) ; 

7(7-1) ' 

and the term on the left-hand side independent of x vanishes, so 
that 

F ( a , iS, 7, x ) - i’(a, /3, 7 - 1, x ) 
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But from the differential equation satisfied by F (a, / 8 , 7 , w) we 
have 

^{7-(a + /S+ l)ir} — a?) 


cUc^ 


Let the value of F{a, yS, 7 ^ os) when x is made unity be denoted 
» d^F . 

by Fi (a, yS, 7 ) ; the value of when x is made unity is finite, and 

therefore 




0/9 


(7-l)(7-a-/9-l) 


■P’1 («. A 7). 


aoth .1 

^ ( 7-1 -o)( 7 -l -/9) n , V 
or, changing 7 into 7 + 1 , we have 

f . (., A t) - i-. (». A ■> ->- 1 )■ 

Similarly 

A T 1 ) - <“■ ■ 

and therefore 

r. /_ a _a_( 7-«)(7+1-«)(7-^)(7 + 1-^) E, /_ o 
^ (7-a)(7 + l-a)...(7+&-l-a)(7-j9)(7-f l-y9)...(7 + A;-l-ff ) 

“7(7+1)”-(7+*-1)(7-«-^)(7+1”«~^)-”(7+*-1-«-^) 

X ^^(a, /9, 7 + *). 

Let 

(.+ l)V/ 4 ) ~ "*« + t) f ky n tt .) ; 

then 

n /„ X? n(Ar,7-l)n(^,7-g-/9-l) y , o ^ . jfc^ 

n(/i;, 7-0-1) n (*, 7 - /9 - 1) ^ ^ 
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Since • 

we have 




and so 


1.2.3,.,«.(ar + l)(« + 2)...(i:4-A); 


1.2.3 ^ 


0+1) O+l)-O+0 


on the supposition that a is an integer. From this transformation 
and from the original definition alike, we have 


n(k,z^l)^ll(k,z)‘ 


l+z‘ 


These equations shew that for a given value of z the function 
n (k, z) tends towards a limiting value as k approaches infinity, 
and that this limiting value is finite. As then 11 (oo , ^) is a 
function of z alone, let it be denoted by IT {z ) ; the last equation 
shews that 

n(r + i) = (^4-i)n(^), 
and the former shews that, if z be an integer, 

n {z)^z\, 

while in any case we have 

n (^) = r + 1 ), 

where F ( 2 r + 1 ) is the Qamma Function of Euler. 

In the equation giving let k become infinite; then every 
term of the series Fi (a, i 8 , 7 + oo ) is zero except the first, which is 
unity. If we substitute for 11 (oo , 7 — 1 ) and the other functions 
their values 11 (7 — 1 ), we have 


n(7-l)n(7-.a-/&~l) 

n(7-«-i)n(7-/8-iy 


Fi (a, y3, 7 ) 
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Ex. 1. From the expansion of ^ in a series of ascending powers of sin 
prove that 

n(i)=i2rt. 

Ex, 2. Prove that 

n ( - «) n (« - l)a=ir cosec 
Ex, 3. Ob^tain the relations 

(i) /’iCa, /3, y)/’i(-a,i8, y-a)-l; 

(ii) /’i(a,i3,y)/’i(a,-^,y-3)-.l. 

Ex. 4 Prove that 

i n (*) n (* - 0 (* - ?) n = (2»)4 <» - n («*). 

(Oausa.) 


Detebmination of Constants in the relations of § 124. 

126. The equations of § 124 now become 

N 

.Pi(a,^,a + /8-7 + l) 

_ n (^ — 7) n (tt - 7) ^ 

n(a + /3-7)n(-7)’ 

and therefore 

*^IL(lr7)_n(7-«-/3-l) . n(;S-7)n(a-7) 

n(-«)n(-y9) ■^n(a+yS-7)ii(-7) 

n(7-l)n(7-a-/g-l) 

n(7-a-l)n(7-^-l)’ 

from which, with the use of Example 2 (§ 125), it is not difficult 
to deduce that 

M= n( 7-l)n(a-7 )n(y3-7) 

n(i-7)n(a-irn(^-i)- 

These then are the values of the constants in the equation 
r,^MY, + NY,. 

127 . Next, the relation just obtained can be written in the 
form 

y, - ilf («, 7)y, + ilT (ct, / 8 , 7) y,. 
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Change a, a + ;8-7 + l, into t'-®', 7'-/?', 7'-a'-/9' + l 
respectively; that is, leave 7 unaltered, and change a and ^ into 
7 — and 7-/8' respectively. Also, multiply throughout by 
(1 — that is, by (1 — ; the foregoing relation 

becomes 


i’(7 — o', 7 - 7, «) (1 - xy-*'-*’ 

= M (a. A 7) ( 1 - x)y-‘’-P’ F(ei'-y+l,/8'-y+l,2-y)x 

+ AT (a, /3, 7) ( 1 - xy-^'-^ F(y-a', y-fi',y-ei'-j3'+l.l-x), 

which is of the form 

y/ = M (a, /9, y)t// + N (a, /9, 7) y/, 

where y/ denotes yj with o', /S' as elements instead of a, /9. Now 

Jlffa S rA n(7-l)n(g-7)n(^-7) 

^ (1 - 7) n(a- 1) 11 (/8- 1) 

= n(7-i)n(-a')n(-/3') 

lI(l-7)n(7-a'-l)n(7-/8'-l)’ 

JVfa n O-7)n(a-7) 

N{a.fi,y) -n(a + /8-7)iJ(-7) 


Hence, putting 




n(-/ S') n(-a') 
n(y-a'-/S') u (-/)• 

n(7-i)n(-a)n(-/8) 


n(l-7)n(7-a-l)n(7-/8-l)’ 

n(-/3 )n(-«) 
n(7-a-^)n(-7)' 

we can take our deduced relation in the form 

yi, = A/,y* + Ar,y„ 

or in the form 

To find the constants in the relation 

F.-Jl/,F, + Ar.F., 

we note that y„ in Fi , yi» in F», and y^ in F„ coexist, the range of 
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their ooexistence being — oo<^<0; so the constants will be 
found from the relation 

Change the variable x into where 


then the relation becomes 


7-i8, 7,ic') 

= Jf, J"' (1 - i-Ca - 7 + 1. 1 - /3. 2 - 7. fl!') 

+ (1 - (a. 7 - A a - /3 + 1, 1 - a>'). 

that ia, on division by (1 — a:')®, 

^( 0 , 7 - A 7 * = \ 1 2 - 7 , a!) 

+ ir,F(a, 7 — /9, a — jS + 1, 1 - o'). 


Let 7 — i8 = ^'; we now have 

F (a, /S', 7. x') Jl/* (- l)-yx'y J'(a _ 7 + 1, yS' _ 7 + 1, 2 - 7. a/) 

. +i^,F(a./ 9 ', a + /S'-7 + l, l-a;'). 

Comparing this with the relation 

Vi^Miyi + Nay^, 

we have 


M, (-l)r 


n( 7-i)n(«-7 )n(<8'-7) 

n(i-7)n(a-i)ii(^'-i) 


. . ii(7-i)n(a-7)n(-ff) 

'■ ■' Il(l-7)n(a-l)n(7-/S-l)' 


_ n(^-7)n(a-7) 

n(a + y9'-7)ll(-7) 


n(- ^)n ( tt-7 ). 
n(a-/8)ri(-7)’ 
and with these values we have 


We proceed in the same way to the determination of the 
constants in the relation 


F. = Af.r,+JV.F„ 
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taking it in the form , • 

yi»”‘Mty„ + Ntyu, 

the special integrals coexisting in the range — ao<in< 0 . The 
analysis is exactly similar to the analysis in the last case; and 
■we . 

Jf. f 1 )^ n(y-l)n(/8-y)n(^a) • 

* ^ n(l-7)n(/9-l)n(y-a-l)’ 
y n(-a)n(;9-7) 

* n(/3-a)n(-7)* 

1. EstabliBh the following results, indioating the respective ranges of 
values of a; over which the relations are valid : — 


where 


(i) 


_ n(y^l)n(y-tt^/ 3~l) 

** n(y-«-i)n(y-/a-i)’ 


n(y-l)n(a+)3-Y-l) . 
n(o-i)n03-i) ’ 


where 


where 


where 


where 


and 

where 


(ii) 

4 _/ i\s n (y — 1) n (a— y) „ Il(y— l)n(o— y)^ 

(iii) F|=^aeIs+'53ola> 

i u.( IV n(y-l)n(S-y) „ , ,y»_yn(y-l)n(S-y). 

(iv) F’i = il4sl’4+i?45rj, 

j t n(y-i)n(-j3) n(y-i)n(-/3) . 

(v) ^l = A^||y^+£^eT'g, 

yi nr-o n(Y-i)n(-») » , n(y-i)n(-a) . 

A» (-1) ^n(/3-i)n(y-«-i3)’ ^ ^n03-a)n{y-/3-i)' 

(vi) Fi<=jljel6+'®Ml^o» 


n(y-l)n(3-a-l) 

n08-l)n(y-a-l)’ 


„ n(y-l)n(a-/3-l) 

“ n(«-i)n(y-/3-i)' 


(These six relaUooa, together with the four in the text, are the full eet of 
linear relatione into which Ti enters.) 
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Es. 8. Shew that 
whew 

p n(i-y)n(Y-a-ff-i) n(i-Y)n(a+g-Y-i) 

n(-e)n(-/3) ’ ^ n(a-y)n(/S-y) * 

Ex. 3. Prove that, by an appropriate selection of individual integrals from 
the group# Yu P., made by taking one from a group, it is poesible to 
establish linear relations between any three of the quantities Fi, Y^, 

Obtain the nine linear relations, other than those given in the text or in 
the preceding two examples. 


128. We now pass to a different set of equations which 
connect any two of the particular solutions and their differential 
coefficienta 


It has been proved that, if F, and Fj be two particular 
solutions of the equation 


then 


V » V . 

^ dx ^ dx 


Ce-5Yda^^ 


•where G has a constant value which depends upon the pair of 
particular solutions selected. In the case when the equation is 
that satisfied by the hypergeometric series, we have 

p^ 7-(tt+/3 + l)a; ^7 

x{l—x) ^ x“^ 1— a? ' 

and therefore 

The value of C in any equation may be determined, either by 
a comparison of coefficients of the same power of x on the two 
sides, or by the substitution of a particular value of x. 

Example 1. Let 

F,«y,»a^“i^F(a- 7 -l-l, /9-7+1, 2 - 7 , x)\ 

Fa = y, = F(a,)8,7,/r). 

Let each side be expanded in ascending powers of a; ; the term 
involving the lowest power of x in 

Tr \ 
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is — ; the term involving the lowest power of x in 

dx 


is — (1 — 7) £c ^ : hence, equating the coe|ficients of the lowest powers, 
we have 

a=-(l-7) = 7-l, 

and therefore 

Example 2. Let 

1^1 = yo = -f’Ca, / 3 , a 4 - ^ - 7 + 1, 1 - ®); 

^2 = 2/1 = 7> ^')- 

We have already proved that 

y, = %3 + iV^y5, 

in which M and N are definite constants. This relation gives, on 
differentiation, 


and therefore 


ax dx dx 


from the result of the last example. Now, from the values of M 
and Ny we have 

M n(7-i)n(-7)n(a + ^-7) 

N~ n(l-7)U(a-l)lI(/9-l) ■ 

But n(i -7)=(i— 7)n(-7)=— (7- i)n(— 7), 

and therefore 

n( 7-l)n(a+/8-7) . 

^ IJ(a-l)n(/ 3 -l) ’ 

the equation becomes 

n( 7-l)n(a + /3-7) ^a;yr^-i 
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I 


Ex. Provs that • 


and that 


„ ^ „ <^y6 n (a+)3 -y ) n(l - y) 
■n(o-y)ri(j3-y) 




(-!)'*( 




; II,(3-l)n(y-a-l)"' 


129. In all the foregoing investigations, the quantities a, 7, 
have been supposed to be independent, and the series have con- 
sequently retained their most general form ; but many important 
applications are made, by assigning either one or two relations 
between the three constant elements, or by giving numerical 
values to one or more of them. Such applications (as for instance 
to elliptic integrals) cannot be discussed here; but the student, 
who wishes for information on these matters, will find at the end 
of the chapter a list of the more important memoirs dealing with 
hypergeometric series. 


Special Cases of Integration in a Finite Form. 


130. We pass now to consider some special cases when the 
bypergeometric series can be expressed in a finite form. 

It has been proved (§61) that the quotient 8 of any two parti- 
cular solutions of the equation 


satisfies the equation 






where / is a function of x only ; and it has been further shewn 
that, from any particular value of 8 which satisfies this equation, 
the value of the two particular solutions of the former equation 
can be obtained. In the case of the hypergeometric series, the 
value of / is 





+ 


l-y’ fi* +1^-1' 

(x — iy x(x—i) 


(A), 


X, (I, V, being definite functions of the constants a, and y ; and 
therefore the corresponding differential equation, which gives tf, 
may be written 


1-X> , 1-v* 
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If then a relation between s and x can be* found which is 
expressible in finite terms, it follows from the formulse of § 62 
that the hypergeometric series will be expressible in finite terms. 
This cannot be expected to occur in the case when the parameters 
are general ; from the few instances now to be given, it will be seen 
that the values of /i, p, are definite numerical constant. 

There are in all fifteen separate cases, and no more; for the 
proof of this, reference should be made in the first place to the 
memoirs of Schwarz (see § 134) to whom the investigation, in a 
completely different form, is originally due. 


It is convenient to recapitulate hero the general fortnulse of transformation 
of the function {«, x) for the changes of the variables ; the special examples 
given in Ex. 3, § 62, are particular cases of the general relations which are 



(,,4-(S)’n SI- JTI .. 

(i), 

and 



(ii). 

As additional 

examples we may take 



t ’ 

(>»). 

and 

[cs + d^ 



Another formula, which will prove useful, is that which arises by supposing 
then we have 



so that 


therefore 


and 


r ” 

\// ’ 

1- A L 

, /*"\* ^ 2n* 

HyJ = — P — ’ 

1-p 


BO that 
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I 

which may be writtea in either of the forms 

1 

1 i — -s 
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* ^ 


,.(v). 


131 . CaseI. 

By writing in (i) in the formulse just enumerated, we 

have 


l8,x}=^{S,x} + [^y{s,8}. 


By a series of proper substitutions we may pass from this equation 
to the corresponding equation for the h 3 q}ergeometric series. 

Firstly, let 


S = ' 


- 1 s" - 1 


then 

« 

while, by (iii), 


■ <r + 1 «’*+!’ 


|«,^^ =i(<r + l)«{a, <r). 
But O’ = 8^; therefore 


js, a-] ■■ 


1-? 
2<r» ’ 


and thus 


Secondly, let 


f - O' — 1 1 _ »i (<r + 1)* 


8 . 


<r + ij 


2 4 <r» • 

T = S*=^l-x, 


so that the relation between s and w is 
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Again, using (i), we have ^ 

dT 


233 


but 


dx 


-1. 


BO that wc have 
Also, since 

we have 
and therefore 


{T,x} = {l-x, ar} = 0 , 




1 -i 

(!-*)>• 




x=^ 


4(r 


(<r + ir’ 

When these substitutions are made in the original equaClon 
which gave {5, x], it becomes 

.4r.l:i+lzi+ 

^ L(i — a;)’* x^ a? (a; — 1)J 

This is of the same form as the equation (A) in the general 
case, and is identical with it when we write 


and then the relation between s and x is 

- 1\* 


^=-. »' = J. /* = i; 

)ween s and x is 
/s“-lV , 


or 


a? = ; 


Now X«=»(l — »y)s, = — a — / 9 )*; remembering 

that 7 — a — /9 must be positive in order that the series may 
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convei^ even whdn the variable i» equal to unity, and assuming 
that a is greater than /3 (which is permissible), we may take 




7=1--. 

* <w 


2n' ^ 2n ’ ' n 

If it be (Jesired to have yS pbsitive, we can change the sign of n; 
and then the elements of the hypergeometric series are 

and the relation between s and x becomes 


The latter gives 


and therefore 


/I \h 




5 = 


while 


2 > 

{l + (l-^c)4}» 

I— L 1 

a'-i = ni(l i*” {1 + (1 - 

Now the two particular solutions, when the equation is in its 
normal form, are 

C^s'-i and C.s’-^s, 

and the relation between the dependent variable v in this case 
and the dependent variable in the ordinary differential equation 
is (§116) 

y = W - i-y (1 _ a;) - 4 <“+^+ 1 - 'i'), 

which becomes 


y^vx 


in the special Cfise. 

Hence the primitive of the differential equation 


IS 


1 11 11 
{1 4- (1 - + (7, jl + (1 .. 
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« 

Moreovei^ on comparing these two particular splutions 

1 _i _i 11 

{1+(1— «)*} “ and at “{1+(1 — 

with the set of particular solutions, we find that they correspond 
respectively to l. and ill. of § 120; in. fact, the relations are 

“■* -L’ (H). 

the common factor x " having been removed from the latter. 
These two relations are of course equivalent to one another. 

132. Case II. From what has been proved in the last case 
it follows that, when we assign the particular value 2 to n, we have 
the relation 




as a solution of 


(<r*+l)’ 


if 




Firstly, let 
then 


f(f. + l) = l; 


'(l-f)> 


and 

Secondly, let 










then 
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and the relation is 


Thirdly, by writing 


' -f- - « J_ . 




<r»- 1 
2a- 


fa = V'Sfj; 


we at once have 


{<r.f4 = 3(^,?.}^ 1 


d + Sf.O” 


where 




f-1 
2<t V 8 


Fourthly, let <r = «* ; then 




Now 

and 
so that 

Hence 


{«, ff) = {s, A'’| = ^ ; 


1 (^X 
<r»WJ “(■ 


<r» + iy l+3f,‘ 


{«. f.} (/+ 3f,»)a’ 


and the relation is 


‘-1 


’ 2»“V3 

,^+i. 


Fifthly, let 
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132] 


then 

4 27 




(f*-l)‘‘ 8 ■(?4-l)*'16(e4’ + ?«+l)* 
27 

' 8 (?/-!)“’ 


and the relation is 


f4 = 


«‘ + 2s"v'3-l 


Sixthly, let 

then 
Also 
and 
Hence 

and the relation is 


s*-28^'s/S-1 
f 6 = f 4® ; 


K ?.} = 




e.(fa-l)» fa* 


I that a solution of 


It therefore follows that a solution of 


in the case when 
is given by 


/ 8« + 2s»v^3-i y 
V-2«*V'3-1/ * 


From this relation the value of 8 can be found (it is a some- 
what complicated function of w) and thence s' ; and this will lead 
(§ 62) to the solution of the equation 
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133. Case III! From the two 'preceding oases a new one can 
be constructed. 

For, in Case IL, let 


then 

by Case i.; and so 


4a 

{«. «} * (^) [(«. ®} - 1^. «}] 
1 

\dz) a? (1 — a)J 
, -T^ 


then 


Now change z into — a, so that 

4a _ / «« + 2s»V3-l y. 

(A-l)*“ ''“\-a« + 2s*V3 + i/ ’ 

_ I I A I A 
a>'^(1-a)»'^a(1-a)’ 

A comparison with the general formula shews that the last 
relation between a and a is a solution, provided 

^ = h v = 'i, 

and therefore 

« = 7 = f* 

Hence by means of the preceding relation we can obtain the 
primitive of 


in a finite form. 

Ex. 1. Shew that from Case iL can be derived in a finite form the 
solution of 
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Ex. 2. Shew that from Case iii. can be derive(^ in a finite form the 
solution of * 

Further cases will be found in the Miscellaneous Examples at the end of 
the chapter. . 

It may easily be verified that, for all the examples given, we Live on taking 
positive values of X, /i, v, the inequality 

X+ft+i'>l; 

the case of X+/i+v— 1 is integrable by the simpler method of § 68. See 
Ex. 7, p. 141. 


134. An entirely different method of treatment of the matter contained 
in §§ 130 — 133 will be found in the author’s Theory of Differmtial EqwUiom^ 
vol. IV. §§ 59 — 62. For further information on the subject of the hypergeo- 
metric series the following memoirs should be consulted : — 


GAtras, “ Disquisitiones generales circa seriem infinitam 

,» 

1.7 1.2. 7(7+1) 

Qes. Werice, t. lii, pp. 123 — 163 ; 

“ Determinatio seriei nostrse per eequationem differentialera secundi 
ordinis,” id. pp. 207 — 230. * 


Kummbr, “ Ueber die hypei^eometrische Reihe,” Crdle^ i. xv. pp. 39 — 
83 and 127—172. 


Schwarz, “ Ueber einige Abbildungsaufgaben,” Crelley t. lxi. pp. 105— 
120 ; 

“Ueber diejenigen F^le in welchen die OaueAscAio hypergoomet- 
rische Reihe eine algebraischo Function ihres vierten Elementes 
darstellt,” Crelle^ t. LXXV. pp. 292 — 336. 

Cayley, “ On the Schwarzian derivative and the Polyhedral Functions,*’ 
Camh. Phil. Tram. vol. xili. ; Coll. Math. Papere, vol. xi. pp. 148— 
216; 

in the last of which references will be found to further memoirs. 


There is a memoir by Gohrsat which may be consulted with great 
advantage — “Sur I’dquation difierentielle qui admet pour integrals la sdrie 
hypergdom(5trique’' {Annales de Vdcole iiormale mpirieure^ Ser. n. t. x.) — in 
which, by developing a method due originally to Jacobi, ho obtains the results 
of Kummer and Schwarz. 


The Gamma-function, and the function defined by the hypergeometrio 
series, are discussed from the functional point of view by Whittaker and 
Watson, Modern AnaXym^ Chapters xu. and xiv. 
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MISCELLANEOUS EXAMPLES. 


1, Prove tljat, if • 

(a® + — 2a5 cos 0) " “ = 0 + 2i4 1 cos 0 + 2 -4 2 cos 2<^ + Sila 008 3<^ + . . . , 
then Ar may be written in any of the forms 

frlif-J) ! «+»•* »•+ 1. 5 


2. Obtain a solution of the equation 

. iA+B^+Ca^fU(,I>+Ea^)‘^I.+Fy^O, 


(Gauss.) 


as a hypergeometric series ; A, B, C, D, F, are supposed to be constants. 

(Gauss.) 

3, A function is said to be contiguous to /’(a, ft y, a^) when it is derived 
from it by changing one and only one of the constant elements by unity. Let 
/’(a+1, ft y, a?) be denoted by ; /’(a- 1, ft y, x) by F^^ ; and /’(a, ft y,a7) 
by F, Then prove the following relations : — 

(i) F-^aF^^-pF^^; 

(ii) Os=(y-a-l)/’+a/"a+ 

(iii) 0a*{y-2a-(^-a)a:}/^+a(l-^)/V+ -(y-o)/’a-; 

(iv) 0«y{a-(y-ft J:}f’-ay(l-a»)/^^+ +(y-a) (y-3) ^/’y+ ; 

(V) 0-(y-a-ft/’+a(l-;r)/;^-(y-ft/>.. 

(Gauss.) 

4. Prove that 

(1 - X) /’(a, ft y, a:) ( 1 - a, 1 - ft 1 - y, ^) - 1 

“ 1 - A 2 -y, x;. 

(Gauss.) 
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5. By changing the independent variable in the diffeqential equation, verify 
the following relations : — * 


(0 2a+l -y, y, y)=F(^ a+i, y, • 


((iauus.) 


(Q&uua,) 


(ii) (l+yWo, a+i-/9, /3+i.y)-/*(«, 2/3, (j^)- 

'iii) F{a, a+^+ J, sin* d) « ^2n, 2ft 0 +/ 3 + J, sin* ^ . 

(Kummer.) 

Provo also that, by changing the variable from a: to — 8:r{l + (1 — 
rr/a fl + l 2a + 2 “ + ^ 2a + 2 -48in®^\ 

(Kummer.) 

6. Shew that the functions and which are the inde2>endcnt solutions 
of Legendre’s equation, may be expressed by hyi)ergeometrio series in the 
forms 

l-». P). 

= « + l, n+g, «*), 

the variable x of Legendre’s equation being connected with ( by the relation 

2.r=f4-|-h 

(Heine.) 

7. Shew that, if the independent variable in Legend i*e’s equation be 
restricted to be less than unity, the primitive may bo represented by 

AFi-^^n, Jw + J, i, i^t + 1, 

where the series, if infinite, converge. 

8. Denoting the series 

1 + 5®): a + ‘ii^li£-£±lLXirtl X* + . 

^et i.2.d.d+i.t.»+i 

by /'{(“’ , orj , prove that F satisfies the differential equation 


(Heina) 


(l-a!)a^'^+{d + *+l-(a + 3+y+3)^r}:C^^ 


dF 


+ {$fX (a/3+^y +ya + a +i3 -|-y + 1)} — <iPyF =0. 
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I 

9. Obtain integralsiof the equation 

aa' - jaa' + - y y ) x -h 

da^ dx ’ 

(i) in powers of i?, (ii) in powers of 1 — a?, (iii) in powers of ; and indioate 
relations between these integrals, it being given that 

* 1 . 

10. Shew that the differential equation of the hypergeometric series 
possesses two integrals, whose product is a polynomial in in the following 
cases : 

(i) a--Jw, 

(ii; 

(iii) a+i3s*-n, and y=i, or — or or -w + }, 

where n is an even integer in each case. 

Are these all the cases in which the indicated property belongs to the 
equation ? 


11. The equation 




hai^a particular solution of the foim ; determine n and obtain the primitiva 
Hence express sin a? as a hypergeometric series. 

(Goursat.) 

12. Obtain in a finite form the primitive of 


also of 




13. Prove that the relation 

X _ («®-pl48^+l)* 

108 s*(««-iy 

satisfies the equation 

is 




(ii) *(i-^)^+(j-fi*)f-my=o. 


(Goursat.) 


x{\-xy 

Henoe obtain in a finite form the primitives of the equations : 



14. Prove that the relation 
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satisfies the equation 


(2-1)2 (s8 + 14«44-1)» 

42 108j^(«*-.1)4 

(t *}-M+ i^g I 


2* • (l-2)»^2(l-2)' 

Hence obtain in a finite form the primitives of the equations: 


dx^ 


(ii) 

15. Prove that 

F{a,a + l, 2 a + l,x) = 2*“{l+(l-2:)i}-!!“; 

and that 

F(2,5,5, ;r)= {/’(!,§, 3. x)Y 


SUPPLEMENTARY NOTES. 

I. 

INTEGRATION OF LINEAR EQUATIONS IN SERIES BY THE 
METHOD OF FROBENIUS. 

The two methods, given in ^ 83 and 84, are equivalent to one 
another : and either of them is effectively a process for constructing 
the coefficients in a Taylor series. The inverse of the process is 
given in §§ 114 and 115, where a knowledge of the coefficients 
is used to determine the differential equation. The only integrals, 
that are thus obtained directly, are those which occur in the form 
of series of powers of the variable. When other integrals, which 
are not expressible solely in series of powers, e.g. integrals which 
involve logarithms, are required, supplementary substitutions have 
to be made and further investigations, sometimes of an elaborate 
character, prove necessary. 

There is another method, quite distinct in character and 
significance, by which a single set of properly devised calcu- 
lations can be used so as to give all the integrals of the kind 
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indicated that aVe possessed by the differential equation. It is 
due to Frobenius* ; for the full establishment of the validity of 
the various steps, various propositions in the general theory of 
functions are necessary. Consequently, only an outline will be 
given here ; if a fuller account is desired, reference must be made 
either to the original memoir by Frobenius or to other places 
where a detailed exposition is given f. Further, the explanations 
will bo given only in connection with linear equations of the second 
order ; they apply to linear equations of any order. And a further 
limitation, to be indicated immediately, will be imposed on the 
form of the equation. 

Let the equation be taken initially in the form 


If an integral or integrals exist, proceeding in powers of a? - a, 
where both P and Q are finite when a? = a, the method possesses 
no special advantage over the methods already given. If, however, 
either P or Q or both P and Q be infinite when a? = a, then the 
piethod can be applied effectively to determine integrals. We shall 
assume that P, if infinite, has a? = a for an infinity of the first 
degree; we shall also assume that Q, if infinite, has a? = a for an 
infinity of degree not higher than the secondj. We write 

47 — a = 

P = \p> 0 = ^, 9 . 


* Crelle, t. Lxxvi. (1873), pp, 214^224. 

t Such an exposition is given in the author's Theory of Differential Equatiomt 
vol. IV. (Cambridge, University Press, 1902), pp. 78 et seq. 

t It vill be observed that these assumptions are justified for Legendre’s equation 
when x = l OT x= ~1; for Bessel’s equation when x=0; and for the equation 
of the hypergeometric series when x:=0 or x = l. If we are dealing with large 
values of ob, the natural expansion is in ascending powers of ; and very slight 
calculation will shew that the assumption made in the text is justified for Legendre’s 
equation and for the equation of the hypergeometrio series (but not for BeBBel’s 
equation) when x =qo . 

The corresponding assumption, when the linear equation is of order m and has 
the form 


r-j 


= 0 , 


is that Prf if infinite when r=n, has x=a for an infinity of degree not higher 
than r, for all the values of r. 
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• 

where p and q are finite (including possibly a «ero value) when 
t ^ Of and are supposed expansible in converging or terminating 
series of positive integer powers of t The equation thus is of the 
form 

If an integral exists which is of the type indicated, by being 
expansible in ascending powers of t, it may be taken in the form 

naO n«0 

where the summation is for positive integer values of ii. Should 
this be an integral, it must satisfy the equation identically. Now 

= {Wl — 1 ) -f 4 . fy] 

= V^f{t, m\ 

where /(t, ni) is of the second degree in rn and, owing to the 
character of p and y, can be expanded in positive integer powers 
of t When this expansion is effected, we have 

f{tf m) =/o (w) 4- tf, (m) + 1% (7n)+ 

where /o(>a) is of the second degree in ?a, and the other co- 
efficients /l(w^), ... are of degree in ?n not higher than the 

first. Then 

»=s0 

n = C 

= 2 {/„ (/) + n) + t/i(j) + n) + t%(p + n)+ ...} 

n=0 

*= 2 t'’-*-’^lc„/o(p + v) + C„-i/i(p-h7l-l)+ ... + C„/„(p)}, 
nsO 

on gathering together the terms with the same exponent. If the 
postulated expression is to be an integral of the equation, the 
right-hand side must vanish identically and therefore the co- 
efficients of the various powers of t must vanish ; hence 

0 =Co/o(p). 

0 = c„/i(p) + Cj/o(p + l), 

0 = C0/3 (p) + Ct/i (p + 1) + c,/o (p + 2), 
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and so on. As Cg is not zero, because it is the coefficient of the first 
term that occurs in y, the first of these relations shews that the 
values of /» to be considered are given by 

Mp)=‘0. 


which is a /juadratic in p. Thts remaining relations give 

/i(p) 


Cl Co 


Ca« 


Ca= Co 


yoip^iy 

^ Mp) 

Vo(p + l)/o(p4-2)’ 

A»(P) 


7o(p + 1)/o(P + 2)/o(p + 3)' 
and so on, where flip), A^Cp), fh(p), ••• are polynomials in p. 

If the two roots of the quadratic f (p) = 0 are equal, then no 
denominator in the expressions for the successive coefficients Cn 
vanishes ; these coefficients are finite, and the expression g {x, p) 
is foripally adequate for an integral*. 

If the two roots of the quadratic are unequal, and their differ- 
ence is not a whole number, then no denominator in the expressions 
for the successive coefficients Cn vanishes; these coefficients arc 
finite and, for each of the values of p, the expression g (x, p) is 
formally adequate for an integral. 

If the two roots of the quadratic are unequal, and their differ- 
ence be a whole number s, which will be assumed positive, the roots 
are of the form 

p,p + 8. 

We then take 


Co =/o(p + l)/o (p + 2) ... /o (p + ^) c, 
and thus secure that no one of the coefficients Cn is infinite; 
moreover Co is undetermined, and therefore an arbitrary constant, 
so that c is an arbitraiy constant. The expression g (x, p), when 
Co is replaced by its modified value, is formally adequate for an 
integral. 

* In order to render the proof of the method complete, it would be neoeseary to 
eetablieh the oonvergenoe of the series g (x, p) and, later, the convergence of allied 
series. For these, and oorresponding omissionB, we refer to the sources already 
quoted; the actual convergence of the eeries in particular examples will be manifest 
on inspection. 
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Thus far, the process coincides with the ordinary process; it 
is at this stage that modifications are introduced which give 
the distinctive character to the method of Frobenius. Instesul of 
dealing with quantities p which are roots of a quadratic equation, 
we introduce a [mrametric quantity a ; the quantities and c are 

regarded as arbitrary functions of a. Quantities c,, c are 

determined by the equations 

0 = c,/o(a-fl) + co/,(a), 

0 == ^ 2/0 (a + 2) 4- Cifi (a "h 1) 4- C(,yi(a), 

which in form are the same as the earlier set, if the first equation 
of that set is omitted and p is replaced by a. Moreover, we have 

- Co(Qt) hn (u) ^ 

/o(a + l)y;(a + 2) .../o(a4-n) ’ 

so that, if we choose a as different from a root of the quadratic 
/o (p) = 0, the quantities Cn (a) are finite. We thus have an 
expression 

a)= 2 

n =0 * 

also 

D(z)== 2 

n^O 

= 2 c„<“+»/(«,« + w) 

nsaO 

= 2 {/»(«+») + </, (o + n) + <*^ ( 0 + «) + ...} 

n *=0 

* 2 <*+"{c„/,(a + n)+c„_,/i(« + ri-l) + ... + Co/n(o)}. 
«*0 

On account of the relations among the quantities 0 , the coefficient 
of vanishes when n =• 1, 2, ; and so 

Dz^o,Ma)t\ 

an equation satisfied by 

z=g{t, 0 ), 

where a is an arbitrary parametric quantity*. 

We take the three possibilities in order. 

* The Beries for z ia one of the allied seriee indioated on p. 246, foot-note ; ite 
convergence ia aseumed in this expoaition. 
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I. Let f»(p) — 0 have a repeated root p’^a-; then, aa the 
coefficient of to* in /,(»») is unity, we have 

/,(«) = (a -<r)*; 


so that 


i)^=,Co(a — 


It is clear that the values of 


dz 

da’ 


when a is made equal to <r, give 

0.-0, b| = 0; 

in other words, two integrals of the equation 


are given by 


Dy=0 



II. Let fo (p) = 0 have two unequal roots p — a and r, 
where t — <t is not a whole number ; then 

/o(a) = (a-T)(a-<7), 

so that 

Bjs = Co (a — t) (a — <r) ^ ® 

It is clear that the value of z when a is made equal to t, and its 
value when a is made equal to cr, give 

Dz^O\ 

in other words, two integrals of the equation 

J5y«0 

are given by 

y=W.-r, 

III. Letyo(p) = 0 have two roots <r and a-s, where s is a 
positive whole number greater than 0 ; then 

/„(a)»(a-«7-) (a-«r + «). 

We now take 


c«=/o(a + l)/o(« + 2).../#(a + s)c; 
this makes the expression for z finite when the special values o* 
and <r — 8 are assigned to a. Also 

Co/* (a) = (a - <r) (a - <r + «)’ A, 
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•5 

where ^ is a quantity that remains finite wh^n a has either of 
the values a and o- — a. Hence 


Dz = (a^ (T)(a — a + syAt\ 

It is clear that the value of z when a is made equal to <r, the value 

dz 

of z when a is made equal to cr — 5 , and the value of ~ when a is 
made equal to cr — s, all give 

Dz^O; 

in other words, there are apparently three integrals of the equation 

Dy-O 
= 


given by 


But consider 
We have 


y = y=r^l 




z^t^ S Cnt^ 

»«0 

^-1 

2 CnV^^t^ 2 Cnt” 

fisO nssf 

+ S c,+^V\ 

na=0 «t = 0 

Afl regards the first sum, the coefficients Cn, for all the values 

w*0, 1, ^-1, 

contain a factor a — cr + 5 , because 


cAo)K{oi) 

** /o (« + i ) ■ • • /o (a 4 * w) 

~yo(«4 4 1) •••/o(a 4 «) A»(ft)c, 

which, for w — O, a— 1, contains /o (a 4 «), and therefore also 
a 4 « — 0 -, as a factor. Hence, when « is made equal to cr — the 
firat sum vanishes. As regards the second sum, we write it in 
the full form 
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which, when a is made equal to <t — s, l)ecomes 
t'c, (<r - s) + (o- 

a series that begins with and proceeds in ascending powers of t. 
But 

« 

is a series that begins with and proceeds in ascending powers 
of t; hence the second sum in is either another integral 

beginning with or it is a constant multiple of = 

If it could be another integral, a combination 

[z] ammo ^ [- 2 ^] a^c—8 

could be taken so that, by appropriate choice of the constant X, 
the term in would vanish and the expression would begin with 
It is a linear combination of two supposed integrals and 
therefore is an integral of the equation : so that, on the hypo- 
thesis assumed, we have an integral of the equation that begins 
with and involves powers of t only. There is no such integral, 
for O’ + 1 is not a root of /o (p) = 0. Hence 

, y =* H-,-. 

is not an independent integral ; it is a constant multiple (which 
may be a zero multiple) of 

y = W.-»- 

Consequently, in the present case, two integrals of the equation 
Dy = 0 are given by 

y=W— ». 



Summing up the results, we may state them in the following 
rule : — 


The primitive of the differential equation 


where p and q are uniform fvmctions of t that remain finite when 
^ = 0, can he obtained by constructing an expression 
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such that all the terms in 

„ ^ dz 

vanish except mly the term in t\ If 


t? 


d?z 


dz 




/o(«) being a quadratic function, of there are three cases: 

I. If the roots off(p) ^0 be equal, and have a as their common 
value, two linearly independent integrals are given by 


y=W- 


y 




II. If the roots of /o(p)=0 be unequal and do not differ by 
an integer, and if they have a and r as their values, two linearly 
independent integrals are given by 

2/ = W.=*. 2' = W.=t. 

III. If the roots of fo (p) = 0 be a and o’ — 5, where s is a positive 
integer, the proper modification in Cq must he made : and then two 
linearly independent integrals are given by 


[pCLJar. 


jr =[?].=., y- 

As the equation 

/.W=0 

determines the index of the initial term in the various expressions 
for y, it is often called the indicial equation', and the quantity 
fo{p) is often called the indicial function. 

The general theory will now be illustrated by some particular 
examples. 

Ex, 1. Consider the hypergeometric equation when ; it is 

Lot D denote the oi^erator 




Taking 

and the relations 


' dx 


n=*o 


(»+ 1 +p)‘«»+l«>(»+a+/>) (tt+/S<+p) 
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we have , 

y=«„xP|l + _.^-_- (T+^Hl+^r^ **+”•/ 

-ObJ?<'^(a, A p, x), 

say. We also have 

• i)y=.irP-ico/^‘-'. 

Clearly 

[1^1 . 

. L^fUp-^i 

are solutions. 

Ill the jiresont oabc, we can tike unity. The integral [y]pz*o gives 

F{a, /3. 1,0;) 

solution. The integral gives 


as one 
F{ay A 1, or) log O' 


^ PV« ^ 1/ ra Va^a+l^/y^/3+1 1 2 ;^ + - 

as the other solution. 

Ex. 2. Obtain the pnmitive of the hyporgeometric equation, when y is a 
negative integer. 


Ex. 3. Consider BessePs equation for functions of order zero, viz. 

i>3^=^y'+/+^==o. 

It is not in the exact form of the general theory : to corn^iare it with that 
form, we note that 

p=Xy q=:x^: 

an irrelevant factor x can be removed. We substitute 
2 = CoO? * + Cj 07“ * * +rr2-^* + . . . , 

and choose relations among the constants c so that all terms other than those 
involving the lowest power of x vanish ; and wo find 


5;/>2=Coa2a;“, 

provided 

(a+l)2ci-0, 

(a + » + 1 )2 c?» + 1 -h Cn « 1 = 0, 

the latter holding for 92 ~ 1, 2, 3, .... When these relations are solved, and the 
values of the coefficients c are substituted, we have 
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I 

In the present instance, we have^(a)»a^ so that th^ equation is included 
in the first case (p. 251) : the two linearly independent integrals are 


The first of these is 

or, taking we have 


For the second, we note that 

9, f ) 

Da l(a + 2)*(a+4)*...(a + 2p)^/ 


“ ^ (a + 2yr(a+2p)*“®* 

■ 2 

(a4-2)^...(a + 2p)^ \a + 2 a+4 + * 

and therefore, making 1, we obtain the second integral in the form 


yi- 





2*. 4*. 


where 




The expression for ?/y is usually denoted by (ar), so that 


the primitive of the equation is 

y = dJ'o (^) + -5^0 W- 

Ex. 4. Consider Bessel’s equation for functions of order n, viz. 

+ (^8-722) yr-O. 

Constructing an expression 

« « Cg ^ + Cl X • ^ + C2 07 * + 2 ^ ^ ^ ^ ^ 


Dz = Cq (a* — n^) x% 
{(a+l)*-n*}Ci=0, 

{(o + »«)*- M*} C„, + C„ _ s « 0, 


we have 
provided 
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the latter holding f 9 r mssl, 2, 3, .... When these relations are solved, and 
the values of the coefficients c are substituted, we have 

S ^ ^ “1 

+ + {(a+4)*- «*} " ’"J • 

In the present instance, we have 

/o ^)l 

so that the equation is included* in the second case (p. 251) when n is not 
a whole number, and it is included in the third case (p. 251) when n is a whole 
number other than ;sero. 

First, suppose that n is not a whole number. Then, when a » n, take 


and when a - n, take 


“ 2 “n(w)* 


"2'"n(-w)’ 


The two integrals are 


(-1)" 

"r=oU(«+r)n(r)W — 

y2*=[2]a 

_ s (-1/ . 

.i«ri(-n + r)n(r)W 

and the primitive is 

Secondly, Buppose that n is a whole number which will be taken to lie 
the positive square root of w*, the quantity that occurs in the differential 
equation. 


One integral is given by 




taking Cg to be 

“ (-I)*- /’xy**' . 

^‘’"rion(«+r)n(r)(,2} 

* Strict oompariBon with the general case shews that the critical value arises 
when 2n is a whole number. But the vanishing denominator factor arises through 

a quantity of the form (a+2p)2 ~ where p is a whole number : so that, whether 
a be + n or - n, the factor can vanish only when n (and not merely 2n) is a whole 
number. 
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The second integral arises when a» -n. One of th^ coefilcients becomes 
formally infinite through the occurrence of a denominator factor (a + 2 n)^ - ; 

accordingly, we write 

Co ==0 {{a + 2/1)2 - 


and then 

2 -s <7 {(a + 27 i) 2 - w*} 


n {(a+ 2 r) 2 -/i 2 }; 
ral 


I ' ■' n {(a+2r)*-««} 

r=l -* 

te* -] 

n + 2n + 2)* - {(a + 2« + 2)* - /!*} {(a + 2»+ 4)'' - ~ • J 


— H — "I 

L (n+2n + 2)*-Ma^{(a+2«+2)»-/!*}{(a + 2»+4)''-«*} "'J 

= 2 i + ^ 2 > 

say, where Zi denotes the first lino and the second line in the expression 
for 2. And now 

Dz^C (a2 — n^) {(a + 2/i)2 — 

= 0(a- n) (a + /i)2 (a + 37^) 

Two integrals are given by « = — ; they are 




and the former, by the general theory, is to be a constant multiple of 
W.-n- Now 

-n= 0 , 

on account of the factor a + w in each term of Zi ; and 


so that 


£/ 


and thus it provides no new integral. 
For the other, we have 


7 

^ ^ n (n - 1 — m) ^ 

J— -« ~ ^ir(M “ „lo W ' n (m) " ” ’ 


say; and 




1 :: 1 — 

2 =*(»t + l) 2 «(m+ 1 )(m 


+ 2 ). 1.2 •••_ 




say : so that the integral is fi-f ^2- 
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lu fsf the part reprosented by 




rao n(r)n(w+r) \2 

i8 a constant multiple of ; it therefore can be omitted, for has been 
retained and any linear combination of integrals with constant coefficients is 
an integral* < Rejecting this part, and choosing 




so that 


2*->n(n)’ 

we have the second integral in the form 
^2\" n(n-l-m) (x^ 


n 00 

2 


n (m) 


'(!)■ 

{2 log a? - V' (r) - ■^ (» + r)} ^1* ^ , 


W ,=on(r)II(M+f 

which differs only by a constant multiple of from the expression given in 
§ 106, Ex. 1. 

The primitive is 


Ex, 6. Integrate the equation 

Z>y*=a:(2-iF2)y'-(a:^-|-4r+2) {(1 -A’)y'+y}=0 

by means of integrals proceeding in powers of x, (The equation can be 
integrated by quadratures: it is here used to illustrate the method of 
Frobenius.) 


We take 

and easily hnd that 
provided 

and 


11=0 

xDz = 2a(a — 2) Co jr®, 

0«=Ci (a* — 1) — Co (a -1-1), 

0 = 2 c 2 a(a + 2) — 2ci (a -p 2) - c^ (a - 2)*, 


2 (n-f a-f-l){(TO + a- l)c„ + i — CnJssCn + a-S) {(7l-l-fl-3)c«^2 

the last holding for 2, 3, .... 

The equation /o(p)«0 here is 

p(p-2)-0, 
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so that the two values of a are 2, 0. When a is made equal to 0, the ooefBoient 
of C 2 vanishes as the eqiiations stand ; so that we write Coj and then 



(a-|-2)c4—C3-f 

where A is finite, and so on. Thus 

*= Co*- (l +C3X-** {l +-l-^ + + +a*R (*, a), 

where R (x, a) is a regular function of x and a, which remains finite if aaO 
or ass 2. For this value of z, we have 

xDz = 2a* (a - 2) Cx\ 

First, let a=s2 ; then an integral is given by [^]a« 2 , which is 

2<^^(l+^+f. + 3"! + •••) = 

or, making 2(7=1, an integral is given by 

yi=a^^. 

Next, let a=0; then integrals are given by 



Taking account of the value of c^, the former of these is evanesoent, and the 
latter is 

or, adding j(7yi and making (7*1, we have an integral 

The primitive of the equation is 

y = i4;r*s* + jB(l -x). 

Ex, 6. Integrate the equations : 

(i) :F*(l+:r)y'-{l+2x)(^'-y)=0; 

(ii) a^(l+x) - (2 + 4a?) ary' +(4 + lOor) ay' - (4+ 12.r) y = 0 ; 

(iii) a?3(l+a?a)y"-(2 + 4a72)ay'+(4 + 10jr2)ay-(4+12a?2)y=0; 

(iv) 2(2-a?)a?y'-(4-ar)a7y'-P(3-a?)y=0; 

(v) (l-a?)a?y'4-(6jr-4)ay+(6-9a)y«0; 

(vi) ay"+(4ar*+l)y'+4a:(.r“+l)y*0; 
obtaining integrals in each case in series of powers of a?. 


V.D.B. 


1 
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Ex, 7. Discuss th^ integrals of the equation 

which proceed in powers of indicating their form in particular when 

a+2>=l. 

Shew that the above equation includes Legendre’s equation 
(1 - 2*) / - 223 r' +/) (p + 1) y « 0, 
the relation between the indei^ndent variables being 

2=1 —2a;; 

and hence obtain an expression for the primitive of Legendre’s equation. 

Ex. 8. Integrate the equations : 

(i) a;2y’+4(a;+a)y=0; 

(ii) xy^' + (1 + flw;*) y* + hxy = 0 ; 
where a and h are constants. 


II. 

EQUATIONS HAVING ALL THEIR INTEGRALS REGULAR. 

This note is restricted, for the sake of simplicity, to linear 
equations of the second order. For the discussion of the corre- 
sponding questions affecting linear equations of any order, reference 
may be made to my Theory of Differential Equations, vol, iv., 
Chapters ill., iv., vi., vii. 

We have had numerous examples of linear equations of the 
second order in which the integrals belonged to one or other of 
two types. One type was represented by a power-series, say R (x). 
The other type was represented by an expression involving power- 
series and a logarithm. Thus for Legendre's equation, in varying 
circumstances, we have had solutions given by 

(0 -Pn Rnd Qn, 

(ii) On and Q„loga? + jR», 

(iii) Pnand Pnlogfl? + /Sn, 

where Pn, Qn, En, S^, are power-series. Similarly for Bessel's 
equation, in ascending powers of x ; and for the hypergeometric 
equation. Such integrals are called regvlar. 
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Some equations have all t]ieir integrals regular, whatever be 
the variable of expansion in the power-series. Thus all the 
integrals of the hypergeometric equation are regular, whether 
they proceed in powers of oc, or 1— a?, or 1/x, or 1/(1— a?), or 
£t/(a7 — 1), or {x^l)jx. All the integrals of the Legendre equation 
are regular. The integrals of the Bessel equation •are regular 
when expanded in ascending powers of x ; but (Ex. 2, § 105) they 
are not regular when expanded in descending powers of a?, for the 
power-series in Ijx are multiplied by ^ or 

It follows that we may expect to obtain a special class of 
equations, characterised by the property that all their integrals 
(in whatever expansions they are taken) are of the type called 
regular. We proceed to obtain their general form, when we deal 
only with equations of the second order, represented by 


where we shall assume that P and Q are uniform functions of x. 
In the first place, if the equation has an integral 
y=:ulog(x-’ a)~hv, 

where u and v are series of powers in a? — a, then 


y^u 

is also an integral. Let the former be substituted in the equation; 
then 


jdv 


+ P 


\da! ^ X — a) 


) + + 


2 dll 


: « = 0 , 


X - a dx (a? — a)^ 
which must be satisfied identically when the power-series for u 
and V are substituted. The only way, in which the terms in- 
volving log(d: — a) can disappear, is by having 
d^u du ^ ^ 


identically — ^which shews that y = u is an integral of the equation. 

Accordingly, we have two cases to consider, viz. (i) when there 
are two linearly independent integrals in the form of power-series, 
say 


Vi y2 * w, 
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where u and w areiseries in aacendipg powers of x ; (ii) when there 
are two linearly independent integrals 

ya = wloga? + t;, 

where % and v are series in ascending powers of x. 

In case Q, let the first term in be OqX”^ and the first term in 
iv he Without loss of generality, we can assume that in and 
n are unequal ; for if they were equal, we should substitute 


CqU-^OoW 

for either u or w, and the requirement would be satisfied. 

In case (ii), let the first term in be aox”^ and the first term 
in V be 6o^* Again, without loss of generality, we can assume 
that m and I are unequal; if they were equal, we should sub* 
stitute 

^01/2 "" ^ 0^1 

for ys, ^d then the requirement would be satisfied. 

For both cases, we have 


<Pyi I pdyt 
da? dx 


+ Qyi = 0, 


and therefore 


d?yt 

da? 



+ Qys = 0; 


dx y^dx)^ V'' d^ do?)' 

dx dx)^ \dx da^ dx dx^J’ 

Case I. Taking the expansions in ascending powers of x, we 
have 

y* ^ ~ y^ + •••> 


dyi d^ya ^ dy2 d^yi 
dx da^ dx dx^ 


- * — aoCoWi»(m — n)a?**^“*’*‘^* + . . 


Now w — n is not zero ; hence 

m -h n — 1 4- powers of x 
1 + powers of x ' 
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that is, when P is expanded in powers of x, it jnay contain a term 
in - as its lowest term; otherwise it will contain no negative 


power. Again, 


= 


rnn 4- powers of x 
1 4- powers of x 



that is, when Q is expanded in powers of it may contain a term 
in i as its lowest term, and also a term in - . Clearly P contains 

oir X 


no term with a negative index, if m + n = 1 ; and Q does not con- 
tain the term in i if ni or w is zero. 

x^ 


Case II. We have 

d^u ^ du ^ 

5j + P^ + «. = 0, 

d-v 2d.u « , „ (dv u\ ^ - 

There are two sub-cases, according asm<iorm>Z. 

We proceed as above. When vi < I, the lowest term in the 
expansion of P is 

2m — 1 


and the lowest term in the expansion of Q is 


When m>ly the lowest term in the expansion of P is 

Z -f — 1 


and the lowest term in the expansion of Q is 

Im 


The forms of P and Q, as regards the index of the lowest power 
of X which they contain, are the same as before ; the quantity x? 
contains no power of x with a negative index, and the quantity 
a^Q contains no power of x with a negative index. 
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Hence for all th^ cases it follows that, when the integrcUe of the 
equation 


dx 


are expanded in ascending powers of x, and are of the type called 
regular for^that expansion, xP and a^Q must he devoid of terms 
with negative indices when they are expanded in ascending powers 
of X. But xP does not necessarily contain a term in a?®, and a^Q 
does not necessarily contain terms in aP and 

Next, consider expansions in powers of a? — a, where a is any 
finite constant ; thus a = 1 for the hypergeometric equation. 
Writing x^a=t,we have the diflFercntial equation in the form 

g + i-l+Q’y.O, 


where now P' and Q' are uniform functions of t In order that the 
integrals, when expressed in powers of t and of a possible log t, may 
be regular, tP^ and i^Q' must be devoid of terms with negative 
indices when they are expanded in ascending powers of t Conse- 
quently, when P and Q are expanded in ascending powers of a; — a, 
it is necessary that (x — a)P and (x — af Q should contain no terms 
with negative indices, if the integrals of the equation are to be 
regular so far as concerns expansion in powers of a? — a. 


Further, consider expansions valid for very large values of x. 
We change the independent variable from w to z, where xz^l; 
and we consider expansions in jiscending powers of z. The equation 
becomes 

where 


P" = - 


1 

. 3 * 




In order that the integrals of the equation, when expressed in 
ascending powers of z and of a possible log z, may be regular, zP" 
and z^Q" must be devoid of terms with negative indices when they 
are expanded in ascending powers of z* Consequently, when P 
and Q are expanded in ascending powers of z, P must begin with 
a term involving at least the first power of z, and Q must begin 
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with a term involving at least the second power of z. Therefore, also, 
when P and Q are expanded in descending powers of a?, P must 
begin with a term involving at least the first power of l//c, and Q 
must begin with a term involving at least the second power of Ijx. 

We have considered the forms of P and Q for all the expansions 
that are to occur: the results may be gathered together so as to 
provide the complete explicit foims of P and Q. Let Oj, a,, a», 

be all the different finite values of x (including zero) that need to 
be considered ; and write 


T (5? “• Uj) ^>2) • • • (»r ““ ^n)* 

Then, for expansions in ascending powers of x^-^Ur, the product 
TP contains no term in a? — Or with a negative index; and this 
holds for each of the quantities Hence TP will contain 

only terms with positive powers for each expansion ; so denoting 
this quantity by M, we have 

TP^M. 


Similarly, the product will contain only terms with positive 
powers for each expansion; so denoting this quantity by iV",*we 
have 


T^Q^N. 


When the integrals are to be regular for large values of a?, we 
imagine P and Q expanded in descending powers of x; and then 

P must begin at least with a term in - , while Q must begin at 


least with a term in 


Now 


p= 



E. 

y»> 


and T is of degree n in x. Now P is not to have any positive 
power of X and not to have any constant term; hence if is a 
polynomial in x of degree not greater than n — 1. Similarly, Q is 
not to have any positive power of no constant term, and no term 


in - ; hence if is a polynomial in x of degree not greater than 

X 

2n-2. 
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We thu8 have the result : — 

The most general form of linear equation of the second order, 
which has its integrals everywhere of the type called regular, is 


d^y M dy N 


0 , 


where T is U polynomial in x of any degree n having no equal roots, 
while M and N are polynomials in x of degrees not greater than 
?i — 1 and 2n — 2 respectively. 

These equations were first discussed by Fuchs* by a different 
method, and for any order ; so they are often said to be of Fuchsian 
type. 


It follows, from the theorem which has just been proved and 
from the analysis used in the proof, that, when an equation 


is given, where P and Q are rational functions of x, we can at once 
settle by inspection what are the expansions that give regular 
integrals and what are the expansions that do not give regular 
integrals. 

The regular integrals would be constructed by the method of 
Frobenius. 


Ex. 1. Legendre’s equation 


is of Fuchsian tyj^e. For having unequal roots; also w = 2. Now 

— 2^, so that its degree is not greater than a — 1 ; and 

2f=p (p+l)2r=;j(p+l)(l-jr*), 

80 that its degree is not greater than 2 n- 2. All the conditions are satisfied : 
the integrals are everywhere regular. 

Similarly all the conditions are satishod for the hypergeometric equation 

^+{ y - ("+^+ 1 ) ^} ^ - ; 

its integrals are everywhere regular. 


Ex. 2. Consider Bessel’s equation 

Here T^x, with a eiiigle root, and 1. 

• CrelU, t, Lxvi. (1866), pp. 139—164. 
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The quantity M is unity. As regards eximnsions in ascending powers of ir, 
the condition for M is satisfied ; and expansions in descending powers of 
the condition for M is satisfied. 

The quantity iV is 4?* - w*. For expansions in ascending powers of 4?, we take 
ATas — m^+ 47 ^, and the condition is satisfied. For exjiansions in descending 
powers of 4?, the degree of the polynomial N should bo not greater than 2(1 — 1), 
while it actually is equal to 2, so that the condition is not satisfied. 

The integrals of Bessers equation are regular for expansions in ascending 
powers of x ; they are not regular for expansions in descending powers of x. 

Ex, 3. Shew that the equation 

d^y %T^-^ax+fi dy , dx'^+ffx+y 

d.v^'^ T «&■*■ T* ^ ’ 

wheie 

Tm (x — o) (4r - h) (x — c)t 

no two of the three constants a, 6 , c, being equal to one another, and a, ft a , 
ft, y, denoting constants, has all its integrals regular. Obtain these integrals, 
in expansions in 4: - a, 4? — 6 , 4 r - c, 1 jx, respectively. 

Ex, 4. Discuss the preceding equation for the cases 

(i) a^h^c; 

(ii) a^h^c\ 

obtaining in each case such integrals as are regular. 

III. 

EQUATIONS HAVING SOME (BUT NOT ALL) INTEGRALS REGULAR. 

We have seen that an equation (such as Bessel's, for example) 
may satisfy the conditions that all the integrals may be regular 
for one expansion and not all be regular for another. 

The question then arises; if not all the integrals are regular for 
one expansion, are there any that are regular for that expansion ? 

For simplicity, we shall consider an expansion in ascending 
powers of x \ and we shall, as before, represent the equation by 
-Dy * y'' 4- T\J + Qy = 0. 

When all the integrals are regular, the ooeflficients P and Q 
have the form 

V = 4 * + . . . , 

X 
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and the index p for a regular integral 

obtained by the Frobenius method with the relation 

Dy = {p(p-l)+Pop + 3o}» 

is a root (gp. 251) of the indicial equation 

/> (p - 1) -H pop + go = 0, 

which is a quadratic. The method of proceeding has already been 
explained. 

Now suppose that not all the integrals are regular; thus 
either P, or Q, or both P and Q, must cease to have the fore- 
going form. We still contemplate the possibility of an integral of 
the form 

y = + Cl A*^**"* 4- . . . . 

First, let P have the same form as before, and let 

then, when we use the Frobenius method for the construction of 
the integral, we have 

The indicial equation is 

?o = 0: 

that is, there is no index p, and therefore no regular integral. 

Next, let Q have the earlier form, and let 


P^Po.Pj 

X 


+ -H . . . ; 


when we use the Frobenius method for the construction of the 
integral, we have 

so that the indicial equation is 

Pop = 0 . 

Thus there is one index, viz. p = 0. The equation may have one 
regular integral; so we should construct the expression by the 
Frobenius method and, in any case where the series obtained is a 
converging series, we then do obtain one regular integral. 
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Next, let neither P nor Q hav^ the earlier forts ; let them be 

f 

When we use the Frobenius method for the construction of the 
integral, we have 

so that the indicial equation is 

Pop + ?o = 0. 

There is one index, viz. p = — jo/po* The equation may, or may 
not, have one regular integral ; we proceed as in the last case. 

So for other forms of P and Q, What is done in every case is 
to take the initial stage in the Frobenius method, so as to obtain 
the indicial equation. 

If the indicial equation has one root, the differential equation 
may have one regular integral. We continue the Frobenius method ; 
according as it does or does not give a significant expression in the 
form of a converging series, we infer the existence or the non- 
existence of one integral which is regular for the expansion. 

If the indicial equation has no root, the differential equation 
has no integral which is regular for the expansion. 

Ex. 1. Has the equation 

y'+Ji(2+ar)/-^,y=o 

any regular integral proceeding in ascending powers of x1 

When we construct the indicial equation for a possible integral + 

we find it in the form 

2gop=0; 

that is, there is one possible index, given by p=0. So we substitute 
y=Co+ciX+C2^^+ — 

as the expression of a regular integral, if it exists ; and we proceed to make it 
satisfy the equation formally. The law among the coefficients is 

(7i2-4) c^-i-2 (w + 1)ch+i«0; 

so that 

Ci = 2co, C3«0, C4«0, .... 

There is one regular integral, given by 

y=c’o(H-2a?+§a’«). 
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Ex, 2. Has the equation 

any regular integral proceeding in ascending powers of x 1 

When we construct the indicial function for a possible integral y a 
we hnd it iif the form 

Cq (p — 3) a 0 ; 

that is, there is one iK)ssiblo index, given by pa 3. So we substitute 

y^CQX^+CiX*+C2X^+.,. 

as the expression of a regular integral, if it exists ; and, as before, we proceed 
to make it satisfy the equation formally. The law among the coefficients is 

so that 

“ 4cq, C2® ““5Cj™20cq, •••• 

The series diverges, and thus is not a significant expression. The differential 
equation has no regular integral, proceeding in ascending lowers of x. 

Ex. 3. Discuss the following equations, in regard to their possession of 
regular integrals, proceeding in ascending j)owers of a: 

where a and b are constants ; 

(“) J'" +Ji -Ji (®“ + i y = 0, 

where a is a constant ; 

(iii) y'+^y-^{6+2a.'®)y-0; 

(iv) -2«+2^)y+(l--»)*y=0; 

(V) ;p*y'+(3:p-l)y+y=0. 

In every case when the equation possesses a regular integral 
(which we denote by yi), we can obtain an expression for the 
primitive of the equation. Proceeding as in § 58, we obtain this 
primitive in the form 

y = Ayi + Byi f ~ 

J Vi 

where A and B are arbitrary constants. 
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EQUATIONS HAVING NO BEGULAB INTEGBALS. 

9 

The question next arises as to whether an equation, which 
possesses no integrals of the type called regular, still possesses 
integrals of a recognised type or types in connection with which 
expansions can be used. As in the preceding discussion, we shall 
limit ourselves to expansions in ascending powers of x. 

If a linear equation of the first order 


possesses a regular integral 


then 


y = Co (xf^ + -f 02^?^+^ +...)> 

_ _ p _ Ci4-2cga?-h. .. 

X l+CiX + C2a^ + 


Hence, when expanded in ascending powers of x, R is of the form 


i2 = -- + ai + 023? + 08^5®+ •••! 

X 

that is, R may contain a term with index — 1, but it cannot contain 
a term with an index lower than — 1. 


If then, for a given linear equation as above, the expansion of 
R in ascending powers of x is of the form 


-- f?'* 4 . ^ 



— - + Oi + Oja? + + 

X 


the integral of the equation will not be regular, in the previous 
sense of the term. Take 


n 


— 4 -^ 4 - 4 - ~ 

X^ Of* 


ylr{x) — e 


-aiJ;- Jagx®- Jflsa:*- ... 
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SO that n is a polynomial in and '^(^) can be expanded in a 

os 

converging series of powers of x. We have 

y A^x^‘^{x\ 

where A the arbitrary constant. 


The expression for y in this integral consists of two factors. 
One of them is xf*yjr(x), an expression of the type which has been 
called regular ; it can be expanded in ascending powers of x. The 
other of them is which cannot be expanded* in ascending 
powers of x. Accordingly, we have an integral, quite definite in 
type, and quite distinct in type from regular integrals. It is 
customary to call such an integral normal. 

Hence, for equations of the second order which have no regular 
integrals for the expansions in ascending powers of x, we proceed 
to enquire whether an equation 

y'' + Py' + Qy = 0 

has a normal integral. If it does possess such an integral, say in 
a^form 

y^^u, 

where H is a polynomial in l/o;, the equation for u must possess a 
regular integral. Now, on substitution, we find that the equation 
satisfied by u is 

where 

p,=p-h2n', Q, = Q+pn'+n"-hn^ 


There are two ways of proceeding at this stage ; but, in each 
of the ways, the effectiveness depends upon the forms of P and Q. 

Firstly, suppose that can be chosen so that all the terms, in 
the expansion of Pi, in ascending powers of x and having indices in 
those powers less than — 1, disappear. Let P® denote the remaining 
terms in Pj, so that Po is of the form 

X 


* The valne gives what, in the tneoTj of fanotions, is called an euential 
iingularity of the function e^. 
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Let Qo denote the resulting value of Qi when this value of 11' is 
inserted ; and let the expansion of Qoi in ascending powers of a, be 


If 8 >2, the indicial equation possesses no root; the differential 
equation in Uy for this determination of 11, possesses no regular 
integral. But if 5 <2, the indicial equation possesses two roots; 
the differential equation in u then possesses two regular integrals, 
which can be obtained by the customary Frobenius method. In 
the latter event, the original equation in y possesses two normal 
integrals. 

Secondly, if the preceding way is not effective, suppose that the 
coefBcients, and the initial index of the highest negative power of 
1 /. 2 ? in fl', can be chosen so as to make the lowest power of x and (if 
possible) succeeding powers in acquire vanishing coefficienta 
For this value of H', let and Qj denote the resulting values of 
Pi and Qi ; then the equation for u is 


d^u y T, du ^ ^ ^ 

+ 


If this differential equation for u possesses a regular integral or 
regular integrals, then the original equation for y possesses a 
normal integral or normal integrals. 

Thus, in any particular case, we have two definite alternative 
methods of trying to discover whether the given diflFerential 
equation does or does not possess a normal integral. 


Ex, 1. Is there any normal integral of the equation 

y " + ^2 ( 2 + y ' + ( 1 - - ■»*) y = 0 , 


which is easily seen to possess no regular integral ? 
Here we have 


P--,+ , 

a?* X ^ X* X 

Accordingly, adopting the first method of i)rocoeding which has been indicated, 
we choose 






that is, 



272 


SQUATlONii HAVING 


[chap. VI 


1 • 

X 

§,-§+P0' + 0" + Q'*--i; 

X 

and therefore the equation for u in 

+ - w'- - 24«sO. 

X X 

This equation has two regular integrals and Ug, where 

X 47 ® 

“i =*+ (Ti? + (2iy* (3 i)* ’ 

log •* - 2 {(TJ^ + (W (l + 0 G + 

and therefore the original equation has two normal integrals 


Ex, Has the equation 


any normal integral ? 


«ic*, itge*. 


y'-;sy=o 


Manifestly, as P=0, the first method of procedure cannot be adopted: s<i 
we adopt the second. The expression for Qi is now 


so we take 






and assume a® = 1 , so that a => + 1, We now have 


the equation for u is 


P 0 _ 2a. 


u'^ + ^ixu'^tO^O, 


This is satisfied by u^x for both values of a ; so the original equation in y 
1 

has two normal integrals x^, xe and its primitive is 


y^x{Ae^J^Be~^), 


Ex, 3. Has the equation 
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MOTB IV] 

where is a positive or negative integer, any normal iq^rals f (It is easily 
seen to be Bessel’s equation, with l/jrtbr variable in plaoeofo?; and its indicial 
equation shews that it has no regular integrals with expansions in ascending 
powers of x.) 

Again, the first method of procedure cannot be adopted, owing to the form 
of P; for it would only give So we adopt the second method. The 

expression for Qj is * 

We take 


q! 


a 


where - 1. Accordingly, we choose a= - i; and then 




SO that the equation for u is 

^ - X) U' + i {l - (P - i)» M -0. 


The indicial equation for the 24‘difFerential equation is 

— 2ep+z=0, 

that is, a possible value for p is We therefore use the Frobenius method 
to see if there is a regular integral * 

w=47i (cq+Ci •••) ; 

and the application of the method shews that this expression will satisfy the 
differential equation, if 

iac,i = {(s - i)* - (p - c,_ 1 , 

for all the values of s. We thus have 


C.- » C.-1. 

so that, whether p be positive or negative, the series for u becomes a polynomial 
Let 

„ (l-p)p.(2-p)(p+l) /a;Y 

1.2 Uy 


V n (l-p)p.(2-p)(p+l).(3-p)(p+2) /ary 

(^-P)Pg 1 2.3 \8y 

then the regular integral u becomes 

o,>{cr-ir)xi, 

and the corresponding normal integral y is (on dropping the constant ^ 
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A Beoond normal integral is obtained by changing the sign of i; it is 

e"* (l7+*T)4?i, 

Thus the onginal equation has two normal integrals ; and its primitive oan be 
expressed in the form 

Axi I i^cos + K sin Q + j- , 

where A and a are arbitrary constants. 

This result may be compared with the expression of for large values of 
j? given in £x. 2, § 105. 

Ex, 4. Discuss the following equations, as regards possession of normal 
integrals : — 

(i) a?Y' + 2:iy-y=»0; 

(ii) + 

(iii) 4^y'-(4-hl2a.*+a!P*)ya=0. 

Ex, 6. Shew that the equation 

possesses two normal integrals, if the constant a is an even integer. 

Ex. 6. Shew that the equation 

possesses a normal integral if a is equal to 3, or 1, or - 1, or - 3. 

In the preceding methods for the determination of normal 
integrals, when they exist, there is the assumption that the 
quantity fl is a polynomial in l/x. But in the second of the 
processes, where ft is determined in connection with the quantity 
Qj, where 

ft=Q + Pft' + ft" + ft'», 

in such a way as to make the lowest terms in the expansion of Qi 
disappear, it is the quantity ft'*, and not the quantity which 
supplies the govemhig terms in the expression for ft. For, if ft 
begins with a term in where n > 0, then ft' begins with a 
term in and ft" with a term in so that the lowest 

term in ft'® has a lower index than the lowest term in ft". 
Accordingly, we have to balance the orders of the lowest terms 
mft'®,Pft',Q. 
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NOTBIV] 

Now it may happen that, in this companion of lowest terms, 
the indices of the powers of Ifx which occur in Of become 
ihustional, if the coefficients of the lowest power or powers in Qi 
are to disappear. In that event, it is customary to call the corre- 
sponding integral (if it exists) of the y-equation a svhnormal 
integral. The general process of determining subnormal integrals, 
when they exist, is exactly similar to that adopted for the deter- 
mination of normal integrals*. One or two examples will suffice 
to illustrate the process. 


JSx. 7. The equation 

has no regular integral and no normal integral, for expansions in ascending 
powers of x. Has it a subnormal integral for such expansions ? 


The first method of proceeding is not effective ; so we adopt the second 
method, by which O is to be chosen so that the lowest powers of x in 


I6x^ 




shall vanish, O being kept infinite when Manifestly we can take 


“'- 1 ’ 


with either sign for a ; and then the differential equation for u, where 

,.2x , /3 a 5 1\ ^ 


18 


Change the independent variable from x to z, where x^z^; then the equation 
for u is 



The indicial equation for expansions in ascending powers of for this 
difiei^tial equation, is 

4ap-6a«0, 

so that there is one possible index, viz. Accordingly, we take 

Umnzi (Co4-Ci*-^C2«*+-.)> 

* For a fuller dUoussion of the whole matter, reference may be made to mj 
Theory qf Differential Equatione, vol. zv., oh. viz. 
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sabatitute it in the differential equation for it, and determine the ixiefiicients 
BO that the equation may be satisfied fordially. We find 

c*-0, cs=0, 

and BO the value of a normal integral of the u-equation, is 

where Co i» an arbitrary constant. 

Moreover, a is either of the square roots of a*. Hence the primitive of the 
original y-oquation is 

where A and B are arbitrary constants. 

Bx. 8, Shew that the equation 

has two subnormal integrals, when the constant h is equal to ^ {2n ~ 1) (2n+ 3), 
where n is any i>ositive integer. 

Ex, 9. Shew that the equation 



where a is an odd integer and b is any constant, has two linearly indeitondent 
subnormal integrals. 

Ex, 10. Does the equation 

x^y** 4- ay 4- fey = 0 

possess any integral, which is regul/ir or normal or subnormal for expansions 
in ascending powers of x? 



CHAPTER VII 


SOLUTION BY DEFINITE INTEGRALS 

186. The principal methods, which lead to expressions for the 
dependent variable in terms of the independent variable by means 
of what are ordinarily called known functions, have now been 
given. There is however another method which certainly leads to 
a solution of some differential equations though the full evaluation 
by the operations indicated may not be carried out. This method 
consists in expressing as a definite integral the value of Ihe 
dependent variable ; its chief application in ordinaiy differential 
equations arises in the case of a certain general class of linear 
equations which can otherwise be solved in series, though not in 
so concise a form. The method is however of primary importance 
in the solution of those linear partial differential equations of order 
higher than the first which arise in investigations in mathematical 
physics; in fact, in some questions these solutions by means of 
definite integrals constitute the only solutions hitherto obtained. 
At this stage, however, we are concerned with the application to 
ordinary differential equations. 

136. The method applies with peculiar advantage to linear 
equations, into the coefficients of which x enters only in the first 
degree, and in which there is no term independent of y or of 
differential coefficients of y ; such an equation, in its most general 
form, is 

(o»+b*fl;)^+(o,+iia;)^^+ . . . +((tn-i+6«_i®)^+(a„+6»a:)y *0, 
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f 

where the a’e and {>’8 are constants.^ This may be written 

where ^ and ^ are rational integral functions of the order n 
in general^ though the order of either may dimmish through 
the vanishing of some of the coefficients. To solve this equation, 
we assume 

y^fe^^Tdt, 

where T is a function of t but not of a? ; the form of this function 
and the limits of integration (supposed independent of x) are to 
be determined by substituting this proposed value of y in the 
differential equation. Since 

the result of the substitution may be expressed in the form 

* Jx^<f)(t)Tdt + fe^yjr{t)Tdt^O, 

which must be identically satisfied. The former of the terms, on 
being integrated by parts, is superseded by 

and therefore the identity becomes 

(<) T] - {<#. {tyri-f (t) dt - 0. 

the first term being taken between the limits of the integral, which 
as yet are unknown. Now this will be satisfied, if we make 

for all values of t included within the range of integration, and if 

[€^<p(t) r]«o 

at the limits. The former of these equations determines T as a 
function of t ; the latter will determine the limits of this assumed 
integral. 
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137. To derive the value of T, we write the first equation in 
the form * * 


dt 




and therefore 

where is an arbitrary constant Hence the value of y is 


y = J 






dt, 


taken between limits of integration defined by the equation 



these limits being independent of x. 


138. We have now to determine the limits, 
equation 






Consider the 


where pi is a constant Let /Sj be a value of t independent of m 
and satisfying the equation ; let /V, be other constants and 

^a, /8r> he corresponding values of t, all independent of x. 


If the value 

y = Aif e^Tdt + Aa f * ^Tdt + ... 

Hi 

be substituted in the equation, and if for each of these definite 
integrals {T being assumed to have the value before obtained) 
a single integration by parts be effected, as in the preceding 
analysis, then that the equation may be satisfied we must have 



and when this is identically satisfied the foregoing value of i||r is 
a solution of the equation. This last identity will indicate such 
necessary relations as may subsist among the arbitrary constants A, 
and so will fix the number of independent constants. When this 
number is the same as the order of the differential equation, 
the foregoing value of y is the primitive; but if it be less, the 
number of particular solutions necessary to make up the primitive 
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must be otherwise determined. Examples will be cdven here* 
after. ‘ ' 

139. This is the most general method of obtaining the limits; 
it includes as a particular set the limits obtained by taking those 
roots of the equation 

which are independent of x ; they obviously make 

tut) 




and they are usually the simplest obtainable. When this equation 
indicates only two limits distinct from one another, these will 
give the only definite integral immediately derivable in such an 
example. If, however, more than two, say r + 1, limits be indicated, 
then r particular solutions may be constructed ; in fact, denoting 
these limits by a, ySr, we derive from them as the corre- 

sponding part of the primitive 




ifX, 1. We apply the foregoing to obtain the primitive of the equation 

'Here we have, with the above notation, 

«#> (<)=-!, 

V' (<)•=«"} 

or, changing the sign of the arbitrary constant, this is 

^n+I 

while, in accordance with the general rule, the equation determining the 
limits is 

tn+l 

1 


and therefore 


set- 




Now this is satisfied by when fi is zero, and by ^=>0 when fim — iio; 
hence we may take 0 and oo as the limits of the definite integral, which thus 
becomes 
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It must be noticed that, just as in the general case one of the definite 
integrals alone was not a solution of* the differential equation, thi« is not 
a solution of the equation, because the terms outside the integral are 



■■-do, 


instead of zera This value of ^ is therefore the Particular Integral of the 
equation 

Now the quantity T does not change, if for t wo write a>^ where a> is a root 
of the equation 

Moreover, the limits of the definite integral are unaltered since in the equation 
determining those limits the term jct in the exponent has changed into xmt 
which, so far as this equation is concerned, is the same as changing x into xa^ 
a change which has no effect on the limits since they are independent of x. 
Hence we have another definite integral in the form 

AJ 0 rf(a)0, 

J 0 

or, when the o> is moved outside the sign of integration, it is 

m+i 

/ * +wxt 

^ e dt. 

Forming now these definite integrals for all the ( 71 + !)*■** roots of imity 
and adding them together, we find as the expression for y, which has to be 
substituted, 

/ fn+l fn+l 

e dt + <DAiJ « ” ^ ® ^ 

When this value is substituted, as in the general investigation, the terms 
which are under the integral sign vanish identically ; and that part of the 
expression taken between the limits, which is furnished by the integral 
involving Ar, is Ar- Hence the resulting equation, when this value of y is 
substituted in the differential equation, is 

Aq+Ai+ 

If then this single condition be satisfied among the n + 1 arbitraiy constaats, 
the above expression for y is the primitive of the differential equation 

d*y 
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Ex. 2. Prove that the above expression for y is the primitive of the 
equation * < 

provided the oonstants A satisfy the condition 

f 

Ex, 3. Provo that the primitive of the equation 

is, for positive values of x^ given by 


,.Aj[ 


-|i(2±«+a 


’/: 




+Bl e^(u-a) ^ 

Obtain the oorrespouding primitive for negative values of x. 
Ex, 4. Solve 


du. 


(PetzvaL) 




vjiere a and q are constants. Hero 
so that 

/Jf 

Hence one solution of the equation is 

taken between the limits given by 

[«*<(«* -g»)4“]-o. 

To obtain the limits, write 

8*‘(«*-y»)4“=o, 

and suppose a ijositive ; then two roots of the equation are given by 

and t = ^q. 

If now X be restricted to positive values, a thii’d root is given by 
while, when x is negative, a third root is given by 


(wsi .^00 
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As in either case we have three values given the limits equation, we can 
oonstruot two distinct particular solutions and so have tSe primitive. Thus 
when X is positive, the primitive is 

while, when x is negative, the primitive is 

Ex. 5. Verify that, when a lies between zero and 2, the primitive of the 
equation is 

y=‘Cij 

unless a be unity, in which case the primitive may be written 
j’efl*«"*{A+B\og(xBia*e)}d6. 

(Boole.) 

Ex, 6. Obtain by means of definite integrals the primitive of BesseVs 
equation. 


140. The foregoing general linear differential equation is on« 
with variable coefficients which are of the first degree in the in- 
dependent variable; and the definite-integral solution was ob- 
tained by means of a linear differential equation of the first order 
determining the unknown function T. It is not, however, the only 
type of differential equation to which the assumed form of integral 
is applicable; it is, in fact, a particular case of a more general 
process, indicated by the following proposition. 

The solution, hy means of definite integrals, of the general linear 
differential equation of the order, whose coefficients are not 
constant but are polynomial fanctions of the independent variable of 
degree not higher than m, can be made to depend upon the solution 
of a linear differential equation of order not higher than m, the 
coefficients of which are variable. 


This proposition we proceed to prove. Let the differential 
equation be denoted by 


Y V 


+ 




+x 


+X.^+Z.y-0. 
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where Xr (for all values of the suffix r) is a function of a only, of 
degree not higher than m, given 'by 

while for some values of r some of the coefficients of the highest 
powers w may vanish. Taking a particular solution in the same 
form as before, we write 

y^je^Tdt 

with the limits as yet undetermined, and T an unknown function 
of U Now this value of y gives 

and therefore the equation, when this expression for y is substituted 
in it, becomes 

e^T\V^Xn + + iXi + Xo] dt = 0, 

which must be identically satisfied. Rearranging the expression 

so that it may proceed in powers of cc, and writing 

"I" Uq, 

4” + + bit + to ~ 

knt^^ “f" kfi^it^ ^4- 4" kit 4" ^0 “ ii 

Int^ 4- Ir^it^^ 4- 4- -h ^0 = 

we transform the above equation into 

j^TlUt+Uiic+ + + dt » 0. 

Now the left-hand side is the sum of ra4-l integrals of the 
form 
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% 

and each of these can be integrated by parts until the variable m 
ceases to occur except in the exponential. Thus we have 

je^TUrOfdt = TUr - + af-’‘ %{TUr) 

+(- iy\d-^/,TUr)dt, 

the part without the sign of integration being taken between 
the limits of the integral, as yet undetermined. Denoting the 
expression 

by Vr for all values of r except zero (in which case no integration 
by parts is necessary), and applpng the foregoing formula to each 
of the definite integrals on the left-hand side of the equation, we 
change the equation into 

h - +<- 

This will be identically satisfied if the unknown function T be 
chosen so as to satisfy the equation 

Tv.-l(Tv,)*^m,)- +(-ir^,(j-£r.).o 

for all values of t between the limits of integration. These limits* 
must be determined by 



Now this equation determining T is linear with variable co- 
efficients, and it is of the order ?n, but it may degenerate to one of 
lower order; when it is solved, a definite-integral solution of the 
original equation is derivable. 

Hence the proposition follows as enunciated, 

* The more precise determination of the limits of the definite integral and of 
its range is a matter of great difficulty in the general case. The most important 
oontribution of this subject is due to Foinoar^ : an account of his investigations, 
leading up to what are known as a 83 unptotio expansions, will be found in the 
author’s Theory of Differential JEgmtione, vol. nr., §§ 101^105. 
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Since the eqi^tion which determines T is of order m, it will 
have m independent particular solutions; these may be denoted 

by Ti, Tt, I Tm. Corresponding to these, there will be m 

particular solutions of the original equation obtained by substi- 
tuting for T in 

these m values in turn. 


141. In the case when m as 2, the equation which determines 
T becomes 


or, what is the same thing. 






Jdt^Xdl^ 






The following are some of the special cases in which this equa- 
tion can be integrated very simply. 

■ (1) Let the coefficients a, h, c, be such that the equation 


d^Uf 

IF 


-f+tr.-o 


is satisfied for all values of t; then the value of T is easily proved 
to be 


A 


dt 


f£ 

J u, 

(2) On multiplying the equation throughout by Ua, we can 
rewrite it in the form 

the left-hand side of which is a perfect differential if 


that is, if 
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9 

If the values of a, h, c, be such as to make this an identity, then 
the value of T is given by 

which leads to the result 





+ 5. 


(3) When the equation in T is reduced to its normal form by 
the substitution 


TU,e 




S, 


the new equation is 




where 

A solution of the equation is at once obtainable when % 
vanishes, i.e. when 

V.U.-iV!nni[^\ 


Further, immediately integrable cases are furnished when ® is 
a constant, or is of the form \(e+ fty^t or of the form \(e+ fty^> 

In any case, whatever be the relations among the constants in 
the functions J7, the solution of the equation determining T is of 
the form 


The equation giving the limits of the definite integral is 

which is satisfied by the values of if any, common to 
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Ex. Integrate, by means of a definite integral, the equation 

where is a constant. 

142. Another set of equations to which the method of solution 
by definite integrals can be applied is the set derived fi*om 

g-x^j,.o 

for different values of ru To solve this we assume 

y^Je-P^Pdp, 

where t denotes an unknown function of x alone and P an unknown 
function of p alone, both of which functions, as well as the limits 
of the integral, have to be determined. Differentiating the value 
of y twice and substituting in the equation, we find 

/ {p' (S)* ■ ~ J 

Choose the unknown function t so that 



and suppose that X is positive and equal to c”, so that the differ- 
ential equation is 


Then the equation which determines t is 


dt 

dx' 




and therefore 

-H 1 m 

if m denote \n + 1. Hence we have 


1 ^ _ m 
t dx X* 


1 m (m — 1) 
t da^ "" 


Let the equation involving the integrals be multiplied through- 
out by a^lmt ; it becomes, after a very slight reduction, 

m f ( p® — 1) Ptdp — (m — 1)/ e^Ppdp = 0. 
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Integrating the first term by parts, we have 
— 1)P] +mj dp--{m^l)je^^ Ppdp^Q, 

Now this relation will be identically satisfied if we make 

for all values of p included between the limits of integration 
defined by 

(p«-l)P]»0. 

The former equation serves to determine P as a. function of p ; it 
is of the first order and linear, and its solution is 

TO + l 

p^A(j^-iy , 

A being an arbitrary constant; and the equation which gives the 
limits is 

w-l 

The latter equation is satisfied by p =» oo , and by p = ± 1 providjBd 
the exponent of — 1 is positive ; this requires that m should 
either be positive and greater than unity, or be negative, and 
therefore that n should be greater than zero or less than —2. 
Assuming that this condition is satisfied, we are in a position to 
construct two definite integrals ; they are 
ri _?5±1 

c-r«(p*-* — 1) 


and 


/. 

f — 1 ) 
1 


dp. 


The former of these is equal to 


I e''P^(p^ — l) dp ‘hi ^"^*(p* — 1) dp, 
Jo J “1 
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Hence the primitive may be represented by 

rl _m+l m+1 

A'j^(e^ + erV)(p‘-l) dy> + Bj^ c-p‘(p»-l) *«* dp; 
substituting for t, we have 

y = Aj (1— p’) “"■'■♦cosh dp 

+ Bl^e’>+^ (p>-l) *«■*■♦ dp, 

as the primitive of the equation 

for values of n such that w > 0 or n< — 2. 

Ex. Prove that the primitive of the same equation may bo given in the 
form 

A* X j (1 - />*) 2«+4 cosh dp 

/ * « _2rp n 

provided w> - 2 or n< - 4. 

(Lobatto.) 


ApPUCATION to the HyPERGEOMETRlC SERIES. 


143. In order to obtain a definite integral which shall satisfy 
the differential equation of the hypergeometric series, we assume 


y = 1^(1 — w)*" Vdv, 


where V is an unknown function of v only and m is a constant ; 
tl»e form of V, the value of and the limits of the integral, have 
to be determined. From this value of y we at once have 


^ = — TnJ t;F(l — 

^ = 1)J v»F(l - vxy^-^dv; 
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SO that, when these values are substituted in ])he equation 

it becomes 



— [w(m — \)v'Kx{\ — x) — mv{l —vx) [y — ^a -f ^ + 1)^} 


— a/3 (1 — vx)^] dv = 0. 


The coefficient of x^v'^ within the brackets is of the second 
degree in m, which is as yet an undetermined constant; let m 
be so chosen that this coefficient vanishes, so that m is given by 


— m(m — l)-m(a + /3‘fl) — ay8 = 0, 
or m® + m (a + ^) + = 0, 

whence m may be taken equal to either — o or — )8. As the 
differential equation is unaltered when a and ^ are interchanged, 
either of these roots may be taken ; we shall take 


m = — o, 


and then, substituting this value, we find that the equation 
f F(1 — ua?)”*”® [a (a + 1) v^x + av {y — a; (a + /8 + vy + 1)} 


— (1 — 2vxy] dv = 0 

must be identically satisfied. Rearranging the expression within 
the brackets under the sign of integration and dividing out by the 
factor a, we transform the equation into 


J F(1 — (a -f 1) V (v — 1) xdv 

H- J F (1 — {vy - /8) (1 — vx) dv = 0. 


Integrating the first term by parts, we have 
— Fv (1 — u) (1 — vx)'^°‘'~^ 4- J(1 — ^ 

and therefore the equation becomes 
— [ Fv (1 — v) (1 — va)’"®’"'] 

4 J(1 — [v (1 — v) F) — (/3 — r»y) 1^1 dv = 0, 
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« 

Now this relation, will be identically satisfied, if we take as the 
equation to determine V 

and assign, as the limits of the proposed integral, values of v such 
that 

[ Fi; (1 — v) (1 — = 0. 

To solve the former equation, we have 

Hence v (1 — v) F= Av^ (1 — 

where A is an arbitrary constant ; and the equation determining 
the limits is 

[v^ (1 — v)y'^ (1 — va;)-*-*] = 0, 

whitfh, on the supposition that 0 is positive and 7 greater than 
/ 9 , is satisfied by v = 0 and v = 1. It therefore follows that the 
equation of the hypergeometric series is satisfied by 

y = A f (1 — (1 — an;)-^ dv, 

Jo 

provided /8 he positive and 7 greater than 

It is easy to shew that, when (1 — is expanded and the 
coefficients of different ix)wers of x are evaluated, the resulting 
series is a constant multiple of the hypergeometric series, this 
constant factor being 


144 If now we change the independent variable from x to 
1 — a?, the corresponding form of the differential equation is 

0~- ^ - y - p -{-l) a]^ - afiy « 0. 
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A solution of this equation (and therefore of the original 
equation) is, from the foregoing analysis, given by 

yssB f (1 — ( 1 — my^dv, 

J 0 

provided is positive and a -f 1 greater than 7. If th^ conditions 
of limitation of the parameters be satisfied, the primitive of the 
differential equation of the hypergeometric series is given by the 
sum of these two different solutions. 


Ex, 1. Obtain, in terms of definite integrals, the complete solution of the 
equation 

{A+Bx+Cx^)^+{D+Ex)^+Fy~0; 

(see Ex. 2, p. 240). 

Ex, 2. Prove that, 

(i) if /3 be positive and a 4-1 greater than y, then a solution is 

(ii) if y be greater than /9 and less than a + 1, then a solution is 

(iii) if y 1)0 greater than /i and a less than unity, then a solution is 


ji 

( 1— (1 


Ex. 3. Obtain the primitive of the equation 

(where x'+xs^l) in the form 

IT rr 

y^A j (1 -.r' Hin‘-*0)” i ; 

and of the equation 


(Jacobi.) 






in the form 

ir 

y^xx^ (^■^/* *“'* +5 sin* ^ (1 - y sin* </>) ~ 

of being the same as before. 
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Solve also 




(0 


dxT 


(ii) 

<lii) 4.»''S±4£-,-0, 


(iv) 44a'^^ + 4(.E'-.t)^+.V-a 


jE!r. 4. Prove that, if « 4-1 be positive, theu 


(Glaisher.) 


is a solution of Legendre’s equation ; while, if n be negative, a solution is 
given by 

.r* + _ ,)-i («+2) 


145. This chapter contains only a slight sketch of the method of solution 
of differential equations by means of definite integrals ; the reader who wishes 
for fuller information on this part of the subject should consult two authorities 
in pilkicular. By far the most imj)ortant is Pktzval, Integration der linearen 
Differentialgleichungen ; the ])arts dealing with the method are 2 — 5 of 

Section n. ; §§ 19 — 22 of Section in.; §§ 10, 11 of Section v. The other 
authority is Euler, Inst Calc, Int^ vol. ii., c. x. ; this work, however, labours 
under the disful vantage of a.ssuming the form of the solution first and then of 
finding the differential equation satisfied by it. There are two other memoirs 
which might also with advantage be consulted ; one by Lobatto, Crelle, t. xvii., 
p. 363; and one by Jacobi, Crelle, t. lvl, p. 149. 

A full discassion of the solution of linear difierential equations by moans 
of series and of definite integrals will be found, together with numerous 
examples, in a series of seiraratcly published memoirs by Spitzer. 


MISCELLANEOUS EXAMPLES. 

1. Integrate completely the equation 

d^y . ^ 

2. Prove that the primitive of the equation 
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+A J’* (<»+6>)*®" V*, 

where the upper sign is to be taken if s be positive, and the !bwer if a? be 
negative. 

(Petzval.) 

3. Prove that the equation 
haa a solution given by 


d^y 


y—nj sin-e vdv\ 


and that a solution of 




u^C I vdv^ 

Ja 




the minus or the plus sign being taken according as a; is positive or is negative. 
Obtain the primitive of each equation. 

(Petzval.) 

4. Investigate the primitive of the equation 


—O 


da^ 


in the form 


/•« -1 
^=:AJ cc^ (c. 1 !*" sin 0) cos 

ir 

I cos (cr”‘ sin 0) cos’” 
Jo 

fsjr values of m not included between -1 and +1. 


(Kummer, and Lobatto.) 


5. Shew that a particular solution of 


d.v^ 


n(?i-hl) 


+“V '—-'V 


(»" — o’)“0084Wdl); 
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and that a particular Holution of 


^ “y-— ^ y 

+ i + oosavrfv. 

Jo 


6. Shew iiiat the equation 


i» Batished bv 


where ^ (.v) is given by 


cli/ , 

rfx-i =*"‘^+»«‘"-'y 

/ oo 

^ (ar) flfe, 


and ta Ih |K)8itive. Hence from the solution of 

(i\y 


dx^ 




deduce that of 


7. Verify that 


dhf 




is a jjaiticular integral of 
dx 




8. Shew that when the coefficients of the differential equation 
(ua + *jx) + (“i + *1 («o + *»•’••) y = 0 

satisfy the condition aih^- the solution will be 

,/ = je‘'^ V {A +B log Ui (a 2 + 62-^)} 
where l7i = b 2 U^+^iU+i>oy 

and U,g(V{/,)^l^'±^^du, 

the limits being given by 


e^triVm^O, 


(Spitser.) 
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9. Pmve that equations of the form 

^ 1 + 5, a;"*) * ^ 0 + ^0 *•" + y “ 0 


may l>e reduced to the form 




of § 136, by the substitutions and y *=/*2 ; and shew that h is determineil 

by a quadratic equation. 

(Petzval) 

10. Prove that the particular integi'al of 

(5 + flf | ) (5 + «2) (*9 + tin) !f “/(■»'*)> 

where $ denotes x ~ , is 
dx 

ddn. 

11. Prove that the definite integral 

f f (I - (I ~ (1 

7 0 y 0 • 

is, when d > ^3 > 0 and € > y > 0, a solution of the differential equation 


{^+»+i-(«+iS+y+3)a?}*0 


I rf'/ 


+ (aj9+ /3y + yo + a + /3+ y + 1 )} ^ - o/iyy ■■O. 

Qive, in the form of definite integrals, the primitive of this etpiaiion. 

12. The primitive of the equation 

g+8)u^y=6.v 

fa ffi fy e^dtt 

io (ii’ + xji''’ jo (KS + X)i^ Jo {H^+\)i'*' 

where a, /3, y, are the roots of 

M^^-XasO, 

and the arbitrary constants are connected by the single relation 

X+J?+C-i)=-J6X-*. 


(Pbtzml.) 
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13. Prove that thf definite integral ^ 


satisfies the equation 




(Poisson.) 


14. Prove that 

P being Legendre’s function. 

15. Shew that, if fi he positive and a loss than unity, 

1 

is a solution of the differential equation of the hy^)ergeometric series. 


(G. H. Stuart.) 


(Jacobi.) 


16, Shew that three linearly independent integrals of the equation 

where k and the coefficients a arc constants, are given by 


p e*“{(a-w)(i3-w)(7-w)}i*"^cfu, 


where a, /3, 7 , are the roots of 

«() + 3^1 Tn* + 302 w + <*3 = 0, 

which are sup^josed real and unequal, and a > /3 > y. 

Discuss the integrals of the differential equation (i) when (ii) when 

<|b:/3«7. 


(aM. j. M. Hill) 



CHAPTER VIII 

ORDINARY EQUATIONS WITH MORE THAN TWO VARIABLES 

146. It has already appeared that in some cases, though the 
integration of separate terms of a differential equation would 
introduce new transcendental functions, the solution of the equation 
as a whole can be expressed in terms of purely algebraical functions. 
Thus, for instance, the equation 

I % ^0 

(l-^r«)* (l-y*)* 

can be integrated in terms of the transcendental functions arc sin a;, 
arc sin y; but there is a solution of the form 

-y”)*+y(i 

which is equivalent to the other. We are thus naturally led to 
enquire whether other cases exist in which such an algebraical 
relation between the variables of the integrals of functions can 
be obtained, when the integrals themselves cannot be evaluated 
without the introduction of new functions. The case next in 
point of simplicity, which furnishes a similar example, is that 
usually known as Eulers equation, in which the object is to find 
the integral algebraical relation between x and y which corresponds 
to the equation 

Z-*<it+r-4dy-0, 

where X = o + 6® + «:’+«*• +/«*, 

and F»a + 6y + cy*+fly*+y^. 
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To integrate this, we assume , 

P’^x+y, 

, dx_ Xi 

dt~y-x’ 

, dy 

80 that = , 

at ^ — y 

d therefore = ? — . 

at ic — y 

A second differentiation with regard to t gives 

dt^ a: — y |2ri ^^y 2Xi (^ — yYxdi dt. 

= ^ Jl (Yi^Xi)(Yi + Xi) ] 

i^-yy \s dy^^ dx y - | 


and therefore 


]_ 

' (x-yY 


6 + c (.r + y ) + '-s- (a“ + 2 /*) + 2/ {a? 4- y*) 


-h-c{x->,-y)-e(x‘‘ + xy + y")-f{x‘JfiB‘y + xf + f)\, 


the last four terms inside the bracket being the value of 
Bearranging and collecting terms, wo have 


Y-X 


= (^ic-yf {i « + f) +/(""’ - - ®y + y>)} 

*|e+/(a! + y) 

^\e+fp. 

If we multiply by 2 ^ and integrate, we obtain 




or substituting the value for we have 


(y-«)’ 


C + e(x + y)+f{x + yy, 



146-147] 


CAUCHY’S METHOD 


301 


an algebraical relation between x and y, though the separate 
integrals require for their expression elliptic functions. 

Ex. 1. Prove that another integral of the equation 




is 1*^- — ^7™ I = (^+y) + a (.r +y)* ; 

and verify the theorem of § 12 in this case by shewing that the two primitives 
are not independent. 

Ex. 2. Prove that an integral of 

(lx _ cfy 

Frri 

Ex. 3. Express in an integral form the relation between y and x given by 

I „o 

(!-«<)* 

Ex, 4. Shew that the primitive of 

dx dy 

may be exhibited in the form 

{* (1 -y) (1 -^y)}H{y (1 -•»)(!- Xa:))i=^ (1 - Xay), 
where A is an arbitrary constant. 


147. There is another method of proceeding, due to Cauchy; 
it is quite different from the former. 

Consider a general equation between the two variables of the 
second degree of the form 

tt = JPoy^ + 2Z,y + Za 
= YqCI^ “h + 1^8 Oj 

where X^y X^ Jg, Y^, Fj, Fa, are all of the second degree, the first 
three in w, and the second three in y ; thus if 

Xf^ — OoflJ* “b “b Ua, 

Xi == ftoO® + 26, a? + 6*, 

Za= Coa?*4*2c,iP + Ca, 
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we should have 

1^0 * "I" + Cfi 

Yi « dij/^ + 261 y + Cl, 

Fa=:a.,y*-|- 26 ay-f C:j. 

Then tHe ratio of dy : dw is given by 

du , ^ 

v- da; + -~ dy = 0. 
dx dy ^ 

But ~ = 2(F«ar + F,) 

= 2 (F.«-F.F,)*. 

since u = YqX^ + 2 Fja? + = 0 ; similarly 

|-“=2(jr..y+j^r.) 

= 2 (^1* — i 

and therefore 

^ Q 

(F.»-F.F*)i ’ 

a differential equation the primitive of which is w«=0. 

Now since Euler's differential equation is symmetrical with 
regard to x and y, it is necessary that its primitive u = 0 should 
be symmetrical with regard to x and y, in order that the preceding 
analysis may apply to the present case. In order that u may be 
symmetrical, we must have 

^0 “ » Co = (l2> Cl =* tg, 


and Xi®— XoXfl is then the same function of w that Fj* — FoFg 
is of y. In order to obtain the primitive of 

Xi Yi ’ 


where X = a + bx + ca^ + eaf fa^, 

and F is the same function of y, we must make X and 
Xi® — XoXg the same. The comparison of their coefficients will 
give four equations to determine the coefficients of u) but in 
u there are five independent constants (there were originally 
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• 

eight as any one can be made unity, but three equations necessary 
for symmetry are satisfied) and therefore one will remain undeter- 
mined and so arbitrary. These equations giving the coefficients are 

apCp _ 2 (rr^gp + aaCi) _ 4&j6g- 2(a|CM + a8Ci) 

f ^ ^ ^ r 

4 ” UijCi) — (^cL^Cp OjqC^ ■” ^bpb^ 

= ^ ; 

whc*n the values of the determined coefficients are substituted in 
V, the equation contains one arbitrary constant and is thus 

the primitive. 


Ex. 1. Prove that the primitive of 


where 


»o (‘^ + 2&1 i^+y) + C2*=0, 

A ^ (j • 


Ex. 2, Verify that the primitive of 

+ ‘k ^0 

(1 +a2ir*+aoX*)i (1 +a2y®+aQ/)i 
is A g (,r2 +/) + 2 A 3.73^ » 1 + 

whci-e i43*-a„=s-42*+cr24l2- 

(Cauchy.) 

Chap. XIV. of Cayley^s Elliptic FuactimB may be consulted with advantage. 


148. If instead of a single equation between two variables, 
the relation between which is expressible in an algebraical form, 
we have a system of n - 1 equations between n variables, we may 
without integration of each integrable expression represent in 
an integral form the dependence between the n variables in the 
shape of an algebraical equation ; and as this equation is obtained 
by an integration, it must contain an arbitrary constant. The 
process made use of in order to derive it in the general case will 
be seen to differ materially from that adopted in the particular 
case of n SB 2. 
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Let the dififerential equations be 


, ^2 , 

dXf^ 




X\dxx . x^dx^ . 






x„* 


in which 


« ilo + + -4a V + + -dan -1 

for all the suffixes /a in the system. Let 

/(fl?) = (a?-a;,)(fl?-a?a) (®-a?n); 

and let denote the value of when in it, after the 

indicated differentiation has taken place, is substituted for x ; 
the value of/'(a:^) will therefore be 

^ (a?^ — - Xi) (Xft, — a^a) (a?^ — x^^), 

the vanishing factor x^ — x^ being absent. Solving now the above 
system of equations in order to obtain the algebraical ratios of the 
quantities dx^ dx2, dxn, we find 

f M dxj _ f (^a) d x^ _ __ f{ain )dxn 

j:,* x j ■ 


Let the common value of these equal fractions be denoted by 
dt, so that we have 

dx^ 1^ dx^ A. 2^ 

Tt^f\x:y 

and so on. 

The first of these gives 

fdxA^ Xi 

Ut) 

and therefore, after differentiation with respect to 
dxid^Xi_ 3 r Xi 1 9 r Xj l^dx^ 

dt dt^ Li/" 2^2 [{/" (^i)Pj ^ 
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Bat since 

we have 

Mid therefore ^ , 

provided /i be not unity. After substitution and division by the 
coefficient of on the left-hand side, the equation becomes 


/' (®l) = {‘*>1 - ^»2) (^l - ®») (®l - ®»), 

a r 1_ 2x, 1 


<Pxi 


, a r X, 1 . 

7'W' 


1 ^ X,iX,i 


Similarly 


(^a) ^2 J (^i)y (^s) ^ 

^ 4. 1_ 

y* (^») 




-i. 




(^2))*J y (^a)y y (^’2)y 

+ 4. L_. 

y (^a)y 

and so for the others, making* n in all. Now let the n left-hand 
sides of these equations be added together ; the sum will be equal 
to that of the n right-hand sides. It will be seen that in the latter, 

X i 1 

when in the r^** expression a term > 7-— ^7 7 *— . enters, then 

J \^r) J ^ 

in the expression a term ^ — also enters, and 

^ f (^a)f 

the sum of the two terms is therefore zero. All the terms containing 
these ftactions ~ - — will thus disappear for all values of 8 and r; 


Xr ““ Xg 


and so we have 


2^(^i-l-^a+ + 


'"">-0*; [[Ak)]] dl, [(/' w] 
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We deaote 0^4- + by p, so that the left'hand side 

of the last equation is 2 . 


149. We can obtain another value for the expression on the 
right-hand side of the equation. Let X denote the same function 
of a; as ^1 of ; and let 

X 

be expanded in partial fractions. Since X and {/(x)}’ are both of 
the degree 2n, there will be a term independent of a, which will be 
iin ; and so we may write 


i/(*)r 


^ -Bi 




a? — 

c. . 0, 


:.+ ■ 


X — Xn 


ix-Xnf' 


{x — XiY {x — Xif 
Multiplying up by {x — x^\ we have 

‘ ~ multiplied by {x — a;,)*; 

or, dividing out by the common factors in the numerator and the 
denominator on the left-hand side, we have Ci •\-Bi{x — x^) + terms 

multiplied bp 

If « be put equal to x^, the left-hand side becomes Cx and the 


right becomes 


Xx 


, so that 




Xx 

l/'W 


The right-hand side of the equation in the form last written 
does not involve Xu and its partial differential coefficient with 
regard to Xi is therefore zero ; since the two sides of the equation 
are identically equal, zero must be the value of the partial differ- 
ential coefficient of the left-hand side with regard to Xu and so we 
have 

dO ds 

^-‘Bi + (x — Xx) o— ' -I- terms involving (x — Xx) — 0. 

vXi vX\ 
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This is true for all values of k, and therefoip 

aa:, 
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=_i r_zi_i 


Similarly • 

with corresponding expressions for the other quantities B. Hence 

2^. h r 1 . i. r_Zi_i 4 . 

de* dx, LI/' (a;,)l’J dx, [\f (^,))*J 

» + + Bn, 


Let the equation expressing the resolution into partial fractions 
of the expression considered be multiplied througWt by (/(a?)}*; 
and let the coefficients of on the two sides of the relation 


fissn 

#A = 1 




be equated None of the terms involving the quantities C can 
furnish terms of so high a degree, since each begins with 
each of the terms involving the quantities B begins with a^\ and 
the whole coefficient from this series of terms is therefore 


5i + ^2 + + -fin- 


Since 


f(x) = (iC - tCi) (^ - «?2) (a? - 

= a?" — («i + iP2 + + + lower powers of x 

SB x^ — + lower powers, 

the coefficient of in ilan {/(^)}* is — That coefficient on 

the left-hand side is A^n^i ; and therefore 

= — 2d juP -h -f- B 2 + + jBh 

■ -24w,p + 2^. 
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Multiplying by ^ and integrating, we have 

where E is an arbitrary constant. But 

djp d<r j dos^ doc^ 

rfi “ '^~di 

_ Jf.i . X,* . . . 

■^/'(^) ' 

and therefore the integral becomes 

\j’k)'^T^ ■^ 7 ^)} 

+ ^an-i (a;i + »a + +«»). 


Ex. 1. Prove that an integral of the equations 


dx dy dz 


0 , 


where 


xdx ydy zdz 

z\ ' 


X^a-^hx-Vcx^ + $x^+ yx* 
and Y and Z are similar functions of y and r, is 


ay-z)X\-^.{z -x) rz +{x- 
t (.3;-y){y-z){t-x) 

where C is an arbitrary constant. 


=/9(:r+y+r) + a(ar+y+r)2+6^, 

(Eichelot.) 


Ex. 2. Deduce a second integral of these equations in the form 


{y - z) Xi {z —x) + x'^y^ (x - y) Zi j * 

t (x^y) (y-2) (r-x) j 


^C'x!^y^z^+bxyz {xy+yz+zx)+a (^+yr+ar)2. 

(Richelot.) 

Eote. The theory of these and kindred equations will not here be carried 
fhrther, as it soon ceases to belong exclusively to differential equations and 
merges into the general theory of transcendental functions (commonly called 
Abelian Functions). The reader, who wishes for a fuller development on the 
lines of differential equations than can be given here, will find a paper by 
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t 

Bichelot, CrdUy t. xxiii., pp. 354—369, very useful { and he would do well 
to consult the following papers by Jacobi^ 

Cfdle^ t IX., pp. 394—403 ; 
t. xni., pp. 65—78 ; 
t. XXIV., pp. 28—35 ; 
t XXXII., pp. 220—226, 

all of which are contained in the second volume of his collected works. 

The theory of these transcendental functions, and of others, involves issues 
beyond the construction of integrals of systems of differential equations. 
It is expounded in treatises on the theory of algebraic functions and their 
integrals. 


Total Differential Equations. 


160 . The differential equations with which we have hitherto 
had to deal have been, except in §§ 148 and 149, such as include 
one dependent and one independent variable; for the future we 
shall consider those which include more than two variables. These 
may be divided into two classes, one in which only one dependent 
variable occurs, the other in which only one independent variable 
occurs. In equations of the former class, we shall have the ptirtial 
differential coefficients of the single dependent variable relatively 
to the independent variables ; these are called partial differential 
equations, and will afterwards be discussed. In equations of the 
latter class, we shall have the differential coefficients of the several 
dependent variables with reference to the single independent 
variable (which may be either expressed or implied); these are 
usually called total differential equations. 

When we have an integral equation 

where 0 is a constant, we may suppose that x, y, z, undergo slight 
variations dx, dy, dz, which we know will be connected by the 
relation 


If have any common factor, the equation can 

be simplified by the removal of that common factor; and so we 
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may consider the general form of a derived total equation in three 
variables as represented by 

Pdw + Qdy 4- Rdz *= 0. 

Here P, Q, P, are given fiinctions of x,y,z\ they are proportional 
to the diffeinntial coefficients of and they may actually be equal 
to those differential coefficients. 


But, conversely, when any equation of the form 
Pdx H- Qdy + Rdz « 0 

is given, it does not necessarily lead to an equation of the form 

<f> (^, y, = 0 ; 

for the existence of the latter equation implies that the three 
quantities P, Q, P, are proportional to the differential coefficients 
of some one function, and this requirement is not satisfied while 
P, Q, P, are quite general We must therefore discuss in what 
circumstances such a differential equation will lead to an integral 
of the given form ; and, on the assumption that such an integral 
is possible, indicate a method of obtaining it. 

There will remain the further problem of obtaining an equivalent 
of the equation, when the conditions necessary for the existence of 
such an integral as the above are not satisfied. 


151. In the first place, then, we assume that such an integral 
exists ; we must therefore have P, Q, R, respectively proportional 
to the partial differential coefficients of some function ^ with regard 
to CO, y, g, so that we may write 


Z4> 

'dx' 




fiR 


ax’ 


in which fi is some quantity the value of which is not specified by 
the equation. From the first two of these equations we have 


or 




oy 


By ^ Bx 


^\dy Bx) ^Bx By’ 


that is 
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Similarly 


and 
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Multiply the last three equations respectively by iZ* P, Q, and 
add ; we have 



which is an equation giving a relation between P, Q, and P ; it 
is a relation which must be satisfied if the proposed differential 
equation possesses an integral of the form considered. 

Further, if we take 







\Q. 

A = xfi, 

where 

\ 

is any 

' quantity, 

the 

same condition is satisfied 

^ It Qit 

A 

, as by 

P,Q,R. For 







fd^_ 

3R\ 




Bz 

By 

iBz 

dy) 

^Bz By’ 





'B^_ 

dP\ 




dx 

-w-^\ 

\,dx 

Bz) 

'^^Bx ^Bz’ 



dP, 


'BP _ 

dQ\ 

+ P^_g^. 



dy 

dx \ 

.9y 

dx) 

dy ^dx 

and therefore 






P. 



/BRi 

\dx 

ap 

" Bz 





= 0 , 


which proves the statement. 

Conversely, when the relation is satisfied^ the differential equation 
leads to a primitive of the form 

<p y» a) « (7. 
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We proceed to ppve this proposition. We know that, when a 
differential equation 

Pdx'-Qdy^O 

is given, a function u (a?, y) exists such that the differential equation 
is satisfiedirin virtue of the relation 

u {x, y) = constant, 

and consequently that P and Q are proportional to the derivatives 
of u with regard to x and y respectively. If then, in the equation 

Pdx + Qdy 4* Rdz = 0, 

we consider P and Q as functions of x and y, which involve z also, 
we infer that a function of x and y exists, say u, such that for some 
quantity X we can write 

and tt will involve other quantities occurring in P and Q that do 
not affect the partial differentiation with regard to x and y, that 
is, will involve z. But it cannot be at once assumed that R is 
proportional to the remaining derivative of u\ and we therefore 
write 

When we substitute 


p 

dx’ 




in the relation 


p 




which is satisfied because the relation between P, Q, R, is satisfied, 
we have 

dS du dS da _ ^ 
dx dy dy dx 

The only integral equation which is possessed at present is 
constant; and the equation between S and u is manifestly 
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not satisfied in virtue otu^ constant. Hence the equation between 
8 and u is satisfied identically*; and therefore (§ 10) 8 and 
regarded as functions of x and y alone, are expressible in terms of 
one another. But the variable z may, and usually does, occur in u 
and in 8 \ so we can take the expression for 8 in the form 

8^/(z,u), 

that is, 8 is expressible in terms of z and u only. 

Moreover, we have 

\ (Pdx + Qdy + Rdz) 

= ^dx+^dy + ^dz + 8dz 
dx dy^ dz 

= du ’{■8dz; 

and therefore the original equation can be replaced by 

du + Sdz — Of 

where 8 is expressible in terms of z and u alone. 

This equation now involves two variables only. We know that 
a function ^ (u, z) exists, such that the equation is satisfied in 
virtue of 



for some quantity fi. Hence 

\fi (Pdx -f Qdy + Rdz) =* fi (du 4- Sdz) 

-dyjr] 

and therefore the original equation is satisfied in virtue of 
^Ir (u, z) = constant, 

or, on replacing u by its value in terms of x, y, z, the original 
equation has a primitive of the form 

Note. In consequence of this property, the relation 



is frequently called the condition of integrahHity. 
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162. We shall assume that the condition is satisfied, and that 
consequently the primitive exists. The actual deduction of the 
primitive can be effected in accordance with the preceding 
analysis. 

It is first necessary to obtain the quantity u. For this purpose, 
we oonsidbr an equation 

Pdoj-hQdy — O, 


with the assumption that z does not vary ; then if its integral is 
0 (a:, y) = u^ constant, 

where the coefficients in 0 may involve the variable a, we have the 
required function Moreover, we have 


so that X is known. 





du 

ay’ 


We then multiply the original equation by X, so that it becomes 
X {Pdx + Qdy Rdz)^ 0, 
and we express it in the form 

du + Sdz^O. 


We express S in terms of z and u alone, which we know is possible ; 
then the new equation 

du + Sdz = 0 

involves only u and z. Its integral is the primitive of the original 
equation. Hence we have the rule : — 

To obtain the primitive of the equation 

Pdx + Qdy + Rdz = 0, 

when the condition of integraJnlity is satisfied^ we integrate the 
equation 

Pdx + Qdy — 0 

asif z were invariable* : let this integral be 


u constant, 


* It more ooovenient in any partioular case, either of the other variablee could 
be considered temporarUy constant ; the corresponding changes to be made in the 
proeess are obvious. 
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and find ike guamtity \ such tkat 


815 


The equation 
has ike form 


_ 

CSD 


X {Pdx 4* Qdy + Rdz) « 0 
du 4- Sdz = 0 ; 

we express S in terms of z and u alone, and then integrate ike 
equation 

du + Sdz =s 0. 

Its integral is the primitive of the original equation. 


Note. Another method of proceeding to the construction of the 
integral, when the condition of integrability is satisfied, is given in 
§ 164 (post). 

Ex. 1. Integrate the equation 

{jydx-^xdy) (a — z) -^xydz^O. 

Here P«y(a-«), Q^x(a^z), R*mxy\ the condition of integrability is 
satisfied. 

We take the equation 

{ydx-^xdy) (a - f) = 0 ; 

here, the factor a — z can be neglected. Omitting it, we have an integral in the 
form 

constant, 

so that we take 
Thus 


u^xy. 


SO that 

Thus 

becomes 


X {Pdx 4 Qdy + Rdz) * 0 


a — z 


du-i dz'^0. 

o — z 


that is, 



316 aX)TAL DIFFERENTUy EQUATIONS [CHAP. VIH 

The primitive of this equation is 

and therefora the primitive of the original equation is 

xy^C{a—z). 

Ex, 2. ^Verify that for each of the following equations the condition of 
integrability is satisfied, and obtain the primitives ; 

(i) (^+z)clx+(z+x)dy+(x+y)dz>=>^0; 

(ii) zydx^ixdy-\-y^dz\ 

(iii) (y+a)2(ijr+2cfy“0/+«)«2?«~0; 

(i v) {pS’-a)dx-V{z- c)dz-\- — (a; - a)^ — (« - c)®}i cfy « 0 ; 

( v) (2y* + Aaz^x^) xdx + {Zy + 2a^ + ( y® H- “ ^}ydy 

(422+2aj;*+(y*+«*)“i}2d!8*B0; 

(vi) (y^+yz) dx^{x 2 +z^) dy+{y^~’Xy)dzm^O; 

(vii) (x^y - ^y^z) dx + {xy^ -x^- x^z) dy + (xy^+a^y) dz^^O; 

(viii) (2^’®-f2ary + 2xz^ +l)dx+dy-^ 2zdz = 0 ; 

(ix) {^Jt‘y^^2xz)dx'^2xydy-k^x'^dz^du, 

f 

163. The preceding solution has been obtained on the sup- 
position that the equation of condition among the coefficients of 
the dififerential elements dx, dy, dz, is satisfied. It remains now 
to consider the class of equations for which the condition is not 
satisfied, and for which there cannot therefore be a single general 
integral. 

Let us now assume any arbitrary relation between x, y, z, of the 
form 

f{!>!,y,z) = 0\ 

this, on being differentiated, gives 

When the form yjr is specified, these two equations will deter- 
mine z and dz in terms of x, y, dx and dy (or, generally, one of the 
variables and its differential in terms of the other two and their 
differentials) ; when they are substituted in the equation 

Pdx + Qdy -f Rdz ■« 0, 
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•» 

they make it of the form 

Mdx 4- Ndy « 0, 

where M and N are functions of x and y, the values of which will 
depend upon the form of the chosen function Now this equa- 
tion may be integrated and the integral, containing an arbitrazy 
constant, will together with the relation 

y, ^) = 0 

constitute a solution of the differential equation. 

For it is evident from the method of derivation of the integral 
that, in combination with -^ = 0, it furnishes relations between 
zr, y, and z, such that the differential equation is satisfied. 

By giving all possible forms to every possible solution will 
be obtained. Ekkch solution will be constituted by two equations. 


Ex. 1. Solve 

dz^aydx+hdy. 

The equation of condition is not satisfied. Some relation between Xy y, 
must thereforo be assumed, and it may be perfectly arbitrary : let it be 

A combination of this relation with the difierential equation gives 
dz=af{x)dx-k- hf {x) dx^ 

the integral of which is 

z^a j f (x)dx + bf{x) + C. 

This equation, with / (x)=y, forms a solution of the proposed equation. 
Ex. 2. Obtain the most general solution of the equation 

{ X^ 7 /^\ ^ 

xdx^ydy-k-c\\- (f2=0, 


which is consistent with the relation 

Ex. 3. Find the equation, which must be associated with in 

order to give an integral of 

{x {x-~a)Jty {y - h)] dz=^{z^c) {xdx +y dy ) ; 
and the equation, which must be associated with 

y+^^loga?+<^(?)«=0, 

BO as to satisfy 

zdx-^xdy^ydz^O. 



318 


TOTAL DIFFEBENTU^. EQUATIOKS [OHAP. ViU 

< 

Ex. 4. Prove th^t, if be a quantity such that 

t 

11 (PcIj!+ Qdy)midV, 

then a solution of the general equation may be rapieeented 

Thia is Monge’s form. 

Ex. 5. Obtain general equations which constitute the solution of 
ydx^{x~-t)(dy—d£). 

164. It is not at first sight clear how the equation of con- 
dition affects the above process and, in particular, why what has 
been given as the solution in the latter case is not the solution in 
the former case. But the relation between the two solutions can 
be seen as follows. 

The elimination of the differential element dz between the two 
equations in which it occurs leads to the equation 



and, in order that this may be reduced to the form 

Mdx+Ndy’m^, 

the variable z, which occurs in it, must be replaced by its value 
derived fiom y/r («, y, z) ** 0. Now suppose the equation of con- 
dition is satisfied so that P, Q, R, are proportional to the differ- 
ential coefficients with regard to a, y, z, of some function ; if this 
function be -<^{ 10 , y, z), then we have 

1. 1 jL ( z\ 

R dz ~ Qdy“ P dx ^ 

and the equation involving dx and dy is identically satisfied. 
There will thus, on this supposition, be no other equation neces- 
sarily associated with the equation or, what is equivalent 

for this case, ^<mC\ this by itself is sufficient for the solution of 
the differential equation, and any other equation associated with 
» C may be perfectly arbitrary (such as ^ 0), for its expression 

will not enter into the differential equation when formed from 
these integral equations If however the equation first written 
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down be not that which leads^to the particular properties (A)» but 
be another such as it will still be possible to derive the 

equation ^ « 0, into the expression of which the form of x does 
not enter ; and we may therefore consider as the general solution 
of the differential equation the equation 

ir^C; 

while, if we wish to determine jf and g separately as functions of 
a, we associate with this any arbitrary relation between a, y, z* 

If however the equation of condition between the quantities 
P, Q, P, be not satisfied, there is no function ^ such that the 
relations (A) hold ; and thus 

Mdx-^Ndy^O 

is not an identity but leads to an integral, the form of which is 
affected by the form of the arbitrary equation first written down 
and which must be associated with that equation in order to 
constitute the integral. 

It thus appears that the difference between the two cases is as 
follows. While we may consider that in both cases two equatio-is 
are necessaiy to give the complete solution, in the case when the 
equation of condition is satisfied one of these integral equations 
(called =3 (7) is completely unaffected in form by the other (called 
X — ^)» tut in the case when the equation of condition is not 
satisfied one of these integral equations is affected in form by the 
other. 

156. The difference between the results in the two classes 
having been indicated, it is now possible to adopt a method of 
integration which shews the point of separation between the 
processes applying to these classes. Let 

be any relation between x, y, and z ; then 

g&.+^dy + g<i.-0. 

We also have 

P(i» + Qdy + <= 0. 
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Let the former equation be multiplied by \ (a quantity to be 
determined afterwards) and added to the latter, so that 

(p+xg)d.+ (e + x|().(y+(ji+xg)d.-0. 


or, say, ^ Pida? + Qidy + Ridz « 0. 

Let X be so chosen as to make Pi, Qi, Pi, proportional to the 
differential coefficients with regard to a?, y, respectively of some 
function ^ ; then the integral of the last equation is 

where C is arbitrary, and the primitive of the differential equation 
is given by the two equations 


•^{x,y,z)^C) 


Now since Pi, Qi, Pi, are proportional to differential coefficients 
with regard to x, y, z, we have 


or substituting for Pi, Qi, Ry, and reducing, we have 


P 





dx) 



If P, Q, R, be themselves proportional to differential coefficients 
with regard to x, y, z, the first line in this equation vanishes and a 
solution of the equation is \ = 0 ; Pi, Qi, Pi, are then independent 
of X, and therefore {x, y, z) is independent of x- 

If P, Q, R, be not such as to make the first line vanish, then X 
is shewn by this equation to depend upon the form of x and there- 
fore also will depend upon the form of x- The form of yfr will 
in this case be determined by the method given in § 153 ; but the 
foregoing investigation is useful as a means of instituting the 
analytical comparison between the methods. 
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Geometrical Interpretation. 
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166. A geometrical interpretation can be given to the dif- 
ferential equation and its integral, which will illustrate the 
difference between the two classes of equation explained in the 
last two paragraphs. 

If as usual as, y, z, represent the coordinates of a point A, 
the equation will then represent some locus. Let A' be a point on 
the locus adjacent to A \ then dm, dy, dz, are proportional to the 
direction cosines of AA\ and the differential equation implies a 
relation between these direction cosines; the locus which it repre- 
sents will therefore be some curve or family of curves, and not a 
surface or family of surfaces. 

Consider now the two differential equations 
dm ^dy* _dz' 



P\ Q', R\ being the same functions of x, y, z , that P, Q, R, are of 
as, y^ z; their integrals are of the form 


« a, I 




where Uj and u.^ are functions of x', y, z*\ and as they coexist, 
these integrals really represent the intersection of two surfaces, 
each of which is one of a family. This intersection of any two 
particular surfaces is a curve; and we therefore have a doubly 
infinite system of curves. One curve of this system passes through 
A; it is det*ermincd by those values of Ui and obtained by 
substituting in Wj and Wg the coordinates of A, Let A" be the 
point on this curve which is consecutive to A ; then the direction 
cosines of A A" are proportional to dx', dy', dz', or to the values of 
P', Q', R', at A, that is, to P, Q, R. Now the condition that AA" 
and A A' may be perpendicular is 

Pdx + Qdy + Rdz = 0, 

which is the given diflFerential equation; hence it expresses 
the fact that A A' is perpendicular to that curve of (ii) which 
passes through A. The solution of the difrcrential equation 
must therefore include all the curves which cut the system (ii) 
orthogonally. 
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If we start from A in any direction which is perpendicular to 
the tangent at ^ to that curve* of the system (ii) which passes 
through A, we shall come at A' to an adjacent curve of this system; 
moving from A* in any direction at right angles to this we shall 
at another consecutive point in this path reach another adjacent 
curve; ai?d so on. The path thus obtained must be included in 
the solution of the differential equation; and as, at each point A, 
we may move in any one of an infinite number of directions 
(i.e. in any direction lying in the normal plane at A to the curve 
of the system), it follows that the solution of the equation will 
contain an arbitrary function. 

Let us, then, draw through A any surface we please, and limit 
our path so as to be in this surface. Starting from A at right 
angles to the curve of (ii), there will, in general, be only one 
direction possible in the surface; moving along this through a 
small arc we shall at its extremity A' come to another curve; at 
A', there will as before be usually only one direction possible in 
the surface, and it will lead to another point A"; and so on. We 
shall thus obtain on the arbitrary surface a single path passing 
through the point A, Had a different point B on the same surface 
(but not lying in the path through A ) been the starting point, 
there would have been similarly obtained a single path through B 
different from the former; and so for any point. 

We should therefore have on any arbitrary surface a singly 
infinite series of curves, 

167. This is the exact geometrical process corresponding to 
the analytical process applying to the case when the equation of 
condition was not satisfied. For what was there done was to assume 
an arbitrary relation among the variables — this is the equation of 
the arbitrary surface; it was combined with the differential equation 
and, after integration, another equation was obtained containing an 
arbitrary constant which with the original arbitrary relation was 
considered the solution. The new equation containing one arbi- 
trary constant represents a family of surfaces; and the combination 
of the two gives the system of curves which form their intersection. 
Each of these curves lies on the surface first taken, and so we have 
an infinite series of curves on this surface. The process therefore 



156-160] TOTAL Differential equations 323 

. S . 

gives the system of lines which lie on any ^surface and which 
satisfy the differential equation. 

168. Now it may happen that the complete system of curves 

(ii) can be cut orthogonally not merely by one surfece but by a 
family of surfaces; thus, if the system were a series^ of straight 
lines all passing through one point, they would be cut orthogonally 
by any sphere which had that point for centre. In this case, any 
curve drawn upon an orthogonal surface would cut the system (ii)at 
right angles, since it is at every point perpendicular to some 
one of the system ; and such a curve would therefore be included 
in the solution. Hence the general solution must include all 
curves that can possibly be drawn upon any one of these surfaces; 
and therefore, if we look upon a surface as the aggregate of all 
the curves that can be drawn on it, we may say that the surface is 
included in the system of curves. As the surface is one of a family 
all the members of which possess the same property, we consider 
that the equation of this family of surfaces is the solution of the 
equation ; and what has been said shews it to be thereby implied 
that the equations of every curve that can be drawn upon one of 
the family constitute a solution. * 

169. This corresponds exactly with the process applicable to 
the case for which the equation of condition was satisfied; we there 
had (§154) an equation yfr = C and any other arbitrary equation 
X“0, the two representing one curve on each of the surfaces 
i^ = C;hy taking all possible arbitrary equations = 0, we obtained 
all possible curves on the surfaces = Thus ultimately the 
surfaces themselves into the expression of which the form of x did 
not enter. 

160. It only remains to shew how the equation of condition is 
derivable from the geometrical considerations. The arguments 
are applicable on the supposition that the system of curves, repre- 
sented by 

da dy' dz* 

can be cut orthogonally. If they can be cut orthogonally, as at 
any point A, the tangent to the particular curve passing through 
A must coincide with the normal at A to the orthogonal surface. 
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Now the direction cosines of the tangent at A are projiortional to 
the values of P', Q\ R\ at A, that*is, to P, R; and if 


y\ = C 

be the orthogonal surface, the direction cosines of the normal at 

the point (i\ y, z (which is -4) are proportional since 

the direction cosines must be the same for the two lines, we must 
have 

j. 3^ ^ 1 ^ a<^ 

Pdx Qdy R dz ‘ 

Let each of these quantities be equal to /t so that 
P n 7? . 


the elimination of ^ and /a between these leads (as in § 151) to 
the equation considered, which is therefore the condition that the 
system of curves may be cut orthogonally. 


Case of n variables. 


161. In what has preceded, only three variables have been 
supposed to occur ; but it is easy to pass to the case when there 
are more than three. In order that the equation 

-f X.idx,, + X^dxi 4- + Xndscn — 0, 


where Xj, Xj, X„, are functions of , should 

have a complete integral of the form 


, /rn) = -4, 

the quantities X^ must be proportional to the partial differential 
coefBcients ^ , so that we may write 


vX^ 

for all values 1, 2, ..., ti, of ft. 
suffixes, we have 


_ a^ 

If now \, ft, V, be three different 


a 


d^6 a 
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or 

Similarly 

and 

and therefore 
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/dXf^ dX^ * y ^0 ^ y dh 

^ \5a?x dXft, / ^ dXfs, ^ dx\ * 

/dXK dXy\ Y ^ Y ^ 

« axA _ „ _ TT ^ 


825 


(^Xf^ _ 4 - y f^X\ ^Xy \ y /dXv dXfA ^ 

*" \ aa?x a^c^ / *^\ dxy dxK / ^ va^c^ aa;„ / 


If the set of equations derived from this by all possible com- 
binations of three different suffixes from among 1, 2, 3, n, 
be satisfied, then the differential equation has an integral of the 
proposed form. The total number of these equations of condition 
is Jn (n — 1) (n — 2). They are not all independent ; for if there be 
written down the four equations which involve three out of the 
four quantities Xa, X^, X^^ Xp, any one of them will be found to 
be derivable from the other three. 

These are the conditions that must be satisfied if the differential 
equation has a primitive constituted by a single equation. 

The converse proposition also is true: when the conditions are 
satisfied^ then the differential equation possesses a primitive of the 
form 

,a7«)==4l. 


The proof of this proposition can be effected in stages, each similar 
to the proof of the corresponding proposition in § 151 for the case 
of three variables*. It is, however, long: and it will be omitted 
here. 


The truth of the proposition will be assumed. 

Ex, Prove that the total number of independent equations of condition is 

When these equations of condition or the necessarily indepen- 
dent equations are identically satisfied, the primitive, which must 
therefore exist, can be obtained by an extension of the method 

* A proof, arranged rather differently from the proof suggested in the text, is 
given in the author’s Theory of Differential Equatiom^ vol. i., §§ 7 — 11. 
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adopted for equations with three variables. We integrate as if all 
but two of the variables were constant ; and we replace the arbitrary 
constant by an arbitrary function of all those variables which were 
supposed constant. The equation so obtained is differentiated with 
regard to all the variables, and the result is made to agree with the 
given equation ; the conditions necessary for this agreement will 
serve to determine the arbitrary function which was introduced 
and so to determine the primitive*. 

Ex, 1. It is easily verifiable that the coofficieiits of the differentials in the 
equation 

(2xi + + 2xiXi-^ jTg) dxi + x^dx^ - .rj dx^ + x(^dx^ = 0, 

satisfy the equations of condition which are four in number, three being inde- 
pendent. Following the rule, we assume that only two of the variables may 
change. These may be taken to be x^ and x ^ ; the integral derived is 

— Xj X3 + x^x ^ = 

where 0 is a function of Xi and X 2 , Differentiating this, we have 
( - ^3 + 2 xi .^4) dxi - Xi dx^ -f Xi^dXi « d<f), 
and a comparison of this with the given equations shews that 

{2xi +X2^) dxi -f- 2xi x,^dx2 . 

Vfe thus have an equation involving three differentials dtp, dxiy dx^^ 
instead of four (we should have, in the general case, an equation involving 
n - 1 difierentials instead of n). The rule is reapplied to this, and the number 
is again decreased by unity ; and so on, until we can obtain a final integral. 
In the example specially considered, the integral is easily seen to be 

- 0 -I- -f 

where A is now an arbitrary constant ; and the primitive is 
Xi^-\-Xi ,%'•/ — Xi Xs + Xi^X4^ A, 

Ex, 2. Shew that the following equations have a i)rimitivo of the form 
considered, and obtain it for each of them : 

(i) yzudx-\‘Ztixdy-^uxydz-\’Xyzdu — 0\ 

(ii) {^y-\-z-\‘U)dx-\‘{z’{-u^x)dy-^{u+x-^y)dz-\'{x+y+z)du=0'^ 

(iii) z (y +2) dx-^-z (u-~x) dy+y {x-u) dz+y {y+z) du«^0, 

162. When only some of the equations of condition are satisfied, 
or when none of them are satisfied, the inference from the preceding 
analysis is that no single integral equation exists which is equiva- 
lent to the differential equation. 

* Other methods are given in the author’s TJieory of Differential Equatione, 
voL X., Chap. t. 
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In such a case, the question of determining the integral equi-* 
valent is often called Pfaff's problem, and the differential equation 
itself is often called a Pfaffian equation: the reason being that 
the first important contribution to the solution was made in a 
memoir by Pfaff*. He shewed that an integral equivalent of 
a total differential equation, containing 2n — 1 or 2n variables, can 
always be constituted by a system of integral equations not more 
than n in number. For the establishment of this result, and for 
allied investigations, reference must be made to other sources f. 
Here we shall be content with giving the solution for the case of 
three variables and for the case of four variables. 


163. When there are three variables, we take the total equation 
in the form 

Pdx + Qdy + Itdz = 0, 

where we shall assume that the condition of integrability is not 
now satisfied. 


We proceed to find whether it is possible to obtain quantities 
u, V, V), functions of the variables x, y, z, such that we may have 

Pdx 4- Q,dy + Pdz ^du + vdw 
identically. Should it be possible, we must have 


du . dio 

and therefore, writing 

p,_dQ_dR 
^ " dz dy ' 
we have, on substitution. 


^ du dw 
Q = ^ + v^, 
dy dy 


dz 


dw 


^ dz’ 


P>sp_d^ 

dy dx ’ 


i^ = 


<2' = 


dv dw 
dz dy 
dv dw 


dx dz 


dv dw 
dy dz * 
dv dw 
dz dx * 


_ dv dw dv dw 

dy dx dx dy * 

* Berlin, Ahhand, (1814-5), pp. 76 — 136. 

t A full diaouBHion of Pfaff ’b Problem will be found in the author’s Theory of 
Differential Equatione^ vol. i., which also oontains a disousBion of systems of total 
equations (see Chap, ii., for syateniB of exact equations; Chap, xiu., for syatems of 
Pfafflan equations). 
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SIMPLEST CASE^ OF 

Multiplying these equations, first, by ^ respectively, and 
adding, we have 

and then*by respectively, and adding, we have 


We also have 
3m 


P'^ + Q'^ + i2'|^=0. 

cx ay oz 




so that 


P' ^ + Q'P+R'^^ = PP '+QQ' + RK. 
dx ay az 


The right-hand side in this equation does not vanish, because the 
condition of integrability is not satisfied ; otherwise, obviously 
wtuld satisfy the same equation as %v and v. 

It thus appears that both v and w satisfy the equation* 

P'^ + Q'^ + P'~=0. 

ax ay oz 

Anticipating the results of Chapter ix., we can solve this equation 
by constructing the system of equations 

dx ^dy dz 

and integrating these equations; if their two independent in- 
tegrals are 

a {x, y, z) = constant, /8 {x, y, z) = constant, 

every integral of the equation in ^ is a function of a and 
Accordingly, both v and w are any functions of a and /8. 


* The quantities v and w may be expected to satisfy the same equation ; for we 
can write 

dit + r dw =: d ( 17+ vip) - wdv, 

that is, Pdx + Qdy -^Hdzin unaltered when we interchange w and - v, and substitute 
V^vw for u. 
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Suppose now that we ta^ w equal to any function of a and 
the simpler the better for otlr purpose; le^ us choose 
When we make 

a (a?, y, = a, a constant, 


which therefore is a relation among the variables, we have 
Pdx+Qdy^ Rdz^du, 

that is, for this relation among the variables, Pdx + Qdy 4- Rdz is 
a perfect differential. Accordingly we use the relation a (a?, y^z)^a 
to remove one of the variables and its differential element, say 
z and dz, from Pdx 4- Qdy 4- Rdz ; the resulting expression is a 
perfect differential, say d<l> (x, y, a). In if> (x, y, a) we reinsert the 
variable z and remove the constant a by substituting a {x, y, z); 
and then ^ (x, y, a) becomes m. 

We thus have u and w. The value of v is then given by any 
one of the equations 


dx ^ dx^ 


Q- 


du dw 


du dw 


Consequently, we can consider the quantities u, v, w, known. 
Now our differential equation is 


Pdx 4 - Qdy + Rdz = 0 ] 


and therefore we have 

da 4* vdw = 0. 


Manifestly, there are different kinds of integrals, as follows. First, 
we can have 

u — constant, w = constant. 


Again, we can have 

u =a constant, v = 0. 


Again, we can have 

where is any arbitrary function. 

In each case, the integral equivalent of the differential equation 
consists of two equatiom; it does not consist of one alone, as is th^ 
fact when the condition of integrability is satisfied. 
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Ex. 1. Obtain an integral equivalent of t£e equation 

ydx'^zdy-^xdzmtQ. 

Here P*=y, ^-=^, P'«l, = ; the condition of iiitegrability 

ie not satisfied. 

The equations 


become 

so that we have 


dx dy dz 


dx=^ dy =dz^ 

According to the rule, we take i<?=a, and we simplify the equation by taking 


Then 
so that 
and therefore 


x-y=a, 

ydX'k-zdy-\-xdz"^ydy+zdy-\‘{y + a)dz^ 


Lastly, we have v given by 


that is, 

Hence, taking 
we have 




n Bw dw 

- -V — , 
CX CJJ? 


v=y^z. 

u^\y^+xz^ v^y-Zy w^x^y^ 
ydx + zdy+ xdz=^du + vdw. 

Integral equivalents of the equation are given as follows ; — 

(i) u=c, w^a\ 

(ii) w = c, i;=0; 


(iii) 

where a and c are arbitrary constants, and ^ is any arbitrary function. 

(It will be noticed that v=i3, thus verifying the earlier remark that v and 
w satisfy the same equation.) 

Ex, 2. Obtain integral equivalents of the equation, in Ex. 1, in the form 

(i) \z^-\-xy^c, y-z^a; 

(ii) z-x^0\ 

(iii) Vr (m', 

where u'^lz^+xy^ tdm^y-z. 
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JSz\ 3. Obtain integral equiral^its of the equations 

(i) zdx-^xdtf^yd»»Q* * 

(ii) {ay^hz)dx-^{a!z-{>Vx) rfy +(a"jr+6''y) <2r«0, 

where the coefficients are constants ; 

(iii) 

(iv) xydx-^yzdy-^-xzdz^O. 

164. We have seen that when the condition of integrability 
is satisfied, so that PP' + QQ' + RR ^ 0, then u satisfies the same 
equation as v and w. 


In that case, each of the quantities u, v, w, is (by the later 
theory of partial differential equations of the first order) a function 
of a and only, where a(x, y, = constant and fi{x, y, con- 
stant are two independent integrals of the equations 

dx dy ^dz 

Accordingly, substituting such values for u, v, lo, in du^vdw, we 
have 

Pdx + Qdy -b Rdz =* Ada 4- Bd^, 


where A and B are functions of a and B as yet unknown. When 
a and /9 are supposed known, then A and B can be determined 
from the equations 


ox ox 


Q^Ap--hB^. R- 

dy dy 


- 3a „ 3/9 


after being determined, they should be expressed in terms of a and 
fi alone. 


The integration of the given equation then depends upon the 
integration of the equation 

ilda + ■» 0, 

which is an equation in two variables only. 

We thus obtain another method for integrating an equation 
Pdx + Qdy + Rdz^Q when the condition of integrability is satis- 
fied : viz. we take the two independent integrals 

« (®» y> fi (•'®i y» *) = b. 
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of the equations ^ 

' dx dy* dz 

dz dy dx dz dy dx 

we express Pdx + Qdy + Rdz in the form Ada + -Bd/8, where A and 
li are to be expressed as fanotions of a and ^ only; and we integrate 
the equation 

Ada-^Bd^ — 0. 

Its integi'al is the integral of the original equation. 

Ex. 1. Integrate the equation 

E= -zydx-Y zxdy + y^dz = 0 . 

We have 

The condition of intcgrability is Bati»ficd. Two independent integrals of the 
equations 

dv _ dy __ dz 

are given by 

X 

a=y^i: = c'(»nstant, - 4-2 logy = constant. 

• 

For the quantities a\ and i?, we have the equations 

zx^A ,2yz-\-B(- 1+ "V 

y V r y) 

that is, 

yl = 1, B~ —a. 

Hence 

E= da^a d^ = 0 , 

the integral of which is 

/a-loga = ii. 

Consequently tlie primitive of the equation is 


? — log2 = i1. 

y 

Ex. 2. Integrate, in this manner, the equations in Kx. 2, § 152. 

166. When there are four variables, we denote them by a/j, 
a?a, x^\ and we write the total equation in the form 

fl = Xidxx + X^dx.^ + Xi^dx-i -f X^dx^ = 0, 

where Xg, X 4 , are functions of all the variables. We first 

proceed to obtain an equivalent expression for fl, such that it shall 
contain the smallest number of differential elements. 
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Take three independent functions of all the variables, denoting 
them by yj, ya, and express 'three of the original independent 
variables, say in terms of yi, ya, ys, so that these now 

become the independent variables. Making this change, we have 
n in the form 

SI = r,dyi + y2dy2+ Vjdys + 

where Fi, Fj, Fa, I"*, arc functions of the variables yi, y^, 

Now the three functions yi, y^, ya, are at our disposal ; and they will 
be determinable by three conditions or relations. As one of these, 
we shall recjuire that Y^ = 0. As the other two, we shall require 
that the ratios Fi : F^ : F 3 are independent of Accordingly, we 
can write 

= F, = 0 , 

where t/,, f/ 3 , CTy are functions of y^y-i, ya, alone; and we then 
have 

n = M{U,dy, + U.4!h+ U.dy,), 
where the factor M is, or may be, a function of y,, y^, y^, 

Now the quantity 

J7,dya+ Tl^dy^ 

is an expression, involving only the three variables y^ y^, y.i \ it 
has exactly the same form as the expression discussed in § 1G3 ; 
and therefore, even in the most general case when no condition 
holds between the coefficients Uiy ZJg, f/s, it can be represented in 
the form 

Uidyi *f t/gdya -f U^dy^ =^du + vdw. 

But unless the condition of integrability is satisfied, we cannot 
transform the differential expression into another which contains 
only one differential element. When this form is substituted in 
ft, we have 

SI ^ M (du vdw) 

= 3Tdit + Ndw, 

From what precedes it is clear that, in general, we could not obtain 
for ft an expression containing only one differential element; and 
we therefore regard this form as the reduced equivalent form 
for ft. 
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The foregoing method of proceCling involves two distinct 
stages. In the first, yi, y,, y,, are ’determined. In the second, u, v, 
w, are determined. Instead of carrying out these two stages, we 
shall accept Mdu + Ndw as the type of the reduced form for fl, 
and shall obtain u, w, M, N, by a different method. Accordingly, 
we take • 


Xidxj^ + X^dx^ + X^dx^ -f X^dx^ = = Mdu + Ndw ; 

then writing ^ other derivatives, we have 

Xr=^Mur+Nw,,, 
for r = 1, 2, 3, 4. Now let 

dx,,/ 

for all the combinations m, n = 1, 2, 3, 4, so that 


and let 


^mm ““ ^mn ^nm ) 

1 = X^U^ “f* X^(X^ 

“h -^8^42 "4" -^4^20 

Ti^3 ~ .A^2^^'a4 “h •^^aU'4j ■4‘ X 

T1^4 = X 2U23 + X 2(1^1 + JSTaCl-ja 


^vhere obviously 


W, X, - F, + W,X, - F4 X, = 0 


We have 


P 0 

»W«* = -rr ^ {MUn + NWn) 




dM dM dN W 

= 5-- “>» - — - a ~ w, 




and therefore, if 




for r = 1, 2, 3, 4, we find 

Fl = {Mu2 -f aa4 4- (il/iis + JVw*) 048 + (3fll4 + Nw^ Ofli 

a= Jn {u^W^ — 4 * J2 (M4W2 — W4) + J4 
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Similarly ' 

I » 

W.i *= Ji (tltWi — M4W,) + Ja {UtWi — «! W4) + t/4 (MiW, — ttyW,), 

ITj = Ji (u*W4— «4Wj) + t/j, (u4t<;i — M1W4) + ^*4 («iW» — t(aW|), 


Tr4 = Ji (WaW, — «,W») + J, (itjW, — + J* (Mi W2 — 

It follows immediately that 

TTiM, — WaUa + W'sMj — ir4M4 — 0, 

Tf 1 w, — TTj Ws + TfjWa — Tr4W4 «= 0 ; 


and therefore u and w are two integrals of the partial differential 
equation 


F, 




3;ri 




‘3^4" 


Hence, again (as in § 163) anticipating the results of Chapter IX., 
we form the equations 

where 

= Xiajnn + 

(A*, Z, m, w, = 1, 2, 3, 4, in cyclical order), we know that u = con- 
stant and w = constant are two integrals of these subsidiary 
equations. 


166. We now can proceed definitely to the construction of 
the reduced form of fl. We take any integral, the simpler the 
better, of the subsidiary equations 


dx\ doCt^ dx^ 

let it be 

U (a?!, X^y fl^S, *^4) = dy 


where a is a constant. Now 


n « Mdti -h Ndw ; 

and therefoi-e, when we postulate the relation tt = a among the 
variables, we have 


C « Ndw^ 
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that is, the equation H » 0 is exactly integrable ; and its integral, 
under that relation* is w *« c, wheref c is a constant. Accordingly, 
we use the relation 

^s* ^4) — ^ 

to eliminate one of the variables and its differential element, say 
and dxi, from the original equation fi =0 ; we integrate the resulting 
form of the equation, obtaining its integral in the form 

a? 3 , 074, a) = c; 

and we then substitute u for a, obtaining the modified form 
w (a?i, x^, a?*, x^ = c 

of the last relation. 

With these functions u and w, the original total equation 
becomes 

n = Mdu 4- Ndw\ 

and the quantities M and N are given by the relations 

Xr = MUr + NWfi 

for r »= 1, 2, 3, 4, We thus obtain a reduced form for the differen- 
tial ^expression n. 

167. Integrals of the equation fi = 0 are now obvious. We 
have several classes as follows : — 

(i) u = a, w =c'y 

(ii) u = a, N — 0\ 

(iii) 0, w = c ; 

(iv) if = 0, J\r=0; 

(V) /(M.«;) = 0, 

where a and c are arbitrary constants, and f is an arbitrary 
function. 

In each of these cases, the integral equivalent of the single 
total differential equation in four independent variables consists of 
two integral equations free from differential elementa 

For further developments, references may be made as indicated 
in § 162. 
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Ex, 1. Obtain an integral equiifalent of the equation 


Here 


Qtttx^dxi-\‘Xidx^^-X2dx^-\‘X^dxi^(f. 

X\f A.3^i2r2y 


022— —1, ^14“ 1» 023=»““lj O24“®0> 034®*— 1; 

and therefore 


Ifjsn Hj, -j74-a:2’“ 


One integral of the subsidiary equations 

dxi _ dx2 _ dx^ _ dx^ 

is evidently given by 

Xi -;r 3 = constant 


so we take 


-fK4. 


W®a.r| — ^3 = 0 , 

and use this relation to modify Cl, We have 

12 ^x^dx^ “t" (^3 "f” 0 ) dx2'^ X2dx^ "^x^dx^ 

==‘d(x2x^+x2x-s‘-\‘ax2 ) ; 

hence 

(f) = .>‘3a,’4 -f X 2 X 2 + 0 X 2 j 

and so 

W = X3X^+XiX2. 

We easily find 

J/’«.r4-X3, ir®!; 

and with these values 

12 = (/i?4 — j;*i) du+dw. 

Integrals are given by 

(i) — 0:3 = a, .‘F 2^2 + ^’ 3^4 = <^ » 

(ii) Xi--Xi=^0, XiX2+X2X^=^o; 

(iii) /(«,w)= 0 , 

jEt. 2 . Another integral of the subsidiary equations in the preceding 
example is given by 

u=tX2—x^=a. 


Obtain the corresponding reduced form fur 12 ; and state the corresponding 
integral equivalents. 

Ex, 3. Obtain integral equivalents of the equations ; 

(i) X2dxy’\‘X2dx2+x^dx2’{-Xid>x^m^O\ 

(ii) x^dxi + 2 jri 0^172 + 2 a? 3 ci!a? 4 == 0 ; 

(iii) %r2dx\ + 4?3<£r2 + '^x^dx^ + jTi dx^ « 0 . 
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Ex, 4. Shew that, if the equation ^ 

Xidxi’^ X^dx^-^ X\dx^^O 

is reducible to one or other of the following forms, the respectivo conditions 
are necessary and sufficient : — 

(i) if then for 9n, 2, 3, 4 ; being six conditions; 

(ii) if»Q>xi/(fu, then for r=:l, 2, 3, 4; being three iiide[)endent 

conditions ; 

(iii) if Q^Jfdu+dw^ thenai2a34+ai3a42+aua23=^ J being onecondition. 

Ex, 5. Shew that, in the most general case when uo condition is satisfied 
by the quantities X, and when one reduced form of G is Mdu+Xdw, the 
quantities U and W for reduction to any similar form are given by 

f(V, If, w, 

M du^ 

where / is any function whatever. 

Deduce the most general integrals of QsO, when one reduced form 
Mdu^XdwBsQ is known. 


Equations of a Degree higher than the First. 

^68- Equations may arise in which the differentials of the 
variables occur in a degree higher than the first; into their 
solution it is not proposed to enter fully but only to indicate a 
method of proceeding in some cases. The general equation of the 
second degree may be taken as 

Xdjf + Ydy^ + Zdz^ + iX'dydz + 2 Y'dzdx + 2Z'dxdy = 0, 
in which X, Y, Z, X\ Y\ Z\ are functions of y, and z. If the 
left-hand side can be resolved into two factors, then the equation 
may be replaced by two others each of the form 
Pdx + Qdy -f Rdz = 0, 

obtained by equating separately to zero the two factors. The 
solution of either of these, obtained by previous methods, will 
be a particular solution of the differential equation proposed; 
and the two general solutions taken together will constitute the 
complete solution. In the case when each of the linear equations 
is satisfied, in the sense of the preceding paragraphs, by a single 
integral of the respective forms 

y» ^1 = 0, y, (7a*=0, 
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the general eolution will, as in § 19, be represented by • 

{^1 («, y. «) - (». y, a) - C} = 0 (A). 

In the case when two separate equations are needed for the 
solution, each corresponding pair must be looked upon as a solution. 

Now the condition that these should be solutions* is that the 
left-hand side of the original equation should be resoluble into 
factors. The left-hand side is equal to 

i [{Zdz -I- Tdx + X'dyY - {( 7'> -XZ)dai‘-2 {ZZ' - X' Y') dxdy 

In order that this may resolve into two &ctors, we must have 
( T* -XZ)da?-2 {ZZ' -X'T) dxdy + ( J'* - YZ) df 
a perfect square, which will be the case if 

(J'^-XZ)(X'*- YZ)-(ZZ'-X'Yy-~0, 

that is, if 

Z(XYZ+2X'Y'Z'-XX'>- YY'>~ZZ'*)^0; 
or, since Z is not zero, we must have 

.Y YZ + 2X'Y'Z' -XX'*-YY'*- ZZ'* - 0. 

When this condition is satisfied, the general solution is obtained 
in the foregoing manner. 

When this condition is not satisfied, the proposed equation does 
not admit of a single primitive of the form (A), nor does it admit 
of a set of separate primitives each given by a pair of equations ; 
but it does in general admit of a solution expressed by a system of 
simultaneous equations 

Note. Another method of proceeding is indicated by Goldberg*. 
When the equation of the second degree which has been discussed 
is satisfied in virtue of a single integral equation, the latter may 
be regarded as the primitive. This primitive defines x as a function 
of w and y, and is equivalent to 


dz^pdx + qdy, 
dz dz 



• Orttte, t. oxxii. (1900), p. 84. 


where 



840 


TOTAL DIFFERENTIAL EQUATIONS [CHAP. VHI 

and therefore this new differential relation is equivalent to the 
original equation. Consequently, when dz in the original equation 
is replaced by the value pdx + qdy, the result must be satisfied for 
all values of dx and dy. Now the result of the substitution is 

(.y + 2 p Y' + d®* + ( 1 ^+ 2qX' + 5 *^) dy^ 

+ 2(Z'+pX' + qY' +pqZ)da;dy = 0; 

as this equation must be satisfied for all values of dx and dy, we 
must have 

X + 2pY'+p'‘Z=0, 

Y+2qX' + q^Z = 0, 

Z'+pX' + qY’ + pqZ=0. 

The first of these gives 

(pZ+Yy=Y'^-XZi 

the second gives 

{qZ + Xy = X'^-YZ; 

and the third gives 

'' ipZ + F) (qZ +X') = X'Y'- ZZ\ 

Sgiicg 

( - XZ) (Z' 2 - YZ) = (X'Y' - zzy, 

which, after removal of the factor Z from the expanded expression, 
gives 

XYZ^2X'y'Z'-XX'^^YY'^--ZZ'^^0, 
the former condition. 

Moreover, we have 

pZ+Y'^{Y'^-XZ)K 

qZ+X' = iX'Y'-ZZ') (F - XZ)-^, 

so that 

p = ^{-Y' + iY'^-XZ)^, 
q^L{-X' + (X'Y' - ZZ') ( - XZ)-^\. 


In order that 


dz=pdx-\-qdy 
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may be represented by a single primitive, we must have • 

dy do)* dy ^ dz da: dz * 

according as p and q do not, or do, involve z. Substituting the 
values of p and q, we obtain a further condition amon^ the coeffi- 
cients of the original equation. 

If it is satisfied for one sign of the radical, but not for both 
signs, then the primitive is of the form 

^1 (^5 0 =^ 0 . 

If it is satisfied for both signs of the radical, the primitive is of the 
form 

(^, y, •Sr) - C] y, ^) - (7} = 0. 
jEr. 1. The equation 

+ %xydxdy = 0 

satisfies the condition ; and the equivalent equations are 

xdsC-^ydy-\-zdzs=0^ xdx-\-ydy^zdzs^O^ 
which Icvid to the integrals 

ai=s0, — 

and therefore a general solution will be 

( +^2 ^ .2 _ ^ J — ff) = 0, 

i. e. {x^ +y-* — a)* =s 

in which a is an arbitrary constant. 

Ex. 2. Solve 

(i) irdj^ + mm'dy^‘\-nn'dz^ + (Jm! + dxdy + {hi* dxdz 

+ {mu' + m'n) oKe cfy e= 0 ; 

(ii) {x dx ’Vydy ’>rzdzfz^{z^ - — y*) {xdx -{■ydy^zdz') dz ; 

(iii) dxdydz=^0\ 


dXy 


dz 1=0, where m is a constant. 

X, 

?A 

mz 

dx, 


mdz 


Ex* 3. Obtain a solution of the equation 

adb’^c) xdydz^-h {c-a) ydzdx’{-o {a--h)zdxdy^% 
csonsisteiit with the equation 

(Tlie former is the differential equation of the lines of ourvature upon the 
surface represented by the lattei*.) 
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Ex. 4b AIbo of the equation 

a^^dxy 

dXy 


oonsistent with the equation 


y^dyy ‘ 
dtfy dz 


- 0 , 




xyz^\. 


Simultaneous Equations with Constant CoEFFioiENra 

169. We have hitherto considered only single differential 
equations ; we proceed now to consider s)rstems of equations. The 
simplesti and at the same time the most frequently occurring, 
class is that containing only one independent variable of which 
all other variables are functions; for the separate and complete 
determination of each of these dependent variables, the number 
of equations in the system must be equal to the number of 
dependent variables. In this class are included most of the 
differential equations of djmamics. Thus in the case of the chief 
problem of physical astronomy — that of determining the motion 
of a system of material bodies under the influence of their mutual 
attractions — there is a single independent variable, the time 
elapsed from some definite epoch, while the dependent variables 
are the coordinates of the several bodies ; these coordinates vary 
with the time and so furnish the varying positions of the bodies ; 
and they are potentially determinate, since the number of equa- 
tions is equal to the total number of coordinates. All equations 
dealing with the small oscillations in a steadily moving system of 
bodies are also included ; in them there is the additional simplifica- 
tion that all the equations are linear, the quantities multiplying 
the differential coefficients being constants. 

The general theory of the latter will be first considered. 

170. Let t denote the independent variable and D stand 
for d\di ; taking the simplest possible general case, we have two 
equations involving two dependent variables denoted by x and y. 
As the equations are supposed linear, all the terms involving 
differential coefficients of x can be gathered together, and so also 
for all those involving differential coefficients of y; and the 
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equations may therefore be written in the form 



where /i,^, are polynomial functions with constant coeffi* 
cients, and Ti and 7, are explicit functions of t alone, constant 
or a zero value not being excluded. Operate on both the sides of 
the first equation with <f)»(D) and on both the sides of the second 
with ^ (D) ; then they become 

^ (D)/. (i)) « + (D) ^ (2)) y - (i)) • 

Since the functions ^ have only constants in their coefficients, 
it follows that 

^,(Z))0.(D)y.0,(i))^(2))y, 

and therefore the above equations give 

(H). 

Now let li, If, m„ m,, be the indices of the highest differential 
coefficients in A, A, <j>i, <t>i, respectively; then the index of the 
highest differential in <^2 (-D) /i (D) is tuj + and in is 

nii + l,', of these two numbers let n denote that which is not less 
than the other, so that n is generally* the order of the highest 
differential coefficient of x in the linear equation determining «. 
To solve it, we adopt the method of Chapter ill. applicable to an 
ordinary single equation ; if P be any value of x which satisfies 
the equation (there called the Particular Integral), and \i , X,, . . . , X^, 
denote the n roots of the equation 

<f>. (^) - <f>i 0^)A (>•) - 0 (A). 

the complete value of x is 

X = + ilaP*' + + + P, 

where Ai, A^, A„, are arbitrary constants. 

Proceed in the same way to eliminate x from the two funda- 
mental equations, by operating on the first with /, (P) and sub- 
tracting it from the second tffter this has been operated upon with 
/, (P) ; we then have 

l <#»2 (P)/. (P) - (P )/2 (P)} y =/. (P) 7. -A (D) 7, (in). 

* But not univer 8 Bll 7 ; see the Note at the end of § ITS. 
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and so, as before for a, 

y = + £,cV + + + Q, 

where ,Bn, are arbitrary constants, and Q is the Parti* 

cular Integral of the differential equation (III). 

f 

171. We have, in the expressions for the two dependent 
variables, two sets of constants arising from the differential equa- 
tions (11) and (III) ; they are both composed of arbitrary constants, 
but we do not know whether they are independent of one another; 
this dependence may exist and yet the constants may be arbitrary. 
Thus any one of the constants B might be a multiple of one of 
the constants A ; the latter being arbitrary, the former would be 
so also. We therefore must determine the number of independent 
arbitrary constants. To do this, let the values of x and y be sub- 
stituted in either of the equations (I), say in the first ; then the 
terms arising from P and Q, which are particular integrals, give on 
the left-hand side a term Ti cancelling with that on the right-hand 
side. The resulting equation is 

•{-^1^1 (^) "h (^i)} “h {^^f\ O^i) “h “^2^1 (^ 2 )} + 

4- [Anfi (Xn) + Bn </>i (X^)} = 0. 

Since this is to be satisfied for all values of t, the coefficient of 
each exponential must be zero, and therefore 

-di/i (Xj) -|- Bi (f>i (Xj) = 0\ 

^ 2/1 (^) “h -Sa 01 (Xb) = 0 I 

^ nfi (^) 4 Bn<f>i (X,j) = 0 / 

SO that each constant B can be derived from each constant A. 
The number of independent arbitrary constants in the complete 
solution of the simultaneous equations is therefore n, i.e. the 
exponent of the highest index in the operator 

02(i))/i(7))-0i(i))/.(D). 

Hence the solution of the equations (I) is given by the fore- 
going values of w and y ; the quantities X occurring in the expres- 
sions are the roots of the equation (A) ; and the relations between 
the constants are given by equations (B). 
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172. There is a corresponding theorem that, if there be three 
dependent variables given by the three equatidns 

/ {I))w + {D) Tu 

/a (D) a? + P) y + V^2 P) ^ = J'a, 

/3(D)^ + <#»3(i))y + . 

the number of independent arbitraiy constants entering into the 
complete solution is the index of the highest power of J5 in the 
determinant 

/(/)), ir,{D) 

^2(-D), '\lr2{D) 

/a (-D). <#>8 (-D), ^8 (D) 

The same result is also true when there are n dependent 
variables, given by n simultaneous linear differential equations 
having constant coefficients ; the number of independent arbitrary 
constants, which enter into the complete solution, is equal to the 
index of the highest power of D in the corresponding determinant. 

For a rigorous i)roof of these statements, reference maj be made to a 
memoir by Chrystal, Trans. R, S. Edin,y vol. xxxviii. (1897), pp. 163—178, 

Note, It must not be assumed that the number of arbitrary 
independent constants occurring in the general solution, in accord- 
ance with the theorems in the last section and the present, is 
always at least as great as the order of any one of the equations ; 
the number is strictly equal to the degree of the determinant. 

Tho number of arbitrary constants may oven be zeio. An example is 
given by Chrystal, in the form 

(Z)2+l):r+(/>2+2>+l)j^«f, 

The quantity here is unity: and the solution is 

given by 

A’— l+^-3€f^, y=2e<-l. 

173. If the roots of the equation (A) which give the coefficients 
of t in the exponents be real and unequal, the solution given 
above is complete. It remains to consider the cases 

(i) when there is a pair of imaginary roots ; 

(ii) when there is a pair of equal real roots ; 
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the case of equal imaginary roots will follow from a combination of 
these two. * * 

For the former, the solution obtained remains general ; but often 
it is desirable to change the form so that it may be free from imagi^ 
nary quantities. The two imaginary roots, say X, and X,, may be 
denoted by a ± ; hence the corresponding part of a? is 

that is, (£i cos 4- £2 sin I3t\ 

on changing the arbitrary constants as in § 44. The part of y 
corresponding to the two imaginary roots is similarly 

6°-^ {My cos + M,i sin ^t). 

Instead of making the necessary changes in the relations be- 
tween A and 5, it is better to substitute again these expressions 
in one or other of the fundamental equations and derive the cor- 
responding relations as before. 

For the latter case, the solution obtained ceases to be general 
because two constants, say Ay and A^^ become merged into one; 
but it may be proved, exactly as in § 44, that the part of x 
depending upon this repeated root X is 

e^^{A+A% 

and the part of y is 

Ex, 1. Prove that in the latter case the relations between the four 
constants, reducing them to two independent constants, are 

+ (X) = 0, 

Af, (X)+ (\) +^' ^^=0. 

Ex. 2. If an imaginary root bo repeated, write down the oorre- 

8|X)nding parts of the complementary functions in x and y. 

174. It may happen that the question, in connection with 
which the differential equations arise, will afford some indication 
of the form of the result. Thus in a problem relating to small 
oscillations, we should expect the values of the dependent variables 
to be expressed in terms of purely periodic functions ; and it would 
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then be proper to substitute for x and y respectively functioas of 
the form « * 

Li cos fit -h ia sin fit, 

cos fit 4- -Ma sin fit, 

instead of in the equations (II) and (III). By equating to zero 
the coefficients of cos fit and of sin fit in each equation after these 
values have been substituted, there will arise four equations linear 
and homogeneous in the quantities L and M\ and the elimihants 
of these will furnish the values of fi. If on the other hand the 
problem indicate a motion not purely periodic in character, the 
form of value for x adopted would be 

6*^ (Z, cos fit •+• sin fit), 

and so for y. If there be no external information as to the char- 
acter of the motion, then the ordinary method should be adopted. 


Ex, 1. Solve the equations 


dx 

di 


-a)y, 


Here we have 


dff 
dt * 


tax. 


J)X’{~(O7/ = 0 
•“ + =0 

and therefore the equation for x is 

(Z>* + a>2)a;«0, 

BO that x=^A cos tot+B sin toi. 

Similarly y “ -d ' cos sin tot. 


a 


The relations between A, A\ B\ arc at once derived by substituting in 
the first equation : wo have 

— to A sin tot + toB cos o)< = — toA' cos tot - toB* sin tot, 
or B'^A. 


The shortest method would have been to use the first equation to give y 
in terms of x, so that 


y- 


1 dx 
€0 dt 


A Hin toi B cos tot. 


This method is however applicable only in particular cases. 
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Solve the equations 


d^x dy' ^ o 


d(^ 

cPy 


dx 

+a^+M*y 




dt^^ dt 


=0) 


When wn collect the terms which belong to the separate variables, the 
equations are 

(/)* + /i*) a? - aZ)y = 0 1 
aZ?a;+(/>*+fi®)y=0j ’ 

Here the equation for x is 

{(Z)*-* + ;A2)2^.a2Z)2} 

and the value of x is 

x = Zi cos i 3 i ^ + Z2 sin /8i ^ -f Z3 cos 32 ^ + Z4 sin 
where and ^^2^ tlie roots of the equation 

and the value of y is 

y = Mifiin M2 cos ^it + J/3 sin -^4 cos 

It is easy to prove that the relation between the constants is 

Mi~ ji:i~ M3~ Mt * 

Ex. 3 . l*rove that the solution of the equations in tho preceding exami)le 
can bo expressed in the form 

x^ A sin {fie^ (t — ^i)} + B sin (t - ^2)}, 


y = A cos {t - ^i)} + B cos {^e”® {t - ^2)}, 

where Z, <2» arbitrary constants, and a is defined by tho relation 

2/isinhn=a. 

Ex., 4 , Solve 

dx - 

/ 7/ 

^=ax+&^ + cJ 


They might bo solved by adopting tho ordinary rule; the following is 
another method applicable to this form. 

Multiply the second equation by m and atld to the first ; then 
d 

(:r+ wiy)*»jr (f« + ma')+y (i>4*wfc') + «?+mc' 


(a + ma') (a?+ wy ) + c + wm/, 
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provided m be mo chosen that 

h + ml) ma!\ 

that is, if m bo a root of the equation 

•iv^a* 4- (a — y) 7a — 6 «0. 

The foregoing differential equation, being 

d{x-^my) _ 

(tt + WU*')(:l7+Wy) + C-f Wtf ’ 

has an integral 

(a +7»a') {x + wiy) 4-c + me ' = A e* 

Let my and be the roots of the quadratic equation ; the hist equation is 
an integral, provided m is either my or wg. On substituting = we have 

(a + mj a') (j; 4- 771 13/) + c + mi ^ 1 e* 

and on substituting 7w=m5j we have 

(a 4- m^a!) {x 4- 4-c4-m2c' = ^2<?*^“‘^ 

where Ay and A2 are arbitrary constants. These two equations constitute the 
complete solution of the given pair of simultaneous equations when the roots 
•f the quadratic are unequal. 

To discuss the case, when the roots of the quadratic are equal, we write ^ 

m2 = mi4-c, 

and keep r small : and we take 

.d 2 = -d 1 4" 3. 

The second equation then gives 

{a + mya* + fa') {x-hniyy 4- cy) 4* ^2 4 - mi 4- cc' = (/1 1 4- eA^) e* (** * ’“i”') 

When we expand in i^iwers of f, the terms in cancel, owing to the first 
equation. We then divide out by a factor f and, after division, we make t 
vanish; then 

a' (;r 4- 77? 1 y) 4- (a 4- mi a') y 4- o' == (/1 3 4- a'tA , ) eJ* 
which is to be associated with 

(a 4- m 1 a') {x 4- myy) 4* c 4- mi c' = ^4 1 (® '** ’^^i®'). 

These two equations constitute the complete solution in the present case. 

Ex, 6. Solve, in the Siime way as the last example, the equations 

d^x 



350 


SIHTn.TAirEOU8 BIFFBRBNTIAL EQUATIONS [CHAP. VIU 
Em. 6. Solve the following equations: 

W J+T^-y-O. |+Ste+6y-0; 

(“) ^+^®+y=«‘« ^+3y-a;-e«; 

(iii) 4~+9 ^+44^+4%,=/, sg+vJ+a-l^+SSy-s*; 

(iv) 4j+oJ+ll:r+31y=e‘, 3 J+7 J + aF + 24y=fl«; 

+ ^ + 3 J+7|+^+24y-3: 

(vii) ^_3^-4y+3=0, g+x+y+5=0. 


Simultaneous Equations with Variable Coefficients. 


• 176. It will be assumed, as before, that there is only one 
independent variable, and that therefore the coexistence of m 
simultaneous equations should suffice to determine the relations 
between the m dependent variables and that of which each is a 
function. 


Further, it will be sufficient to consider systems of simultaneous 
equations which are only of the first order ; for, to these, any other 
S 3 r 8 tem can be reduced. Thus if into any one of a given system 

a differential coefficient of the »“* order should enter, such as , 

we could obtain an equivalent series of equations of the first order 
by making the substitutions 


Vi 


dx* doc’ 


y* 


d®’ 


Vn 


dyn^i 
dx * 


which are all of the order stated; and the corresponding sub- 
stitutions for all differential coefficients of order higher than 
unity will transform any system of simultaneous equations of 
any order into an equivalent system of equations of the first 
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order. If there be m dependent variables, this systent* must 
contain m equations each of thd form ^ 




yi. Vi, 


dx’ 


dx) 


176. The solution of this system of equations can be made to 
depend upon the solution of a single diiferential equation of the 
order connecting one of the dependent variables with the 
independent variable. 

For let the m equations be solved so as to give the m differ- 
ential coefficients as explicit functions of the variables ; and suppose 
these relations to be 

^ = Vm), 

ym). 


^ ~ (®. yi> y2 ym)- 

Let the first of these be differentiated m — 1 times in succession 
with regard to a; and, after each differentiation but before the next, 

let the values of , be substituted from the last 

7U — 1 of these equations. There will thus be obtained, including 
the first equation, m equations connecting 

dx * dx^ ’ dx^ ' 


with the variables x^y^y^t > these m equations let 

the m — 1 variables y^, ya> Vm be eliminated, so that there 

will result a single equation which may be represented by 




«!,yi 


dyi 

dx* 


da?' 


dx^) 


0 . 


This equation, being of the order, has (§ 8) m independent 
first integrals each involving one arbitrary constant, all the m 
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constants being independent of one another; these integrals we 
may represent by the equations * 



in which the constants C are independent. But from the pre- 
ceding equations we know the values of the differential coefficients 
of y,, in terms of all the variables; when these are substituted in 
the set of equations F, the latter take the form 

(^,^1,^2, ym, Ci) = o 

^2 (^>yuy2> , ym, Q = o 


^m(^, yu y2, ym» Cm)=^o 

wlv'ch are sufficient to determine each of the variables y as a 
function of w ; they are an integral system and contain m arbitrary 
constants. 


Hence we have as the general result : 

The complete solution of a system of m differential equations 
of the first order between m -f 1 variables depends on that of an 
ordinary differential eqxmtion of the m^^ order and consists of m 
equations, connecting the m -f 1 variables and containing m indepen- 
dent arbitrary constants. 

The foregoing is the general theory ; but, in particular cases, 
simplifications arise enabling much of the labour indicated in the 
general theory to be dispensed with. Thus, if the equations consist 
of a set each of which is linear in the derivatives, it may happen 
that an integral of each equation of the form 

PdcB + P,dy, + P,dy, + + Pmdym = 0 

can be obtained in the form 


,ym)=C, 
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and the long process would not need to be gone through. Again, 
instead of determining the m independent first^integrals, it would 
be sufficient to determine the primitive of the ordinaiy equation 
of the order ; for from it could be derived other m — 1 equations 
in which the values of the differential coefficients could be sub- 
stituted, and an equivalent result would be so deduct. Again, 
in the case when the equations are all linear, we can solve them 
to obtain the ratios of the m + 1 differentials in the form 

^ ^ 



which might be called the symmetrical form ; the mode of treat- 
ment for these will sometimes (depending upon the form of the 
denominators in these fractions) differ very materially from, and 
be much more convenient than, the general process. Examples 
illustrative of this statement will be found appended. 


Ex, 1. The general method can be avoided, if integrals of all but one 
equation can be obtained and, h fortiori , if all the integrals can be obtained. 
Thus the equations 

Idx-^mdy^^ndz^Oy 
xdx-k^ydy ^-zdz^Oy 

lead at once to the integrals 

which determine y and z in terms of x. 


Ex, 2. Solve 


(i) 


(ii) 


Ex, 3. Solve ^ ^ ^ , where 


\tdy = i^x + ly + 2^7 — dt, 
d^x dx 

dy , 2 dx 


X ^ ax by -i- cz -{-d 

Vssa'x + Vy-\-dz +d' 
a!'x + b”y + d'z + c?" 

In equations of this form, it is convenient to introduce some new inde- 
pendent variable and to make all those variables, which already occur in the 
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equations given, functions of this new variable. Calling the latter t we may 
assume, as an advanlUgeous form, # 

^ ^ ^ dz 

t “ 7 ” 7 “ ^ 

ldx-\-mdy-^ndz 
"ITT m Y+7iZ 

_ Idx-^-mdy +ndz 
" X (4r + wi^T 'nz)+r' 

provided /, m, 9i, X, be so chosen that 

al-\-a*m+a!*n=\l 

cZ+c'm+c"»=Xw j 

the value of r is 

Eliminating 9a, ti, between these three equations, we have 

a-X, a', a" *0, 

6, 6'-X, U' 

c, </, c''— X 

a cubic equation determining X; let its roots be Xi, X2y X3. When >1 is sub- 

stituted in any two of the foregoing equations, the ratios of limin can be 
derived ; let them be denoted by and suppose the corresponding 

value of r to be ri ; with similar expressions for the other values of X. Then 
for the value Xi we have 

^ + 9^1 o?y 71 ^ dz 

t *“Xi(/ia:-h7aiy+9ii«)-fri’ 

the integral of which is 

(^ia7+9?iiy+ni«-|-riXri)\"*. 

Similarly C2< = (^2 ^ + '»Hy + %« + ^2 X2” * \ 

and — 

In order to obtain the general solution of the system of equations as given, 
we must eliminate t between these equations ; when we write C\^ 
where A and B are arbitrary constants, the general integral as required is 
given by the equations 

(l2^+99i2y-|-9i2«+r2X2'“*)\’^ 

= B -b m^y +9^3^+ rsXs”^) V\ 

Ex, 4, Solve in this manner the equations 

-dx^-^ ^ 

3y+4^ 2y-f6« 
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Ex, 5. This method may also be applied to solve certain sys^ms of 
equations in which the variables dq not occur so simply as in Ex. 3. Thus 
let us consider 

^+J’(a*+6y)-7’,' 

^+r(a'*+6'y)-2’j 

j 

where are functions of t. Multiplying the second equation by I and 

adding it to the first, we have 

(47+ /y) + X iT Ti 

provided I and X are determined so as to satisfy the equations 

a+^a'=X, 

so that the values of X are X^ and X 2 , the two roots of 
(a-X)(6'-X)-a'6-0. 

The integral of the foregoing equation being 

the complete solution of the original equations is given by 
(^+;,y)«^^^‘"=^i+i(7'i+ii T^) 

(x+i*y) rj) dt. 

Ex. 6. Solve the systems of equations 

|+l(.r + 5y)=/ j 

dx 

(/^) 

^nt^^^nl{z^x) V; 

, . dx \ 

(y) 

dt 

dt j 



356 


JAOOBI*S 


[CHAI. VIII 


Jacobi’s Multipliers. 

177 . At the end of § 176, reference was made to a system of 
m differential equations of the first order and the first degree, 
arising in uhe form 

Y,r ■“ 

where all the quantities X, Fj, F^, ..., F,^, are functions of 
Vu y%y •••> Many investigations of general properties of 
the integrals of the equation have been made ; among these, one 
of the most important is what is known as the theory of the last 
multiplier. Only the simplest cases will be considered here; 
reference to other sources must be made if ampler discussion is 
desired*. 

Consider the equations 

dx dij dz 

X"" F*' Z ’ 

where each of the quantities X, F, Z, is a function of x,y,z\ and 
let their integrals be denoted by 

/(a?, y, z)^a, g (a?, y. z) = h. 

Then any relation of the form 

F{f,g)=c 

is also an integral. Moreover, the equations 
f^dx -^fydy -^-fzdz = 0, 
gtzdx + gydxj + g^dz = 0 , 

are satisfied in virtue of the given equations ; so that 
Xgx + Ygy + Zgz = 0 . 

* The theory is originally due to Jaoobi; his foUeat exposition is given in a 
memoir, Qtt, Werke, t. iv. pp. 319—509, and a simpler exposition is given in his 
Varletungen fiber Dymmik, pp. 71 et seq. Cayley’s memoir. Coll Math, Papen, 
vol. X. pp. 93 — 138, may also be oonsolted. 
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fy* ft 

. B= 

ft* fx 

. C'= 

fxt 

fy 


9y* 9t 


9ti 9x 


9x> 

9y 


then a quantity M exists such that 


A B G 

X"Y"Z 


=M. 


Now it is easy to verify that 

^ ^ 

dx^ dz 

vanishes identically ; consequently 

and therefore 


ydM^^dM^ „dM 

vx oy dz 




say 




an equation satisfied by M, It no longer contains any explicit 
reference to/ or 

Suppose that two solutions of the equation 

JF(<^) = 0 


arc known, say M and N, and assume that their ratio is not a pure 
constant; then 

JF(if) = 0, E{N)^0, 

and therefore 


NE{M)-ME{N)^0, 


When we divide by N\ this equation can be written in the form 


Consequently, the equation 

a/3/\ a/#\ 

dx\N)^ dy\N)* dz\N) 

fx z fy y f* 

9» * 9v » 9» 


= 0. 


= 0 
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must be satisfied. It cannot be in virtue of f—a or g mb that 
the equation is satisfied, for a and b do not occur; hence the 
equation must be satisfied identically, and therefore (§ 9 ) there 
must be a functional relation between M -7- N, f, g, free from all 
variables. Hence 

^=F{f,g)mF{a, b)mc, 

say, so that ^ is an integral of the original differential equations. 

In other words, when two solutions of the equation E{M)^0 are 
known, these solutions not being constant multiples of one another, 
their quotient equated to an arbitrary constant is an integral of 
the original system. 

Quantities, such as M and Ny are called multipliers. 


One or two corollaries are practically obvious : they will be stated without 
proof. 


I. If one multiplier M is known, then every other multii>lier is of the 
form Mh (a, h). 

IL If three multipliers Ly My Ny are known, such that L-^N and M-^N 
are not pure constants, and such also that Z^-r iV' and M-^N mu not connected 
by any functional relation involving only pure constants, then 


L 

N"" 


ay 


M 

— SB 

N 




can be taken as integrals of the original differential equations. 


III. If 


^ ^ ^ 

hx dy dz 


= 0 , 


then one multiplier is known: we can take so far as the equation 

E {M) * 0 is concerned. 


The importance of the multiplier lies in the property that, 
when one integral of the equations has been obtained and when any 
multiplier is known, another integral can be obtained by quadratures 
only. 

JjQt the integral which has been obtained be 
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let M be any known multiplier ; and let the other integral, &8 yet 
unknown, which would be associated with /=a to give the mul- 
tiplier Jf, be 

g{x, y, z)^b. 


By means of f{x, y, z)^a, let one of the variables isay z) be 
expressed in terms of a and the other two variables ; and let the 
value thus formed be supposed substituted in the other integral, 
with the result 


Now 






dO 


and therefore 


Now 




9z‘- 


dy ^ 

dO . 


MX: 


MY = 


fv* ft 
Ov* 9t 

fz> fx 

9z, 9^ 


dG. 


9a? 


ft' 


dG = -^-dx + ^dy, 


where dG is a perfect differential: substituting on the right-hand 
side, we have 

d(}^^{Ydx-Xdy). 

Jz 

The left-hand side, regarded as a function of a?, y, and the con- 
stant a, is a perfect differential ; hence, when the quantities on the 
right-hand side (all of which are known) are expressed in terms 
of a?, y, a, the expression is a perfect differential. Effecting the 
quadrature, we have 


M 
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The 4|uadrature thus gives us G{x, y, a). When the quantity 
a is replaced by ^ix, y, z), we b^ve the second integral in the 
form 

g{x,y,z) = h. 


Ex, 1. C^Tisider the equatioim 

dx dy th 

x(y-z)^ y{z-x)^ 

Here, we have 

^ oy ^ di ’ 

hence we can taka unity as a multiplier. Also x-hy-h^^fZ is clearly an 
integral, bo that 

and/.** 1. To obtain another, we have to replace zhy a- x -y in 

\{^Ydx-Xdy) 

and effect the quadrature : that is, we have 

J {y (a - 2^ -y) (a? + 2y-a) rfy} 

srowy-A-^y— y2 
=xy(a-x-y). 

The other integral, by our theorem, therefore is 

xyz=h. 

Ex, 2. Integrate the equations : 

dx dy dz 

X (y^ - z^) “ y z (x^ -y*) ’ 

dx dy _ dz 

x(^^) ” -y (^2 ^xi^)^z {,^+y^) ’ 

/:::\ _ ^y_ _ _ 

X (.r +y ) "" y\x +y) “ (x - y) (2Li7 + 2y + ^) ’ 

fiv^ ^ _ dy dt 

' ' y®4-y2+^‘‘* z^-\-zx-\-x^ x'^-^-xy+y^ 


Ex, 3. 
order 


The method can be applied to a differential equation of the second 


C&2 




when a first integral is known. 
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^ ^ dp 

1 " p "”A ’ 

where ; 8o that an instance of the general system arises when we take 

-V-1, Z^h{x^y). 

Thus 

^X 7>YJZ 

and so unity can be taken as the value of if. 

Let the first integral, supposed known, be 

and let this be supposed resolved to give 

^=:^(x,y,a). 

Then the general theorem shews that another integral is given by 


Ex. 4. Consider the equation* 


where /(j;)s=ar*+2)34?+y. 
Writing y'=r, we have 


The equation for M is 


dx dy dz 

^ * I (/+!!**)* 


0i/’ vM , 1 > ^ o ex cM „ - z - 
of which an integral manifestly is 

M^y - 1 . 

If then we can obtain a first integral of the original equation, the primitive 
will be derivable by a quadrature. 

Now 

3'y'-3y*=/(*A 

yy+Jy'y’-o, 

* Lagaerre, <Euw^ t. x. p. 402. 
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becau»« From the last we have 


and so 


^,+ §^=0, 

3 y * 

«*▼ wf saa. 


Elimiiiatiiig^y'^, between the last equation and the three above, we find 

2y/-3y/' = 3 (A/-4/3- JayV)*. 

where 

Accordingly, wo have a first integral of the equation in the form 


p=y'= 3 y y +^(Ay*- 4/’ - wV)* 

--aZ. y-l--? li 

2/ 


To apply the theorem, we need ^ : we find 


The integral, l>oing 


becomes 


>-12%’'^. 


^^{pdx-dy)^h. 


j 1 2/C {dy -pdx) = h ; 
or multiplying up by - 8, we have 

rj. 


/f.Ji 

To effect the last quadrature, write 


Jf\^. 


so that the equation 


r V 

ldy-->jydx= 

R^y (A — J aw - m*)4, 

/ dx ^ f du 

f y TfcCA- Jaw— m’)! 


gives the primitive. 
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Ex. 6. A first integral of the equation 

is of the form 

Determine the primitive; and compare the result, obtained by the process 
of the multiplier, with the result of immediate integration of the first 
integral. 

There is one case in which a value of M can be obtained. 
Suppose that 

^ vZ\ 
dz) 

is the complete derivative of a function ^ with regard to /c, account 
being taken of the relations 

dx dy _ dz 

Then we have 


dx X dy X dz dx dy dx dz dx dx * 


and the equation for M becomes 


so that we can take 


dx dx 
M’=erK 


0 . 


A general instance of this type is given by Jacobi* in the form 

where ^ and are any functions of x and y. As in some of the 
preceding examples, we take 

^=» 

dx 

BO that, writing 

* Oen, Werl6€^ t. iv. p. 408. 
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we nisjr take the subsidiary system in the form 

dx dy *dz 

Then 

• JT V9a! dy^dz) ^ dy dx 


and therefore 





If then a first integral of the differential equation can be 
obtained, the primitive can be constructed by means of a quad* 
rature. 


Btc* 1. Integrate the cquatioim 

([) ^ —dt- 

' y-z~^ * 


(ii) 


dx 


dy 


x^-^ry x^+z 




• ..... dx dy dz ,, 

y-z x+z+t 

Ex, 2, Obtain the primitive of the equation 

whera h and c are constants, having given that a first integral is 

^ hxy^p^ + (^ “■ 3 ^^') y^P + ^ 3 ^ + ^y^^ - ^hcyx^ + = . 4 , 
or, what is the equivalent, 

^y/>+X'y+^,a;^ (yp+\''y+^,xj=A, 

where X, \\ X", are the roots of the equation 

X34.6x-c=0. 


The preceding investigations have been restricted to the case 
of three variables and two equations. Corresponding results hold 
for the case of n + 1 variables and n equations ; but they will 
merely be stated here, and the proofs will be found in the works 
cited (p. 356) at the beginning of this section. 
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Let the equations be 

dxi diic^ d^n+i 



where each of the quantities X can be a function of all the 
variables. 

I. The equation for the multiplier M is 
«+i 

2 Xr~-^M 2 

rail (j^r r«l 

If any two solutions of this equation, Mi and are known, their 
ratio not being a pure constant, then 


where a is an arbitrary constant, is an integral of the differential 

equations. Let = «] , == « 2 » , = ctn » be a complete system 

of integrals, and let M be any multiplier; then every other multi- 
plier is of the form M(f){ai, Oa, an). And if 

4 . 4 . 4 . 0 

dxi dXi ’ 

manifestly we can take M=l, 


11. Let 


Ui tt}, Wa tta, ....... Ufi—i — On— 1» 


be « — 1 integrals of the equations, so that all the integrals save 
one are known; and let M be any multiplier. Then the last 
integral of the equations is given by 


3 (?/,, ti., ....... Un^i) 

d (iTj, X^J Xfi^i) 


ydx^ — X^dXi^ — On; 


where On is an arbitrary constant, and all the quantities in the 
subject of integration are to be expressed in terms of 


Xu X^y Oi, On—i, 

by means of the given n — 1 integrals of the system. 

It is on account of the theorem last stated that the name 
last multiplier was attached to the quantity M by Jacobi. 
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Ex, Shew that, if two iDtegrals of the differential equation 
be known in the form 

then a third ititegral is given by the relation 

[dy^jfdx 


3(y,y’) 




where y and are to be expressed in terms of x and y by means of the 

^ vy> y ) 

equations and y=P : the quantities a, A y, being constants. 


A Special System of Equations in Dynamics, 

178. There are two classes of simultaneous equations which 
are extremely important; one is the class already considered in 
§§ 146, 149 as the generalisation of Euler’s equations leading to 
one class of higher transcendental functions ordinarily called 
Abelian functions; the other is the system of equations which 
determine the motion of a particle attracted to a centre of force 
that acts according to the gravitational law. The latter may be 
represented by the simultaneous equations 

(Px dB dR r\ 

5^“^’ 

in which JB is a rational function of r or + + the 

distance of the point x, y, z, from the origin. To express the com- 
plete integral, three independent equations (or their equivalent) 
will be necessary. Since each equation may be replaced by two 
of the form 

— ^ — 

dt* dt'^ dx* 

giving six equations in all to determine the six quantities, the 
investigation of § 176 shews that we must have six arbitraiy 
constants in the solution. 
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If we multiply the equations (i) by respectively, add 

and integrate, we have 

in which B is an arbitrary constant. 


* jf2 + 5, 


Another form may be given to the equations (i). Since i2 is a 
function of r, we have 

ZR ^ ^ 

dx dr dx r dr ^ 


and so for the others ; and thus (i) becomes 


d^x _ X dR ^ 
dt^ r dr ^ 


d^ _y dR^ 

dt^ r dr ^ 


d^z _ z dR 
dt^ r dr* 


Therefore 


d?v d}x ^ 


d?z 




d<» 


(Pal (Pz _ 


of which two only are independent; the integrals of these are 
respectively 


dy dx 




dz dy ^ 

dx dz ^ 

Squaring and adding these, we have 

= <?.» + (7,* + C,*v=il>, 
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where is an arbitrary constant ; this is equivalent to 
‘ / dr\* 


2r*(i2 + B)-(r|)’ = ^* 

that is, to 

id therefore 

t + a= f——^^ 

J {2r*(JJ + 5)-il»}* 

From the equation just obtained, we have 

fdrV 


and therefore 


and therefore 


that is, 




dr dt~^ r“ dt dt dt^ * 


dR _ _ ^ 

dr r* dt^ ’ 


When this value is substituted in the modified form of the 
original equations, the first of them is 



d^x d^r 

or 


or 


Let 

11 

tia? 


Adr 

V{2r»(7e + £)-^=}*’ 


then the foregoing equation for - is 





178] 
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- = Oi cos ^ 4- Oasin ^ (iii). 

The second and third equations, similarly treated, lead to 

y * 

^ COS ^ + 6a sin 0 (i v). 


z 

r 


Cl COS ^ + Ca sin (f) 


(v); 


and in these the constants a, b, c, are arbitrary. But they are not 
independent; for we have always 

whatever be the value of 0, and therefore the relation 
(a,* 4- + Cl®) cos® <^ + 2 (oiOa 4- 6i 6a 4- CiCa) cos <f> sin if> 

+ (tta® 4- 6a® 4- c/) 8in®<^ = 1 = cos* <f> 4- sin*^ 
is satisfied for all values of so that 

ai*4-6i*4-c,*=l| 

Oa* 4- 62* 4“ Ca® « 1 > (vi)? 

OiO^ + biKi + CiC^-O) 

The six constants are thus equivalent to three independent 
constants. Further, we may put (iii) into the form 


3D 

- = Pi cos (<^4- AX 


where pi and A arbitrary constants; thus an arbitrary constant 
is associated with and one will not require to be added in the 
equation 

Adr 


H 


r{2ra(i2 + 5)-4>}i 


.(vii). 


We have now suflScient equations to determine the general 
integral. By means of (vii) ^ is given as a function of r, and 
therefore by (ii) as a function of t; hence (iii), (iv), (v), give x, y, z, 
as functions of t Moreover, we have six independent arbitrary 
constants, viz,, A\ A a, and the six quantities Ui, Ua, 61, 62, Cj, c^, 
connected by the three relations (vi). These therefore constitute 
the general integral of the differential equations. 
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Solve in this way 

(^+y)*^+My-o^ 

Also solve by transforming to polar coordinates. 


MISCELLANEOUS EXAMPLES. 


1. Prove that, if 

cfd (m — n cos 0)i s (m — n cos , 

then 2fn-w^c®+^^+n ^ccos^^^ - ^ cos^^^^ =0, 

c being an arbitraiy constant. 

2. Let A’(ar) denote the integral 

cbs 

prove that an algebraical relation equivalent to 

^ (^'i) + ^ (^2) + (^s) ■■ 0 

is 4 (1 - (1 - jFjj*) (1 - a:3“)-(2 

3. Let E{x) denote the integral 

r* 


jo {t-^I 


verify that 

(j7i) + ^(^2) + *^(>*^3) =* ■“ ^2^3 > 

where Xiy x^^ x^^ are related as in the previous eicample. 

4. Verify that 

^ 1 , yi, I 1-0 

^2, ^2, 1 

^3> ysi 1 


is an integral of 


dxi dx2 ^ 

(l-V)* (l-*2*)* O-^s’)*'"’ ’ 


y being given by the relation 1. 

Interpret the result geometrically. 


(Cayley.) 
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5. Prove that the integral of 

0 

(1+**)* (l+y*)* 
may be exhibited in the form 

(1 (1 (1 +aS)*(l +J?ya)», 

where a is an arbitrary constant ; and that the integral of 

ds , dy ^ 

(4*>- /«+/)* (4/-/y+/)l“° 

may be exhibited in the form 

(ijfi - /»+ 7) (4y® (4aS - la + J)« {4aryo - J/(i? +y + o) +.f 1 ^ 

where / and J are definite constants, and a is an arbitrary constant. 

Shew that a genenl integral of 

X-^dx^Y-\dy=-0, 
where X—{kj 1)*, 

r*=(^, I, w, %, 1)8, 

is XYZ^[h'^l{X’^y^z)’^m{icy‘\ryt'\-zx)’{-nxyz)\ 

where f, m, wjz, 1)®, 

and z is an arbitrary constant. 

(MacMahon and Russell.) 

6. Prove that integral relations equivalent to 

^ ^ ^ 

Ad A(^ A^ 

sin*dfl[d sin*0rf<^ ain^ylrdylr . ’ 

Ad A0 A^ 


{(^ - K sin® x) (1 -X8in*x) (1 - Msin*x)}*i 

sin ^|f sin </> cos d Ad sin dsin^cos ^ A^ 

(sin® d — sin® 0) (ain®d - sin®^) (sin® </> - sin® d) (sin® ^ - sin® ^) 

sin </) sin d oos^ A^ 


tjjaa oaaa i/ ^ 

'^(sin®^-sin®d)(8in®^-sin*^)"' * 

cos ^ cos Bind Ad oosdcos^Bin<^ A0 

(sin* d - sin* 0) (sin® d - sin* ^) (sin* ^ - sin® d) (sin® - sin® ^) 

cos ^ cos d sin ^A^ « 


wo V 0*1.1 Y uvr n 

(sin® ^ - sin* d) (sin* ^ — sin* ^) * 

Determine A and 21 from the conditions that </i«a and when dnO. 
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MISCELLANEOUS EXAMPLES 


7. Fiud the itrimitives of the equations 

(i) {ay—tt)dx+{<sz—ar)dy^(J>x—<^)dt’^Oi 

.... dx(y+t-ix) dyjt-^-x-iy) dz{x-\-y-it) 

(y-x)(*-*) (*-y)(ar-ir) (a:-*)(y-*)" ' 

(iii) (}r*+yi+**)<ir+(**+*!r+3:*)rfy + (a:*+ay+^*)<fe=0. 

( 

8. Shew that, if the equation PdX’k-Q^y’^Rdz^O satisfies the condition 
of integrabilitj (§ 151), and if P, Q, P, are homogeneous functions of «, of 
n dimensions, the integral can be obtained by introducing new variables 
u and V such that x^uzy y^vz. 

Hence obtain the primitive of the equation 


in the form 


where x^uz. 


{x^^y^^z^)dx-\‘zdz{y — x')=7^dy iy^ — x^) 


J y-x' 


9. Solve the simultaneous equations 

(5) o^=(6-«)y*. 6^-(c-o)Ar, c^=(o-&)xy, 

expressing each of the quantities Xy y, 8, os elliptic functions ; 
r'\ ^ ^ ^ 


(Euler.) 


10. Integrate the system of equations 


CM?+ cos sin nt = 0, 

dx , , 

cuo-*-j^ — by sin nt+bz cos 7i/»0, 


bu> cos nt + bx sin nt^- oxb 0, 

€U 


dy 


dz 


hti> sin nt’^bx cos +ay — =*0. 

CLt 

11. Integrate the simultaneous equations 
d!^xL 

^ +n* {it -3f («<+»,)} =0, 

™ + 7t* {» - 3, («i + w;)} - 0, 
where f is written for cos (a/ +6) and ^ for sin (a^+6). 


(Liouvilla) 
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IS. Solve the simultaneous equations 

d*y «. flpy 

a** <% , «P» 


13. Shew that any system of lines, described on the surface of the sphere 

and satisfying the equation 

(1 4*2m) jrd;a?+y (1 -a?) rfy 

would be projected on the plane of xy into parabolas. 

Find the equation of the projections of the same system of curves on the 
plane of yz, 

14. Shew that Monge’s method (Ex. 4, § 163) would, if wo integrate first 
with respect to x and z^ present the solution of the equation in the preceding 
example in the form 

(l+2m)xa+«‘’«0(y), 2y(l-A’)= -0'(y). 

Apply this to solve the problem of the preceding example; and identify 
the results. 


15. Integrate the simultaneous equations 

d^Xi dR d^Xj dR cPx^ dR 

cU* 00 ?/ * dfi 

where fZ is a function of (o?i*+o? 2 *+»**+^n*)^’ 

(Binet) 

16. Shew that, if 

f (or+wy +*>*x)=Jr+o>i^+ 

where o> is any cul)e root of unity, then 

Xdx+ Zdy-^’ Ydzy 
Zdx’^ Ydy-k-Xdz^ 

Ydx+Xdy^Zdz, 

are perfect differentials dP, dQ, dR ; and prove that the surfaces 
P==a, R^Cy 

where they intersect at a common point, intersect in pairs at the same angla 

(Laurent.) 



CHAPTER IX 

PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST ORDER 


179. Hitherto we have been considering for the most part 
differential equations in which the dependent variable or, in the 
case of a set of simultaneous equations, the dependent variables 
are supposed to be functions of only a single independent variable. 
We shall now consider equations in which the number of indepen* 
dent variables is greater than unity; and we shall suppose that there 
is only a single dependent variable. The latter is usually denoted 
byv; if it be a function of only two variables, these are usually 
denoted by x and y; if 2 be a function of more than two, say of n, 
then it is convenient to denote the latter by Xi, Xa,Xt, x^. 

The first partial differential coefficients in the former case, viz., — 


3 ^ 

and are represented by p and q respectively; in the latter 

case, the partial differential coefficients ^ ^ ■ 
represented by p„, respectively. 


dz 


An equation in partial differential coefficients is a relation 
between the independent variables, the dependent variable (which 
is an unknown function of those variables) and its partial differ- 
ential coefficients with regard to them. It is of the first order 
when all the partial differential coefficients which occur are of 
order not higher than unity, of the second order when the partial 
differential coefficients of highest order which occur are of order 
two; and so on. In this chapter, we shall consider only equations 
of the first order. 
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It may happen that we have more than a single differential 
equation relating to the same set of variables* for instance^ we 
might have two equations between Xy In this case the 

two equations could be solved 'and from them values of p and q in 
terms of x, y, and z, could be deduced; these could be substituted 
in the equation ^ 

dz^pdx-^-qdy, 

and we should thus obtain a total differential equation/! Similarly 
in the case of n independent variables, n equations would be 
sufficient and necessary to determine pi, P2, ....... these n 

equations would then be considered as furnishing a total differ- 
ential equation. When the number of equations is less than the 
number of partial differential coefficients and therefore of course 
less than the number of independent variables, we are not able to 
deduce solely from them a total differential equation. When only 
a single equation is given, we call it a partial differential eqtutiim\ 
when several equations are given, we call them a simvltaneoua 
eyetem. 

As in the case of ordinary differential equations, the integration 
of an equation is the derivation of all the values of z which, wbto 
substituted in the differential equation, render it an identity. 

Classification of Integrals. 

180. Before indicating methods of integration and giving such 
classes of equations as are easily integrable, it is necessary to 
classify the different kinds of integrals of a partial differential 
equation and to prove that the classes include all possible integrals 
of the equation. For perfect generality the propositions should 
be proved for an equation involving n variables, but the proofs 
are given for an equation involving only three variables; this 
limitation has the advantage of shortening the equations and of 
lessening their number, while very slight consideration will shew 
that it is possible to pass to the general case without any essential 
difficulties of analysis. 

181. Suppose that we have between z, Xu a relation of 
the form 


f{zy Xu (Z 2 , oi. tta)- 0 
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in which au (hi (hi are arbitrary constants and which contains no 
differential coefficients of z. To obtain Ps, we have the 

equations 


dz^ 

3 / . 

dz^*^bxt' 




.( 2 ). 


Between equations (1) and (2) the three arbitrary constants 
can be eliminated; and usually the result of the elimination is to 
provide a single equation involving the variables z, £Ci, £h, and 
the derivatives pu Pa, Ps. If in (1) there were more than three 
arbitrary constants these equations would not be sufficient for the 
elimination, while if there were fewer than three there would be 
more than sufficient equations. Let the result of the elimination 
in the present case be denoted by 

^(PiiPfti ^i ^a, «?») = 0 (A), 

which will be the partial differential equation corresponding to the 
integral relation (1). 

Conversely, this integral relation (1) is a solution of (A), and it 
contains three arbitrary constants. We cannot expect more than 
three arbitrary constants in a solution of (A); for, on pEwsing from 
such a solution to the differential equation by the method in 
which (A) has been obtained from (1), only three constants could 
be eliminated. Hence (1) contains the greatest number of arbi- 
trary constants that we can expect in a solution of (A). 

The name Complete Integral of an equation is given to a relation 
between the variables which includes as many arbitrary constants 
as there are independent variables. 

Nots. It must not however be assumed that an equation, having the 
form of a complete integral, always leads to one (and to only one) partial 
differential equation. 

Thus the equation 

- a,)*+(*2 - o*)*}* +**-«#, 

when treated so as to lead to a partial differential equation by the elimination 
of the three arbitrary constants aj, 02 , aa, leads to the two equations 
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182. The supposition has been made that Ui, a«, are con- 
stants; and we have deduced equation (A) froiii (1) and (2). But 
we ma)' suppose that Oi, o^, a,, are functions of the independent 
variables If these functions are chosen as to leave unaltered the 
fqrms of pi,pi,pB, then the differential equation obtained by the 
elimination of the functions will be the same as in the^case when 
the quantities a were arbitrary constants, for algebraical elimina- 
tion takes no cognisance of the value of the quantity eliminated 
but only of its form. Now with the new supposition that the 
quantities a are functions of the variables a?!, the values of 
the partial difierential coefficients are given by the equations 

dxidoidxi'^dOidxi'^dasdxi ’ 

az ^ ^ dx, ^ ao, a*. ^ da, dx, ^ da, dx,~ 

dz^^ “^dxB dai dx^ '^da^dx^ ioz dx^ 

But the forms of pi, p^, p,, are to be the same as before, when 
they were given by equations (2); in order that this may be jihe 
case, we must have 

doi dxi 9a, dxi da^ dxi ** 


daidXi^ dOidxsi'^ da^dxi ' 

y 9/9^^ 

9ai 9ar, 9aa 9^ doz dx^ I 

Let jR denote the value of the determinant 


.(3). 


dOi 

da. 

9a, 

dx^’ 


dxi 

ao, 

aa, 

9a, 

dx,’ 

dx,’ 

dxz 

doi 

da. 

dos 

dx,’ 

a^’ 

dxt 


so that the foregoing equations are equivalent to 




z> 


9/ 


A 


r.¥ 


/A.\ 
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New, if R do not vanish, these can only be satisfied by 


M.o ^^0 ^-0 

da, • dn, • da. 



and these are three equations which may determine values of 
Oi, Og, a,, in terms of the variables. If they do determine values 
of Oi, a,, ds, in any of the possible forms (whether as constants or 
as functions of variables), the relation (1) is still a solution with 
the change in the quantities a; when the values thus found are 
substituted for them, we have a solution of (A) which contains no 
arbitrary constant. This solution moreover will generally differ 
from any solution, which contains no arbitrary constant but is 
derived from (1) b}’^ assigning particular constant values to Oi, Oj, Oj, 
in (1). The result of eliminating the arbitrary constants between 
(1) and (B) then gives a new solution. 

This solution is called a Singular Integral \ it is a relation 
between the variables involving no arbitrary constant. Sometimes 
it occurs also as a particular instance of a Complete Integral, when 
special values are given to the arbitrary constants; but this is 
usually not the case, and the Singular Integral (when it exists) is 
usually distinct from a Complete Integral. 

183. The equations (4) will all be satisfied if R = 0; and as 
we are now assuming that ai, Ug, Ug, are not arbitrary constants 
but functions of the variables, this equation will be satisfied (§ 9) 
by a functional relation between a,, ag, Ua. This functional relation 
may be arbitrary, so that we may write 


Ua — (tti , Og) (C), 

in which denotes an arbitrary function. Multiplying now the 
equations (3) by dxi, dx^, dx^, respectively and adding, we obtain 


^da, + ^^da.+ ^da.~0. 


But from equation (C) we have 
da. = ^ c 


j , d(f> j 

^,da,■^^da,. 


Since Oi and a, are independent, their variations doi and d(i» are 
also independent; in order that this equation may be satisfied, we 
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must therefore have 

d(z>| dcEig dctj 

These equations (D) are sufficient to determine aj/aa, Ob, in 
terms of the variables, and the expressions so obtained will involve 
the arbitrary function when they are substituted in (A), the 
solution takes a new form which is different from both of the 
other two. 

This solution is called a General Integral) it is a relation 
between the variables involving two (or, in the case of n variables, 
n— 1) independent functions of those variables, together with an 
arbitrary function of those two (or n — 1) functions. 

The equation iJ = 0 could also be satisfied by making an 
arbitrary function of alone or of ai alone, and also by making 
both Oa and functions of Oj alone. We should thus arrive at 
different classes of General Integrals; but these are all less 
general than the former, in which only a single arbitrary relation 
between all the quantities a occurs. This is easily seen from the 
consideration that if, in equation (C), a^ be expanded in powers 
of Oi the coefficients are arbitrary functions of o,, while if ^ (cij), an 
arbitrary function of Oj, be expanded in powers of the coefficients 
are merely arbitrary constants; and the latter is obviously included 
in the former, 

184. It is thus manifest that we have three fundamentally 
distinct classes of solutions of partial differential equations. 

The question arises as to whether these three classes are com- 
pletely comprehensive, in the sense that every integral can be 
included in one or other of the classes. Usually, but not universally, 
it is the case that the three classes do include all integrals. 
Exceptions may arise for partial differential equations of particular 
forms, and, when they do occur, the unincluded integrals will be 
called special integrals) but special integrals do not occur for 
equations of general form. It is, of course, necessary to have a 
test as to whether an integral is, or is not, special; the test will 
be obtained in the course of establishing the following theorem: 


M. 

dOa 
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Etwry solution {which is not special) of the differential equation 
is included in one or other of the three classes of solutions of the 
equation which are constituted by a Complete Integral^ the Singular 
Integral, and a General Integral, 

Let (A) represent the differential equation, and (1) a Complete 
Integral of this equation; then the equations (B) and (C) will give 
the Singular Integral and the General Integral. Let any other 
solution of the equation be represented by 

(z, a?! , ^s) “0 (^)* 

As it is convenient to speak of a as explicitly expressed in 
terms of the independent variables, we shall use Z to represent 
the value of the dependent variable derived from (1) and f to 
represent the value derived from (5). Now suppose it possible to 
choose values for Ui, Og, Os, whether variable or constant, so that 
Z still continues to satisfy the partial equation, and so also that 
the value of Z in terms of the variables becomes the same as the 


value of f. In that case, the values of pi, p^, p,, derived from Z 
become the same as the values derived from which are given by 



Consequently, when we make these values of the differential 
coeflScients of f agree with those of Z given by equations (2), we 
have the three equations 

dxi dz dxi dz 

dx2 dz dx^dz 
df dy/r dyfr 8/^ ^ 
dxg dz dxg dz 

These equations may, or may not, determine the values of a^, Oj* 
in terms of x^, Xg, Xg, and the dependent variable. 

When the three equations do not determine values of a^, Ug, a,, 
we cannot proceed further in the attempt to modify Z so that it 
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dball acquire the value In that event, the integral ^ is called 
special. It is suflBciently obvious that the failure of the three 
equations to determine the three quantities a^, must arise 
through some peculiarities in the form of the integral equations. 

When the three equations do determine values of ai, a*, aj, we 
proceed as follows. Since (5) is a solution of the differential 
equation, we have 

^(.Pi > P'i t Pz% > ^a> 0 \ 

and since (1) is a solution, we have 

Pa, Pa, Wif ^ 0 

satisfied, when the quantities a are arbitrary. The last equation 
is also satisfied when the quantities a, instead of being arbitrary 
constants, become functions of the variables, provided these 
functions are such as to leave the forms of pi,p 2 ,pa, unaltered; 
and we may therefore replace them by the functions oi 
obtained as their values from the equations (6), provided the 
necessary conditions be satisfied. When this is the case, the 
values of pi , P 2 , Ps* are the same for the two forms of the equation 
(A); and then, from a comparison of these two forms, we have the 
aecessary equation » 

where, in the integral equation for Zy the constants tti, Og, Os, are 
changed into the values that have been derived for them. 

In order that the forms of pi, p^, p^, for the new values of 
the quantities a should be unchanged, the three equations of the 
form 

dz 9«i dz dz ^ 

dz \da!i doi 9®, ^ 9a, 9®, 0a, 9®, / 

must be satisfied at the same time as (6); and therefore the values 
of Oi, Of, a,, are such as to satisfy the equations 

0/^ , 9f ^^0^ 

^ 9®i 90, 3^ 9o, 9®i 

^ ^ « 0 1 
90] 9®^ 90,9®, 9a, 9d^* j 

doi doh 9a, 9®, 9o, 9®, 
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But these are of the form of the equations (3) which enable us 
to pass, from the 'Complete Integral considered, to the other two 
Integrals; hence the values of a are included among those which 
give either the Complete Integral, the Singular Integral, or the 
General Integral of the equation. And as the necessary conditions 
have been satisfied, we have 

or the value of z derived from the given solution coincides with 
the value derived from one or other of the three principal integrals. 

This proves the theorem and shews that, save for special 
integrals, the three classes adopted include all possible solutions. 

If, on solving the equations (6), the quantities a be found to 
be all constant, then the given solution will be a particular case of 
the Complete Integral If they be found to be functions of the 
variables and there exist a functional relation between them of 
the form 

Oj= ^ (®a, Oj), 

then the given solution will be a particular case of the General 
Iiftegral If they be found to be functions of the variables and 
there be no such functional relation between them, then the given 
solution is the Singular Integral 

Ex, 1. The equation 

pq<=4xy 

has a complete integral in the form 

*=-**+oy*+t, 

where a and b are arbitraiy constants; and 

is another integral, g being an arbitrary constant What is the character of 
the latter integral ? 

The general integral, derived from the complete integral, is given by 
a 0 

and there is no singular integral. Hence the second integral must be a 
particular case either of the complete integral or of the general integral : or it 
must be a special integral 
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Forming the derivatives of the two values of and equating thenoKAs in 
the text, we find ^ 


— -ay, 2ayo,ac, 

O 


both of which are satisfied 


X 

V 


with this value of a, the complete integral becomes the second integral 
The other equations 


are satisfied by 


0/ 0a y 06 0/ 0a , 0/06 

0a 04? o6 Si** * 0a 0y 06 * 

6 =s constant. 


The second integral is therefore a particular case of the general integral, 
obtained by taking 

</)(a)=c, 

where c is the arbitrary constant in that second integral. 

Ex^ 2. The equation 

jf^^qy=^{z^xyf 

has a complete integral in the form 

xy-^h 

It is also satisfied by 

what is the character of the latter integral ? 

If the latter integral can be derived from the complete integral, which may 
be taken in the form 

f^logx+ — ^ - log(4^+a)+log (^+6)«0, 
z~“Xy 

the values of a and 6 must be determined by the equations 

0/ “ 0z 04 ? “ ’ ^ 0« * vz dy ’ 

that is, by the equations 
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whiol^ being incompatible with one another, do not determine a and h. Thus 
values of a and 6, (nitable for the required modification of the complete 
integral, cannot be determined ; the second integral is therefore of the type 
called special. 

£x, 3. Assuming that a Complete Integral of is 



investigate the nature of the solution 

4b - 2xy — (a?* sec a + (a?* — y*) tan a. 

Ex. 4. Assuming that a Complete Integral of is 

log«a=alogar+(l— a)logy+6, 
investigate the nature of the solution 



Ex. fi. Assuming that a Complete Integral of ZB^px+qy-\-pq is 

investigate the nature of the solution 

z-^-xy^Q. 

Ex. 6. A complete integral of the equation 

is given by 

e yeBa-g + “, 

y* y 

where a and b are arbitrary constants ; discuss the character of the integral 

yz^a^. 

Ex. 7. The equation 3 pj 7 + 5 y 4 'jV_.o possesses two complete integrals 
a SB a — ^ 6® ar + 6yx ~ i , 
a = a' + J yi (a:* + 26'a?) ” 4 , 

where a, a', h\ are arbitrary constants. Shew that each of these integrals 
is a particular form of the general integral derivable from the other. 


186. In the case when there are two independent variables and 
one dependent variable, the three may be taken as the coordinates 
of a point in space ; and the relations between the separate integrals 
can be interpreted geometrically. 
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A. Complete Integral, being a relation between x, y, and. z, is 
the equation of a surface and it includes two arbitrary parametets. 
Thus the Complete Integral belongs to a doubly infinite system of 
surfeces, or to a singly infinite system of families of surfacea This 
integral is of the form 

4>{o^>y,e,a,b) = 0. 


In order to obtain a General Integral, we make one of the 
parameters an arbitrary function of the other, say 6 = d(o), and 
eliminate a between 

4>{x,y,z,a,b)=‘0' 

b^^e^a) 


This operation is really equivalent to selecting from the system 
of families of surfaces a representative family and finding its 
envelope. If a particular family be taken (which occurs when h 
is made a definite function of a instead of an arbitrary function), 
then the equation of its envelope is a particular case of 4he 
General Integral. The foregoing equations, as they stand, repre- 
sent a curve drawn on the surface of the family whose parameter 
is a, while the equation resulting from the elimination of a 
between them is the envelope of the family ; hence the envelope 
touches the surface represented by the first two equations along 
the curve represented by the three equations. This curve is 
called the characteristic of the envelope ; and the General Integral 
thus represents the envelope of a family of surfaces, considered as 
composed of its characteristics. 


In order to obtain the Singular Integral, we eliminate the 
parameters between the equations 


<^{x,y,z,a,b)^0'\ 


d<f> 

da 


0 


d_^ 

db 


= 0 


J’.D.B. 


M 
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Tlys operation is the same as finding the envelope of all the 
surfaces included in the Complet.e Integral ; the three foregoing 
equations give the point of contact of the particular surface 
represented by the first of them with the general envelope. The 
Singular Integral thus represents the general envelope of all the 
surfaces included in the Complete Integral. 

But when the elimination has taken place so as to leave a 
relation between x, y, and z, it is necessary to ensure that the 
resulting equation is that of the envelope and not that of any of 
the loci which are included in the same equations*. Such loci 
are, for instance, the locus of conical points and the locus of 
double lines, neither of which satisfies the differential equation. 
It is therefore desirable to substitute the result (when it cannot at 
once be recognised as the equation of an envelope) in the differ- 
ential equation ; it is to be retained only when it is a solution. 


It may happen that the entire system of surfaces does not 
admit of a general envelope ; in such a case the Singular Integral 
does not exist for the corresponding differential equation, and its 
non-existence will be indicated by the equations ordinarily used 
to ebtain it. Examples will hereafter occur. 


As an example to illustrate the preceding discussion of the geometrical 
relations between the integrals, consider the equation 

a.r+fi3^-l-c«=(a*+62+c3)i*»l (i), 

which contains two independent constants. It is easy to prove that the cor- 
responding differential equation is 

(pcp ^yq - 1 (A), 

and that the general envelope of all the planes contained in (i) is the sphere 

(ii)* 

Hence (ii) is the Singular Integral of (A), and the sphere represented by 
(ii) touches each of the planes represented by (i) in a point. 

To obtain the General Integral we eliminate a between 

[1 - = l) 


* In this oonneotion a memoir by M. J. M* Hill, 'Bhil. Trans, (A), 1892, 
pp. 141—278, may be oonBolted ; it oontaioB a full discusBion of the ooourrence of 
the variooB loci, which do not provide solutions of the partial differential equation 
and yet arise as parts of the eliminant. 
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in which f{a) is an arbitrary function. This is clearly the envelope of a 
family of planes the equation of which contains only c^xe parameter ; and it 
is therefore a developable surface. The equation of any developable surface, 
which envelopes the sphere, is thus included in the al^ve General Integral. 
The process of making b a function of a is equivalent to drawing on the 
sphere some definite curve ; and the developable surface is the enveloi)e of the 
tangent planes to the sphere at points which lie on this line. « 


186. The explanation of § 182 shews how the Singular Integral 
may be derived from a Complete Integral ; it is, however, possible 
to derive it directly from the differential equation, as is the case 
(§ 27) in ordinary differential equations. 

For the sake of brevity, suppose that there are only two inde- 
pendent variables. Let the equation be 

g)«0, 


of which a Complete Integral is 

F{x, y, z, a, 6) = 0, 


where a and b are arbitrary constants; the Singular Integral is 
obtained by combining the equation 0 with 


da 



(A). 


Since F=0 is the integral of the differential equation the values 
of z, p, q, derived from the integral will render = 0 an identity; 
and the substitution of the values of p and q (but not that of z) 
derived from F^O will in general render = 0 equivalent to the 
integral equation. Let this latter substitution be made, so that 
p and q are replaced by functions of a?, y, z^ a, b; then, in order to 
find the Singular Integral, we must form the equations analogous 
to (A), which equations are 

dyjr dp 9*^ _ q 

dp da^ dq da^ ’ 

dyfr ^ d\lr _ a 
dp db ^ dq db^ 

These equations may be satisfied in two ways : firstly, by writing 

dp ^ dq* 
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3ylr • 

and do not vanish, then 
• dq 

da db db da 
The latte^ equation implies a relation of the form 

</)(p, ^> = 0, 

which does not involve either a or 6, but may involve quantities 
multiplying a and b in the expressions for p and q\ that is, 
quantities depending on y, and z. If both the arbitrary con- 
stants occur in p and q (which does not always happen) the 
equation <^ = 0 would imply that they are effectively only one, 
or that one of them is a function of the other; the equations 
used then give the General Integral, with which we are not now 
concerned. 


secondly, if 

dp 


We thus return to 




th® elimination of p and q, between these and = 0, will furnish a 
relation between x, y, z, which is independent of any arbitrary 
constant. If this relation satisfy the differential equation, it is the 
Singular Integral, When the relation is found by this method, it 
is necessary to see whether the differential equation is satisfied. 


The reason that this precaution is necessary is similar to that 
which renders the corresponding precaution necessaiy in the case 
of ordinary differential equations. When the surfaces represented 
have an envelope, this envelope will be given by the equations 




But these same equations will be satisfied by the coordinates of 
any pinch-point on one of the surfaces represented by the complete 
integral ; the locus of these pinch-points, however, is easily seen 
not to be a solution of the equation. The equations will also be 
satisfied by the coordinates of any point P at which two difierent 
surfaces of the system touch, and therefore by the equation of the 
surface which is the locus of these points. But this surface has 
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not necessarily for its tangent plane at P that tangent plane which 
is common to the two surfaces, and therefore the values of p and q 
(which give the direction cosines of the tangent plane) derived 
from this new locus are not the values of p and q which satisfy the 
given equation = 0. Such a locus corresponds to what was before 
called the tac-locus (§27); and, while it may not be the*only locus 
(other than the envelope) which is introduced, the possibility of 
its presence renders necessary an enquiry whether the equation 
between x, y, satisfies the differential equation. 


As in the case of ordinary differential equations of the first 
order (§ 28), an analytical test of the form of the equation can be 
assigned when it possesses a singular integral. When the latter 
exists, it arises through the elimination of p and q between 


>/r = 0. 


dp 


0 , 


dyjr 

¥ 


0 . 


Imagine the last two equations solved, so as to express p and q 
in terms of x, y, z; and let their values be substituted in 
Denoting the new value of by we have 


^' = 0 ; 


and this equation is then to provide a solution of the differential 
equation. In onler that the requirement may be satisfied, the 
proper values of p and q must be given by = 0 : and they must 
be the values deduced from 


dp ’ dg 


The values of p and q are given by 


^^|r' drjf' _ _ 9^' difr' _ _ 

dx ^ dz ’ dy ^ dz 


But and therefore 


dylf dylr dp dtk dq d^lr 9^' difr' . 

dq~ dx'^P 


dz 


dy ^ dz^ dy dp dy dq dy * dz 


0 ; 
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or, since ^ ^ ^ values of p and q satisfy the 

equations 




9y ^ dz 


Accordingly we infer that, if a singular irUegral of the eqm- 
lion ^|r (xj y, z, p, 9) = 0 exists^ it must simultaneously satisfy the 
equations 

'l-o- 1=0. 


We have seen that an integral satisfying the first three of these 
equations is a singular integral ; we have just proved that then it 
must satisfy the remaining two ; and thus we infer that an integral 
satisfying all five equations is a singular integral of the original 
differential equation. 


At. 1. The differential equation 

(1 4. gr2) =5 xa {{x^pzf + (y 4 - qzf) 

has for its complete integral 

{x-a cos a)'^ +(j/-a sin a)* = \^a\ 

X being supposed a determinate constant. Forming the envelope of this sphere 
by taking 

(a? - a cos a)^ + 0/ ” « + 2* - X*a* = 0, 


dF^ 

Sa 


0 , 



we easily find it to be 

X2(^+;/+e2)«e» 

Now taking 

(1 - X* {(x^pz)^ + (y +g'2)*} 

and following the rule for deriving the Singular Int^al from the differential 
equation, we have 

« 2 ^ 2:2 _ 2\^z {x +pz) » 0, 


-^=2}i*-2X*«(y+g.)-a 
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The last two equations are satisfied by ^*0 which, though free from p and 
is not a solution of the differential equation. In fact, b^ drawing a figure it is 
easily seen that is a tac-loous, being the plane which contains the points 
of contact of the different non-oonsecutive spheres with one another obtained 
by giving all possible values to a and a. 

’ As regards the analytical teat at the end of § 186, the t>^o additional 
equations are 

2 (l+jo® (^+P2!)+X2 (y gp, 

z (1 g'-sX^ (y 4’3'^)+X2(j;+jt)£!)pg+X*(y+gr2) 

They are not satisfied by 2 « 0 , which accordingly is not a singular integral 
They are satisfied by values o(p and q given by 

ps- X* (A'+joz) =0, qz “ X2 (y «0. 

Accordingly the integral, obt^iined by eliminating p and q between these 
various equations, is a singular integraL It is 

which therefore is the singular integral 


Ex, 2. Consider the system of cones 

(j!:-acosd)*+(y— asind)®=^^ — , 

in which d, are arbitrary constants ; the corresponding differential equation 
is easily obtained. The equations, which give the envelope, are 

sin d (j? - a cos d) - cos d (y - a sin d)»0, 



These are satisfied by 

>1 • /I 

Xssacoaff, y=a8ind, 

which give 
but z is arbitrary. 

The equations are also satisfied by 


z 



a? sin d=yoosd, 


and the corresponding eliminaut is 
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The Iftst equation represents the envelope ; the doubly infinite system of 
cones is generated by ,the revolution, round the directrix of a parabola, of all 
the right circular cones whose vertices lie on the tangent at the vertex to the 
parabola, and one slant side of any one of which coincides with the tangent to 
the parabola drawn through the vertex of the cone. The equation 

is that of the cylinder on which lie all the (singular) circles which are the loci 
of the vertices of the cones in the revolution round the directrix. 

For fuller information on the subject of the Singular Integrals of partial 
difierential equations of the first order, a memoir of Darboux, Mdmoirea de 
VInstitut de France^ t. xxvii. (1880), should be consulted. Reference may also 
be made to the author’s Theory of Differential Equations^ vol v., ch. vii 


Lagrange’s Linear Equation. 

187. We have seen that among the integrals of a differential 
equation there is one — the General Integral — into the expression 
of which an arbitrary function enters; the deduction of the 
differential equation from the integral implies the elimination of 
this arbitraiy function. The simplest form possible for an integral 
of this nature, when there are two independent variables, is the 
equation 

<f>{u,v)=0 (i), 

in which ^ is an arbitrary functional symbol, and u and v are 
definite functions of x, y, and z. In order to eliminate (f>, we 
differentiate with respect to each of the independent variablea 
Then 



which, on rearrangement, gives 

Pp + Qq = R (ii), 
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p 

Q 



R . 

du bu 


bu 

du 


da bu 

by' dz 


0^’ 

dx 


dx* dy 

bv bv 


dv 

dv 


dv dv 

by’ bz 


dz* 

dx 


dx* dy 


or, what are the equivalents of these, 

pp^.Q^+Bp.0] 

(iii). 

ox oy oz 

Hence, when we have a differential equation of the form (ii), 
into which the differential coefficients enter linearly while the 
quantities multiplying these may be any functions of a?, y, z, we 
have a corresponding integral given by (i), provided we can obtain 
u and V in order to insert them in that integral equation. A 
differential equation of this form is said to be linear. The difficulty 
in constructing the solution is the derivation of the functions u 
and V. ^ 

188. Now let us consider the equations w = a and v = 6, where 
a and h are arbitrary constants, and let us form the differential 
equations corresponding to them. We have 
da . 9« , 9w , ^ 


-da; + ^dy + ^dz=0. 


and therefore 


da 

du 


du 

bu 


bu 

du 

B'y’ 



bz’ 

dx 



by 

bv 



bv 

dv 


dv 

bv 

by' 

bz 


bz’ 

dx 


lbs’ 

dy 


dx dy dz , 

” T--i-R 

These are the differential equations which have for their 
integrals u^a and they can be formed at once from the 
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coefficients in the differential equation. We thus have the follow- 
ing rule 

To obtain an integral of the linear equation 

Pp + Qq^R, 

write dowi the subsidiary equations 

dx dy __ dz 

and obtain two independent integrals of the latter; let these be 

u=^a and v = b. 

Then an integral of the partial differential equation is given by 

(f>(u, t;)=0, 

where <f) denotes an arbitrary function. 

An arbitrary functional relation between u and v of any form 
will be satisfactory; thus we might have 

where is an arbitrary function. 

c 

189. This rule enables us to obtain an integral involving an 
arbitrary function ; it will now be shewn to provide all solutions 
of the equation which are not of the type called special. 

Let t4 = a, t; = 6, be two independent integrals of the subsidiary 
equations 

dx _dy ^ dz 

so that, as 

Uxdx -f Uydy + Uzdz = 0, 

Vxdx + Vydy + Vzdz = 0, 

are each of them satisfied in virtue of these subsidiary equations, 
we have 

UxP + UyQ -f UzR * 0, 

VxP-¥VyQ+VzR=^0, 

* The theory of linear partial differential equations was first given by Lagrange, 
as well as the olassifioation of the integrals of equations of the first order. The 
subsidiary equations (iv) are sometimes called Lagrange’s equations. 
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P . Q 


say, where M is the common value of the three fractio&s. 

Consider now any integral of the partial differential equation 
Pp + Q,q = R 

The value of z which it gives, and the derived values of p and q, 
satisfy the equation identically. Let this value of a be substituted 
in w and v, making them functions of w and y only; in this form, 
let their values be denoted by li and v' so that, in association with 
the integral of the equation, we have 

u' =s M, s' t). 

Thus 

du' , W 

0tt' , dv’ 

+ Y^ = Vy + qv,-, 

and therefore, if J denote the Jacobian of u' and tf with regard to 
a; and y, 

9m' dv' 9m' dv’ 
dx dy dy da 

= (m* + pUt) (vy + qvt) - (uy + quy) (v, + pvy) 

Ug, ILy + ;) M*, Uy +5 M, 

If then JIf is not zero, the right-hand side vanishes because the 
differential equation is satisfied by the integral ; and therefore 

/-O, 

an equation that is satisfied identically, because it is not satisfied 
in virtue of u^a and v»&. 
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Now ^ and v* are functions of x and y ; as their Jacobian vanishes, 
there is some functional relation between them, and therefore 
there is some relation of the form 

But, in association with the integral of the partial differential 
equation, we have w = w, v' = v ; and therefore that integral is 
included in the equation 

^ (w, v) = 0. 

But M might be zero. For instance, this would be the case if 
P = 0, Q = 0, B = 0; 

for as u and v are independent integrals of the subsidiary equations, 
not more than one of the minora at the utmost in the fractional 
expressions for M can vanish. In that particular case, we could 
not infer that J must vanish ; and therefore we cannot assert that 
a singular integral must be given by an equation of the type 

(tt, v) = 0. 

Such an integral would however arise by equating to zero some 
common factor of P, Q, i2; the vanishing of this would make 
P, Q, jB, all vanish ; and its existence could be determined by initial 
inspection of the equation. 

The question arises as to whether M can vanish in any other 
circumstance. To test this, take any particular value of x, say c, 
and any arbitrary values of y and z, say y = a and z = /3y such that 
not more than one of the three quantities P, Q, R, vanishes when 
x = c, y = a, z = in particular, suppose that P does not vanish 
for these valuea 

Consider the subsidiary equations in the form 

dy dz _R 

It is known, by a theorem due to Cauchy*, that integrals of these 
equations exist under particular conditions, as follows : — 

Let the functions P, Q, -B, be regular for values of x, y, z, 

* Bee the author’s Theory of Dijfermtial Equations^ vol. ii. §§ 10—12. 
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in the vicinity of «:«c, y = «, so that they are expan- 
sible as series of powers of x — e,y — ei,z-^fi, having positive 
whole numbers for their indices; and suppose that P does 
not vanish for x = c, y = a, z = fi. Then solutions of the 
equations exist, uniquely determined by the condition that y 
and z acquire the values « and respectively when aj= c. 

Let these integrals in the present case be denoted by 

y — 0. = + ai{x — cf + — P(x—c), 

z — ^=l3i(x~c) + ^t(x—c)'‘+ = Q(z!—c)‘, 

then as 

~ = a, + 2«j (a: — c) + .... 
p = A + 2/3,(.'r-c)+ .... 

and as Q and R do not both vanish when « = c, y = a, A«=i8, the 
two quantities a, and are not zero together. 

. • 

Now the integrals M = a, «*= 6, of the subsidiary equations must 
be consistent with these integrals, for the latter are the only inte- 
grals of the equations that satisfy the assigned conditions. Let them 
be written in the forms 

u {x, y, z) = a, V (x, y,z) = b; 
then each of the equations 

u{x, a + P, ^ + Q) = a, 

V (x, a + P, ^ + Q)'= b, 

is an identity, so that when the left-hand sides are expanded in 
powers of a; — c, the coefficients of the various powers must vanish. 
Taking, in each of them, the coefficient of the first power, we have 

Vv + «:«, -I- fiiUp = 0, 

Vc + ttiVa + RiVfi — 0 , 

where u„Uf, are the values of Ug, %, u^, for the set of values 
fljHtc, y = «, ^ = /9, substituted in all of them, and similarly for 
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Vo The quantities «! and /8i are determinate^ and they are 

not both zero ; hen'^e not more than one of the three minors 

We, XU, Vfi 
Vo, Va, Vfi 

cjan be zer8 ; and, in particular, cannot be zero. 

Consequently the minor 

^y, ! 

Vy, Vz I 

cannot vanish identically. 

Nor can this minor vanish in virtue of any integral 
f(x,y, ^) = 0 

of the original partial differential equation. The quantities c, a, 
have been arbitrarily chosen, subject only to the limitation that, 
at the utmost, not more than one of the magnitudes P, Q, R, shall 
vanish — in particular, that P does not vanish — ^when w? = c, y = a, 
Now let them be chosen so that they satisfy the equation 
/=0, so that 

/(c, a,^) = 0. 

Then the integral, defined by the original equation / « 0, acquires 
the value /3 when a? = c and y = a. 

If the minor UyVe-^VyUg were to vanish for all values of x, y, z, 
subject to the relation f(x, y, r) = 0, it would be zero for any 
particular set of values subject to that relation. But u^v^ — VaUfi 
is not zero ; and therefore UyVg — VyUz does not vanish for all values 
of a, y, z, subject to the relation /= 0 : in other words, UyV^^-VyUz 
does not vanish when for z we substitute its value as given by the 
integral under consideration. Hence, as we have 

M(UyVz‘-UzVy)^P, 

it follows that M does not vanish. Therefore the integral is included 
in the equation 

4>(u, v)«0. 



18&-190] LINEAR EQUATION 399 

In order to establish the preceding result*, the quasLtities 
c, a, /9, have been chosen so as to satisfy the equation 

which gives the integral, and at the same time so that not more 
tlian one at most of the coefficients P, Q, R, should become zero 
when a:^c, y=^OL, This of course is possible and imposes no 

limitation. But it has been assumed that each of the quantities 
Py Q, R, is expressible as a series of positive integral powers of 
a; — c, y — a, — /8 ; if the assumption is not justified by the form 
of those quantities, Cauchy’s theorem is not applicable, and the 
inferences cannot be maintained. We are not then in a position 
to assert that the integral is included in the equation 

<f> (w, v) = 0. 

190. In the preceding argument, it has been assumed that 
P does not vanish in connection with the equations 

dy_Q ^ 

as associated with the integral 

f(x, y,^) = 0 

of the original partial differential equation. 

In the same way, as connected with the equations 
dx ^P dz ^R 

Ty^Q' 'dy^Q^ 

having = a and v' = h for integrals, Q must not vanish in con- 
nection with that integral /= 0 if the latter is necessarily to be 
included in the equation <f> {u\ v') = 0 ; and as connected with the 
equations 

dx P ^ _ Q 
dz’^ R' dz^ R* 

^ The proof that has just been given is based partly upon the proof given by 
Gonrsat, Legom iur V integration dea eqmtiona aux deriviea partielUa du premier 
ordre, § 16. A different proof is given by Ohrystal, TVans. Roy. Soc. Edin.y 
vol. XXXVI. (1892), pp. 551 — 562 ; he also indioates fallacies that occur in several of 
the ordinarily accepted proofs. 
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having vl * » a and v" b for integrals, R must not vanish in con- 
nection with an integral 0 of the original equation if the latter 
is necessarily to be included in the equation !/")=* 0. 

It therefore appears that exceptions to the complete compre- 
hensiveness of the equation 

• 4>(u,v)^0 

may arise in the case of an integral /= 0 if, in connection with 
that integral, either P=: 0, or Q = 0, or ii = 0, or if P, Q, R, are 
not expressible as regular functions of a? — c, y — a, where 

c, a, J3, are particular values of the variables satisfying /« 0. 

All integrals, which are not included in the equation 0(tt, v)*®*©, 
will be called special. 


191. Corollary. When either of the equations w — a®*© and 
v — involves r, it is an integral of the differential equation. 
For the general solution may be written 

(v), 

where is an arbitrary function. Take then ^lr (v) = at;®, where 
a is an arbitrary constant ; the equation becomes w — a 0, which 
is the first of the stated integrals. Similarly for the second. 


These results can be obtained independently. The foregoing 
article shews that, in order that yfr {x, = 0 may be an integral, 

we must have 


dx 




But the equations 




ax oy az 


> 0 , 


are actually satisfied ; hence w — a = 0 and v — 6 
with the limitations indicated. 


0 are integrals, 


To equations of the form 


■' dz 


we shall return in § 194. 


0 
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192. We thus see that, when there is a single arbitrary 
function entering simply (that is, without any derivatives) into 
an integral equation, the corresponding differential equation is 
necessarily linear; and that the linear differential equation has, for 
its most general integral, a relation into which an arbitrary function 
enters. We therefore infer that, in the case of a differentkil equation 
which is not linear, the arbitrary function which is essential to the 
General Primitive cannot enter in a manner similar to that in 
which the arbitrary function enters in the foregoing equation; in 
fact, with it will be associated in the General Primitive its first 
differential coefficient 


193. In the foregoing discussion, we have limited ourselves to 

the case of two independent variables ; the proof of the method 

when there are n independent variables follows the former on 

exactly the same lines, and the corresponding rule is : — 

To obtain the most general integral of the linear equation 

P iPi + P2P2 “h -PsPs *+* H" PnPu — Rf 

form the subsidiary equations 

dxi _ dxi ^ dxn __ dz 



and obtain n independent integrals of these equations; let them be 

'U2^a2f Un^Ofim 

Connect these quantities u by an arbitrary functional relation 

wj, t^) = 0; 

the resulting equation is the integral required. 

The proof of this, as well as that of the corresponding corollaries, 

viz. that, when any of the equations Ui = ai, Ug^aa, = 

involve z, they are integrals of the equation, is not difficult. 

Further, it can be proved that the equation 

Wn) = 0 

contains all integrals of the partial differential equation which are 
not of the type called special: the proof can be made to follow 
the lines of the proof given in § 189 for the case of two variables. 
The instances of exception from the theorem arise in a similar 
manner to the corresponding instances of exception from the 
theorem as stated in § 190, 



402 


EXAMPLES OF LAORANGE'S 


[chap. IX 


Solve the equation xp’¥yq=‘Z, 

Lagrange’u Hubsidiat'y equations are 

dx dy __ dz 
y'~‘ 

of which two integrals ara z^ay^ z=hx; hence the solution of the equation is 



It can be exhibited in the forms 



which three are easily seen to be equivalent to otie another. 

Ex. 2. Solve the equation 

{mz - ny) p + {nx ~h)q=^ly- mx. 

Lagrange’s subsidiary equations are 

dx dy ch 

mz ^ny iix^lz ly - mx ‘ 

Henea xdx^ ydy-^ zdz^O^ whence a^^y^ 4-5- =a; 

and ldX’k‘mdy’\‘ndz^O^ whence lx-\-my-^nz^b\ 

thus the integral of the equation is 

lx + wy + ^ ^ + r*). 

Ex. 3. Solve the equations : 

(i) x^p-xyq+y^^0\ 
xzp-^^yzqm^xy; 

(y*+^*-'<a?*)jp-2.ry9-H2a:r«0; 
z-xp-yqrssa ; 

(y( (o-j:)p+(6-y)y=c-«; 

(W^ (y»x-2j?‘)p+(2y‘-x’y)y-9*(*='-y»); 
s.^i) jatana:+^ tany=atan«; 

(viii) ( 11 j 7 - 6y + 22) ^ - (6® — 10^+4*) g * 2® - 4y + 62 ; 
(ix) ®i/)i + (2+®3)y>2+(« + ®2)i33*^« + ®3. 
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Ex, 4. Solve the equation 

(.V5J + J?3 + £) Pi + + P2 + (<^1+A*j| + ^) pa*®^! +a'2+J?!|. 

Lagrange’s aubsidiarj equations are 


dxi dx^ £/.x *3 dz 

a‘2+a’3+« A’3+.ri + « Xi-^x^^-^z xi+x^-^x^* 

Each of these equal fraotions 

__ dz^dxy ^ dz^dx2 _ d z-dx ^ __ c&+c^Jfi+<fj?3+dlt*3 
“ “ -Xz-x,i) “ -(z-xl) “ '3 (2+‘a7+^iTi5 ‘ 


Integrals of these are 


c\ 

2-^1 




and therefoi'e the integral of the equation is 


S i, {z - jca) iSi, (2 - a’j) S 4} « 0, 
where S stands for z 4 - j;i 


Ex, 5. Prove that, iC the variables in the last example be connected by 
the relation 

^l^ + a?2’+A’33»=l 

when 2 — 0 , the integral is 

{ (Xj - 2)3 + (a-2 - 2)’ + {J?3 - *)’}* + ^3+ ^3 + = (^I + ^2 + ^8 - 32^. 

(Mansion.) 

Ex, C. Solve the equations ; 

(i ) Pi Xi + P 2 X 2 +P3 A’s « ?t2 ; 


(ii) 


a'l X 9 

Pi.rj+p8.r2+P3^3=a2+ ; 

•43 


(iii) ar24732pi +X3a7i2p2 + ^ia’2^P3=^l-«^3*l’3- 


Ev. 7. 
equation 


In order to illustrate the general theory in § 189, consider the 


which provides an integral of the equation 

already discussed in Ex. 1. The integrals of the subsidiazy equations are 



With the notation of § 189, we choose constants 0 , a, /S, such that 

o/9-c»«0; 



EXAMPLES OF LAGR ANGERS 


[chap. IX 


404 


and thf n 

We take 


-/S+aa+a(y-a), 
Z-pwm (.r — c). 



and then 

2-/3=^(.«-p), y-«=?(x-c). 

0 c 

Then, still with the notation of § 189, we have 

«a=--2j Wfl=-; Vfl=-; 

a a ^ c 


thus zero. The coefficients P, §, 72, being a?, y, «, are 

regular in the vicinity of the values c, a, of the variables. Plence yz 
is included in the general solution 



in particular, it is included in the equation 



Ex, 8. Consider the equation 

{l+(2-x-^)5}p+jr=2, 

which is discussed by Chrystal in the memoir already quoted. The subsidiary 
equations are 

dx , 

l + (2— a:— y)4 i ^ ^ 

and we can take 


Now the relation 


w = 2 y — 2 , i ;=^+2 ( 2 - a ’-//) 4 . 


z^x^y 


is easily seen to be an integral of the equation ; we see equally easily that it 
cannot be included in any form 


<f) (Uf v)=0. 

As a matter of fact, making the quantities c, a, satisfy the condition 

/3a=c+a, 

we notice that the coefficient P, which is 1 +(z -■ i® uniform in the 

vicinity of x^c, y = a, and cannot be expanded in integral powers of 

x-c, y~~af z-p. Hence, by the general theory in § 189, we are not entitled 
to expect that the integral can be included in the form 

<^(w, = 



193-194] UNBAR EQUATION 


m 


Ex. 9. Obtain the general integral of the equation 
l)p+{a^+(l -a*)i (jr*+ya+**- 
and discuss the relation (if any) borne to it by the integral 




• (Ooursat.) 


194. In the course of § 191, we had the equation 

0, 


py:+4(|t+jja. 

ax ay dz 


where P, Q, 22, are functions of a?, y, z. This is a specialised form 
of the more general equation 

22iPi + R 2 P 2 H" ... 4* RnPn *=* 0, 

where i2|, R^, are functions of the n independent variables 

Xi, Xm and do not involve the dependent variable z. 

As in § 193, we form a subsidiary system 


dx\ 


d*i/^ 


dxf^ 

'K 


of ri — 1 ordinary simultaneous equations ; and we construct yi — 1 
independent integrals (the simpler the better) of these n — 1 
equations. Let these integrals be 


— I> 1)> 

where Ui Un-i» are arbitrary constants. Then, for each of these 

integrals, we have 


dxi 


dx\ 4 " • • • 4 “ 




and therefore 


dx 




Apparently, this is a new integral equation among the variables 
in the subsidiary system. Every integral equation connected with 
this subsidiary system, if not evanescent, must be expressible in 
terms of ..., = The new equation manifestly 
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is no^ satisfied in virtue of the integral equivalent of the sub* 
sidiary system, because it does not involve any of the arbitrary 
constants a. Hence it must be satisfied identically ; that is, all 
the n — 1 relations 


* J? 1 I V A 

+ . . . + sin oT 

for m 1, ...» n — 1, are satisfied identically. 
Now let 

^ (^1 * • • • > ^n) 

be any integral of the differential equation 

i2i;>i + ...+i2nPw«0; 

then the relation 


is satisfied, obviously identically because it does not involve e. 
Consequently, we have 

j ( f - ' Y' „ 0. 


This relation is not satisfied in virtue of any, or all, of the 
equations Wia=ai, Wn-i = «n-if It therefore is satisfied 

identically; and consequently (§ 9) we have a functional relation 
of the form 

0 (y • s i) * 

where ^ can be perfectly general Resolving this functional 
relation so as to express / in terms of w,, w„_,, we have 

y = F (uii . . . , i), 

where, as ^ can be perfectly general, so F ciin be perfectly general. 
But 

^ ^y (®i > • • • > ^n) — y 

is any integral of the differential equation ; consequently, every 
integral of the equalion 

RiPi -f ... -f RnPn “ 0 
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cm he expressed in the form 

Z {Ui, . , . , 

where Ui»a]| a complete system of n — 1 

distinct and independent integrals of the n - 1 subsidiary 
equations 

dxi ^ dx^ ^ dxn 

ill il2 iln 

It should be noted that the form 

Z = F{Ui, ...» Wn-i) 

has been proved to include every integral of the equation. There 
are no special integrals (in the former sense of the term) of the 
equation 

^\Pi + . • . + RfiPn ** 0* 

The equation is somewhat different in form from the equation in 
§ 193. Owing to the facts that z does not occur, that the deriva- 
tives jOj, ...fPn, occur in the first power only, and that there is no 
term not involving a derivative, the equation is often called a 
homogeneous linear partial differential equation. 


Stanoard Forms. 

196. Before proceeding to indicate a method of integration 
which is applicable to the most general equation of the first 
order, it is advisable to notice a few standard forms of differential 
equations in two independent variables, which admit of integration 
by very short processes, and to one or other of which many equa- 
tions can be reduced. As the general method is usually much 
longer than that which is effective for any of the standard forms, 
it is advantageous to see whether an equation is included under 
one of them. 

The General Integral and the Singular Integral must in the 
case of every equation be indicated as well as the Complete 
Integral, or the equation is not considered to be fully solved 



408 


STANDARD 


[chap. IX 


196l Standard I. 

Equations, in which the variables do not explicitly occur, may 
be written in the form 

yft (p, q) = 0. 

A solution of this is evidently 

z = ax by + c, 

provided a and b are such as to satisfy 

yfr (a, b) = 0. 

If the value of b derived from this equation be 6=/(a), the 
Complete Integral of the equation is 

^ = cw? + yf{a) + c. 

Note. Equations, which do not explicitly come under this 
standard, can often be included by changes of the variables ; thus 
for instance functions of x which occur in the equation might 
admit of association with the p, and functions of y with the q. But 
the changes needed for any equation can be determined only for 
the particular circumstances of the equation ; there is no general 
rule, since an equation cannot always be reduced to this form. 

Ex. 1. Solve pq^h 

The foregoing shews that 

z^ax-^hy-k-c 

is a solution provided 

ah^k\ 

the Complete Integral therefore is 

k 

2=aj7-h- v+c. 

a*' 

The Geneml Integral is obtained by eliminating a between the equations 

k 

k ’ 

0=r-^y+(^'(o) 

where <f> is arbitrary. 

The Singular Integral, if it exist, is determined by the equations 

zosax+- y-kc 
a*' 

n ^ r 5 
0 = 

0 = 1 . 

the last euuation shews that the Singular Integral does not exist 
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Ex» % Solve 

This can be put into the fonn 

z'“^^dz ^ 

af^dx y^dy 

•Let dZ^z^^^dz^ so that 

d^f=jfi^dx^ (w+ 

dri^y^dy^ (n + l)i7*y*+», 

and the equation becomes 

^Z^Z , 

which is included imder the last example. 

Ex, 3. Solve the equations : 

(i) 

(ii) a(;>+5')=«; 

(iii) 

Im 

(iv) aec’i”* cosec**y ; 

(v) jo*+}*=npj; 

(vi) j3,"*+p,'“+i)3’"=l: 

(vii) ^ip*P3=XiX,ar,. 


197. The differential equations included under the form 
f(P,g)=‘0 

have an important interpretation when viewed geometrically. We 
know that the equation of the tangent plane to the surface 

z=F(,x,y) 


at the point f, % f, is 




, dF (JdF , dF p\ 


da) 

dF . dF 


and the surface is the envelope of the tangent planes. Now if 

between and — there be a relation 
of oi; 
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t 3J^ 7iF 

we can take ^ a, and then ^ is a, function of a alone, say 



so that f is (§9) expressible as a function of 

alone, that is, it can be taken in the form 


^dF dF „ . . 

The equation of the tangent plane becomes 
^ 2^xa + yf{a)-g(a), 

and so it contains only one parameter. 

The envelope of a plane whose equation is of this form is 
a developable surface, and hence the surface considered is a 
developable surface. 


It therefore follows that 


^ (P> ?) = 0 

is the general differential equation of a family of developable 
surfaces; and the equivalent General Integral is the integral 
equation of the family. 


198. Standard IL 

In attempting to reduce an equation to the preceding standard 
we may find it possible to remove from the equation the inde- 
pendent variables, so that they no longer occur explicitly ; but it 
may not be possible to remove the dependent variable, and the 
equation will then be of the form 

3)-0. 
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s=/(«H-oy)-/(f) 

(f being written instead of x + ay\ in which a is an arbitrary 
constant. We then have 

dz dz 
dzdf dz 

and the substitution of those in the equation gives 

/ dz dz\ 


( dz dz\ ^ 
d^' 


This is no longer a partial differential equation, as there is 
now only one independent variable. This independent variable 
does not explicitly occur, and thus the equation comes under 
Standard IV. (§ 18) of ordinary differential equations of the first 
dz 

order. Solving for we have an equation of the form 




the solution of which is 




or x-\-ay^-h = F{z, a). 

This is the Complete Integral ; the General and the Singular 
Integrals may be found by the ordinary method. 

Ex, 1. Solve the equation 

If we make the substitutions as in the standard case, the equation becomes 

or ^dz 

the integral of which is 

the Complete Integral of the equation therefore is 
(« +a*)5« (a7+ay +c)*. 
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The^ General Integral is obtained bj the elimination of a between 
• (si+o*)>={.if+ay+d(o)}* I 

and 3a{*+a*)*={*+a.y+d(o)} {y+d'(«)}J ' 

where 6 iu an arbitrary function. 

It is not difficult to prove that there ia no Singular Integral. 

Ex, 2. Solve the equations : 

(iv) 1 =Jt) 2 j 034 -j 03 />l^+/^lit> 22 * ; 

(v) + = 

199. The relation between the integral and the differential 
equation admits of a geometrical interpretation. The first step in 
the process of solution is writing f for a? + ay, which is equivalent 
to turning the axes in the plane of xy through an angle equal to 
tan~* a and magnifying the coordinates in that plane in the ratio 

of (l+a®)^ : 1. It is then assumed that 2 : is a function of f, 
but, is independent of the coordinate parallel to the new axis 
of y. Now 

represents a cylinder whose axis is parallel to the new axis of y ; 
and therefore the equation gives the cylinders satisfying this con- 
dition. But now, returning to our original axes, since a is an 
arbitrary constant, the axis of f is an arbitrary line in the plane, 
and therefore also is the line taken for the transformed axis of y. 
It thus follows that what we find by our process of integration will 
be all the cylindrical surfaces, which satisfy the given differential 
equation and have their axes in the plane of xy, 

200. Standard III. 

In attempting to reduce a given equation to the first standard, 
it may happen that z may be removed from explicit occurrence in 
the equation, while x and y remain, and that then the functions 
of p and X may be associated with one another, and likewise the 
functions of q and y ; the equation will thus take the form 
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We assume, as a trial solution, each of these equal quaiAities 
to be equal to an arbitrary constant a ; from the first of the two 
equations so obtained we have 

a), 

and from the second 

q = e^{y, a\ 

Integrating both of these we find that, by the first, 
flippy a) -f a quantity independent of x, 
and that, by the second, 

+ a quantity independent of y. 

These are evidently included in, and are equivalent to, the 
equation 

=/, {x, a) +/3 (y, a) -h 6, 

where h is an arbitrary constant This is a solution of the original 
equation ; as it contains two arbitrary constants, it is the Complete 
Integral 

The General Integral and the Singular Integral, if it exist, ^e 
to be deduced in the usual way. 

Ex. 1. Solve the equation 
The equation, rearranged in the form 
corner under the standard ; and we thei'efoi’e write 

Hence 

g-=(y-a)i, 

and therefore 

^=g(a;+a)l+§(y-a)i4*6, 
which is the Complete IntegraL 
The Ceneral Integral is given by the elimination of a between 

^==5 (ir + a)J+‘^(y— a)i+X («)) 

0=(a!+o)i-(y-o)i+x'(o) | 

where x is an arbitrary function. There is no Singular Integral. 
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Ex.&. Solve the equations : 

< (i) 

(ii) 

(iii) p-Cyy+e)'; 

(iv) /)i+}4=2ar; 

(V) 

Ex. 3. Shew that this method can be applied to the solution of equations 
of the form 

f\ {Pu *i)+/3(P», *u)+/s(f>»> afs)-©. 

Thus solve fully the equation 

f»l*+f»2*+f>S®***l*+*»*+*»* 

201. Standard IV. 

In this class are included those equations involving partial 
differential coefficients, which are analogous to the equations 
included under Clairaut's form (§ 20) in ordinary differential 
equations. For two independent variables, they are represented by 
z =px + qy-\-^ {p, q), 
where ^ is a definite function. 

^ solution of the equation is 

z — ax + by-^^{a,h), 

which admits of immediate verification. As it contains two arbitrary 
constants, it is the Complete Integral ; the General Integral is to 
be obtained in the usual way; and there is a Singular Integral, 
unless is linear in p and in q. 

Ex. 1 . Solve the equations ; 

(i) z=px+qy+pq-, 

(ii) a=/)*+2y+(l+p*+5*)4; 

(iii) a=jxe+gy+(ap*+/3y*+y)4j 

(iv) jr-j(W+2y+3^iy4; 

obtaining in each case the Singular Integral as well as the Oomplete Integral. 
Ex. 2 . Solve the equations : 

(i) »=piXi+ptXt+PiXs+/(,pi, pt, pt ) ; 

JL 

(ii) *» S P^x^+{n+l){pipt...pX^^-, 

ftmn 

and obtain the Singular Integral in each case. 
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Principle of Duality, , 


202. There exists in partial differential equations a remark- 
able duality, in virtue of which each equation is connected with 
some other equation of the same order by relations of a perfectly 
reciprocal character. We shall consider here only equations of 
the first order. 


Considering the case of two independent variables only, we 
write as our new dependent variable 


Z = px + qy — z, 

and therefore 

dZ = xdp + ydq. 

We take as our new independent variables and q, which we write 
X and Y for symmetry, so that 


and then we have 


then 


X^p, 7 = ?; 


dZ dZ 
‘‘~'dp~dX 


P, 


y = 


dq~dY~^' 


z^PX + QY-Z, 


so that the relations between the variables are, as stated above, 
reciprocal. 

If now we have an equation of the form 


(®, y, p, q ) » 0 , 

the above relations transform it into 


ir (P, Q. PX + QY- Z. X, Y) = 0. 

The integral of either of these being known, that of the other is 
deducible by a process of algebraical elimination. Thus let a solu- 
tion of the second be given, or be derivable, in the form 

.^(^,Z,7) = 0. 


^dz^dx 


O-Q 


dZ 


+ 


d(f) 

5F’ 


Then we have 
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that IS, X ^2 + gy “ 0, 

“O ■ 

The elimination of X, Y, Z, between these four equations will 
leave an equation in x, y, z, which will be a solution of 

^ (X, y. z, p, q) = 0 . 

Ex, 1. The simplest example of an equation which can be treated by this 
method is that which comes under Standard IV. (§ 201) ; the equation being 

z-px+qy+fip, q\ 

the transformed equation is not differential, but algebraical, being in fact 

-z=/(x, n 

Thus, in particular, consider 

t=px+qy+p‘+g*; 

the transformed equation is 
o 

Hence a:=|^a«-2X and 

where + -(Za+F*). 


Hence, eliminating the quantities X, F, Z, we have 

which is easily seen to be the Singular Integral of 

z»px+q^’\‘P^’¥q^. 

Ex, 2. Solve the equations : 

(i) (xp+yq){z-px-2y)^pq^0’, 

(ii) z+1 -x(a;+jD)-y (y+g)=0; 

(iii) a;)+2pg*y 2/xr^ - 2^yx+r2*0; 

(iv) {pX’^qi/~z){p^x+q^p)i^pq, 

Ex, 3. Prove that the equations 

(i) xfi iz-px-qy,p, q) d-y/* {z^px^ gy, p, q) »/, {z -px - gy, p, q\ 

(ii) F{z^px^fpi,x,y)^% 

are reducible, by the foregoing substitutions, to standard forms. 
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Ex. 4. Prove ihet the equation , 

*/i(yi P> *-P®)+8’/*(y. Pi *-pa:)=/,(y, «, t-px) 
is reducible to Lagrange’s form by changing the variables, so that p and y are 
the new independent variables and z is the new dependent variable. 

Hence solve the equation 

Ex, 5. Solve iz-px- 1 +/>* 

203. The process of derivation of one differential equation from 
another as exhibited in the preceding article is really a trans- 
lation into analysis of the geometrical principle of duality between 
surfaces* When we take a fixed quadric, which we may denote by 
S, then with every surface 8 there is associated another surface 8\ 
called its polar reciprocal, which is the envelope of the polar planes 
with regard to S of points on the surface 8\ and the surface 8 is 
the polar reciprocal of 8\ being the envelope of the polar planes 
with regard to 2 of points on S\ 

The polar reciprocal of a surface depends on the subsidiary 
quadric, 2, and is different for different quadrics; the quadric 
most commonly chosen (on account of the geometrical simplicity) 
is a sphere with its centre at the origin of reciprocation. • 

Let us select, as the subsidiary quadric, not a sphere but a 
paraboloid of revolution whose equation is 

+ = 2z, 

To the tangent plane at a point A on the surface 8 corresponds 
a point A* on the surface 8' \ and to the point A corresponds the 
tangent plane at .4' to 8\ Let ccy y, Zy p, q, be the quantities 
associated with A ; and X, F, Z, P, Q, the corresponding quantities 
associated with A\ 

The tangent plane at x, y, z, to the given surface 8 is 
f - « = p (f - a) + 5 (17 - y), 

f, < 1 ;, f, being current coordinates; the polar plane of X, F, Z, with 
regard to the quadric, is 

But, because the two surfaces 8 and 8' are polar reciprocals, these 
two planes are the same; a comparison of their equations gives 

X = p; F«5; Xa/wr-bjy-jr. 
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Similarly, taking a tangent plane at X, F, Z, to the surface 
and noting that it, must be the polar plane of y, z, with regard 
to the quadric, we obtain the equations 

z^PX + QY^Z. 

These are the two sets of relations used in the preceding method. 

Other relations could be obtained by taking other subsidiary 
quadrics in reference to which reciprocation should take place; but 
the preceding seem the simplest that can be found. 

Note. The transformation of variables just outlined is originally 
due to Lagrange; often it is associated with the name of Legendre, 
because he developed its properties. But it is only an individual 
example of a general theory developed by Lie, which is usually 
called the theory of tangential transformations or contact trans- 
formations, when the number of independent variables is n and 
not merely two. 

All the contact transformations, in the case of two independent 
variables x and y, are given by the equations which make 
dZ--- PdX -^QdY p{dz’-pdx--qdy), 
where p is a non-vanishing quantity independent of differential 
elements. 

The elements of Lie’s theory are expounded in vol. l. of my Theory of 
Differential Equatiom^ chapter ix., where references are given ; also in vol. v., 
chapter ix. The full exposition is contained (vol. ii.) in the great treatise 
Theorie der Tranefommtionagruppen by Lie and Engel. 

It is obvious geometrically that two surfaces, which touch one 
another, are reciprocated with respect to any quadric into two 
other surfaces which also touch one another. Thus the Lagrange- 
Legendre transformation is a contact transformation. 

204. The General Integral of a differential equation involves 
an arbitrary function. It may be necessary to obtain an integral 
satisfying certain conditions; the latter will then be obtained if 
the arbitrary function be rightly determined. The process is 
equivalent to that which occurs in ordinary differential equations, 
where the arbitrary constants are determined by some particular 
relation or relations between special values of the variables. In 
every particular problem, the arbitrary function is determined by 
means of the specified conditions. 
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implies that the normal to the surface represented by the integral equation is 
perpendicular to a given line whose direction cosines are proportional to a, 6, 1 ; 
this is the property of a cylindrical surface whose axis is parallel to that line. 
The integral obtained, either by Lagrange’s method or by the method applied 
to Standard 1., is 

whore 0 is arbitrary. Suppose that the equation of a cylinder, having its axis 
parallel to the line (a, 1) and passing through the curve in the 

plane of is desired. The section of the above surface by the plane of ay 
is obtained by writing therein, and thus it is 

Aocording to the assigned conditioas, it should be 

A comparison of these equations shews that 
and therefore also 

<#> (y - bt) ={1 + (y - 
Hence the equation required is 

^ — 02 BB {1 + (y ~ 

or, freed from radicals, is 

(.r - cw)2 - (y - bz)^ 1. 


Ex, 2. Prove that the equation 

represents a family of cones having the fixed point (a, &, c) for vertex. Shew 
that the member of the family, which passes through the circle 

in the plane of xy^ has for its equation 

{az - cjr)® H- (60 - oy'f^(z - cf. 

Ex, 3. Obtain the integral of the equation 

p (rty—mz) +q{lz-~ nx) = ?n.r - Zy, 

so that the section, by the plane of xy^ of the representeil surface is a conic 
section of eccentricity e with its centre on the line 

+ (1 - ei®) (Zjr+ wiy) = 0. 
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Charpit's General Method of Solution. 

206. We now proceed to consider a more general method, due 
to Charpit*. It applies to the general equation, which may be 
denoted by 

F{u', y, p, ?) = 0 ; 

and its success depends, as will be seen, upon the integration of 
some ordinary differential equations. 

If, in addition to the foregoing relation, we have another 
between the variables and the differential coefficients, the two can 
be considered as a pair of simultaneous equations which, when 
solved, will give p and q as explicit functions of x, y, and z. The 
values so derived, when substituted in the equation 

dz—pdx-{‘qdy, 

wijl render it either immediately integrable or integrable on 
multiplication by some factor; and the integral will he a solution 
of the original equation, since the values of p and q derived from 
it have in the inverse process been obtained from that equation. 
Let then another relation between the quantities be denoted by 


^{x,y,z,p, q)^0; 


if we can find the form of <I>, we shall be in a position to use this 
method of solution. 

206. Now the integral of the equation gives z (and therefore 
also p and q) as functions of x and y ; whatever these functions 
may be, they will, if substituted in the equations F==0 and * 0, 
render them both identities. Let these values of z, p, q (as yet 
unknown) be supposed substituted; then the partial differential 

* The method was contained in a memoir, presented 30 June, 1784, to the 
Aead4mie des Sciences, Paris. Gharpit died soon afterwards, and his memoir was 
never printed; see Lacroix, Traits du ealcul diffirentiel et du caleul integral, 
2« dd. (1814), t. n. p. 348. 
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coefficients of the left-hand members of both equations with regard 
to X and y vanish, and therefore * 

dF » 

dx dz ^ ^ dp dx"^ dq dx’^ ’ 

' 34> 3<I> • 

dz^ dpdx^ dqdx~ ' 

dF dj 

dy^dz^ dp dy dqdy 
dy^ dz^^ dp dy ~dq dy 

Eliminating ^ between the first pair of these equations, we have 

0*17 

(dFd^ dj[d^\ 

Ui ap ap a»J‘''^la« ap ap a^y'^a^vag ap ap'a?/ 


and eliminating ^ between the second pair, we have 


’dFd<i> dFd<P\ /d_Fd^_dFd^\ dp(dFd^_^^\Q 
,dy "dq dq dy)'^'^\dz dq dq dzJ'^^Kdp dq dqdp) • 


Now 


dq d^z __ dp 
dx * dxdy By ’ 


so that from the last two equations, when added together as they 
stand, the terms involving these quantities disappear, and the 
result may be rearranged and written in the form 


/dF dF\d^ . (BF^ dF\d<P ^ _ JF 
( 0^7 dz/dp"^ \dy dz) Bq \ dp 


® dq) dz 


+ 


V dp) vx \ dq/ By 


which we may look upon as a linear differential equation of the first 
order to determine 4>. The method applicable to this equation is 
therefore the one used in the case of Lagrange's equation; we form 
the equations (§§ 193, 194) 


dp 

Wdl^W 
dx'^^h dy 


dq 


W'' 

dz 


+ !/ 


dz 

IF 




0F 


dx 

=“iy 


Bp ^ bq Bp 


dy 

“H 

bq 


0 ’ 
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and dbtain integrals of these. Now, in order that these equations 
may hold, we must have 

dF^O, 

or F=A, 


an arbitrtiry constant, which must be zero. If another integral can 
be obtained by equating any two of the first five fractions, it may 
be written in the form 

u — B. 

By the corollary in § 191, u = B is a solution of the differential 
equation determining 4>. Now 4> = 0 is the relation we are seeking 
between a?, y, and the simpler this relation is, the easier 

will be the deduction of p and q from 0 = 0 and F^ 0. We may 
therefore take as the relation required the equation 

B, 

that is, we may take any one integral whatever of the foregoing 
system of ordinary differential equations, provided either p or g or 
both occur in it; when this integral has been obtained, we combine 
it with F=0 and carry out the process indicated in the preceding 
article. 


207. The preceding result, which is of fundamental import- 
ance, may be obtained by another process of using the necessary 
analysis. 


The given differential equation to be integrated is the equation 
^*=0; and we may assume that it has some integral equivalent, 
in the form of a relation between w, y, z. Suppose that the other 
equation <1> = 0 is also satisfied by this same unknown relation and 
by the values of p and q derived from it. Then the values of p 
and q, given in terms of x, y, - 2 , by i^=0 and <I> = 0 as two 
simultaneous equations in p and q, must be such as to make the 
equation 

— dz ^pda + qdy = 0 


an exact equation. Consequently, the condition of integrability 
(§ 151) must be satisfied ; that is, we must have 





dz dx ^ 


0 , 
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an equation which was proved to be sufficient as well as necessary 
to secure the exactness of the equation — + »0. 

The values of p and g, given in terms of x, y,z,hy F^O and 4> = 0 
as simultaneous equations, are such that 

dx dp dx ^ dqdx * 

dx dp dx dqdx^ * 

so that 

\3p dq dq dp) dx dx dp dp dx ‘ 

Similarly 

\9p dq dq dp)dy dy dq ^ dqdy' 

rdj[d^ _ dFd^\dp ^ _ dFd^ dFd^ 

\0p dq dq dp) dz ~dz dq dq dz * 

dq dq dp )dz^ dz dp dp dz * 


Now the equations -F= 0 and <t> = 0 are regarded as determining 
p and q definitely, so that (§ 9) the quantity 

^Fd^^dFd^ 

dp dq dq dp 

does not vanish. Hence, when we insert in the condition of 
integrability these values condition takes 

the form 


^9* 9f 9<I> dFd^ _ 9^^ 
dx dp dp dx dy dq dq dy 


idFd^ dFd^\ /dFd^ dFd^\^^ 

\dz dp dp dz)^^\dz dq dq dz)^ ' 

which is easily seen to be the same equation as in the preceding 
section (§ 206). 
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Froffti this stage we proceed as before, constructing the equations 
subsidiary to the determination of <I> in the form 

dp dq dz dx dy 

IE' 

dx dz 9y ^ dz ^ dp ^ dq dp dq 

One integral of these, distinct from F=^0 and involving either 
p or q or both, is to be obtained, say u=^B; this, as before, can be 
taken for the equation <I> = 0* We resolve F—0 and u^B for 
p and q; we substitute the deduced values of p and q in 

dz=pdx+ qdy\ 

and we integrate the latter which now is exact. The result is a 
complete primitive of the equation = 0. 

The subsidiary equations are often called Charpit's equations \ 
and the method of integration is, as already stated, usually called 
Charpit's method, 

208. The following proposition is an immediate corollary from 
the process of the preceding articles, or it may be considered merely 
as a re-enunciation of the result there obtained: 

When two equations of the first order represented by 

y>^,p, q) = 0y 

y, z,p, g) = 0, 

are such that they satisfy identically the relation 

dF^ _ dj^d^ ^d^ _ 3^3^ 
dx dp dp dx 3y dq dq dy 

"^^[dzdp dpdz)^^\dzdq dq dzj * 

and are considered as two simultaneous equations giving p and q 
as functions of x, y, and then the values of p and q^ derived from 
them and substituted in the equation 

dz:=pdx + qdy, 

render it (when multiplied, if necessary, by some factor) an exact 
differential 
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Another form may be given to the relation. Let 
P dF 

F 

*' dy ^ dz’ 

and similarly for «I>; then the equation is easily transformed into 


a4> 


dF 


F>~-^,~ + F 


3^ 


dF 


‘dp 


dp 




^0. 


Ejc, 1. Solve the equation 

jo^+q^ - 2pa^2q^+2xym»0, 

Forming the subsidiary equations, we have (among others) 

dp dq dx _ dy 

2y - 2/? "" 2 jr - 2 j ** — 2p+^*“ -2y+2y' 

Hence dp-k^dq^dx-^-dy^ 

so that p^X’\‘q-^y—a, 

Combining this with the original equation, which may be written 

(/? - 4?)* + (y - y )* == {x --yf, 

we find 2 (/j — ar) * a -I- {2 (x — y)* — a*}^, 

2 (S' - y) * a - {2 (x ^yf - a»}i. 

Hence dz^pdx-Vqdy 

gives 2ff^« (2.r + a) dx + (2y +a) dy + (dx - dy) {2 (x -y)* - a^}i, 

the integral of which is 

22 - 6 - X* + ax +y®+ay {2 (x - y)* - a®}i 

log[2* (.v-y)+{2 (*- y)*-a*}l]. 

This is the Complete Integral. The General Integral is deducible in the 
ordinary way. There is no Singular Integral. 

The above equation may, however, be solved without having recourse to 
this method ; but some transformations and substitutions are neoessaiy. 
Taking the equation in the form 

( p - x)2 + (j -y)* » (x -y)*, 


we write 
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so tfait 


az iz 


Let the independent variables bo changed by the equations 


= and 

and therefore 

The equation l>ocomes 

P^+Q^^2X\ 

and is thus of the form of Standard III. When the integral is obtained under 
the rule (§ 200), and the old variables are substituted for the new variables, 
it will be found to agree with the integral already obtained. 

Ex, 2. Solve the equations 

(i) jp2+3'2-2pjr-2^y+l«:0 ; 

(ii) 2(^^+py+^^) + jr*+y*-=0; 

by Charpit’s method. 

Also reduce both of them to one or other of the Standard forms and so 
integrate them, shewing that the integrals obtained by the two methods agrea 


209, In these particular examples, Charpit's method is less 
laborious than the other ; but this is by no means always the case. 
It often happens that an equation which furnishes an easy example 
of the general method is integrable still more easily because 
included in some one or other of the special Standard fonns ; and 
so the method is less used than would otherwise be the case. But 
it is more general than any of them ; and equations, integrable by 
any of the special methods, are integrable by the general method. 
It is moreover important in the general theory, as indicating a 
process of obtaining a solution of the differential equation without 
any restrictions on its form. 

The limitations to success in practice are connected with the 
integration of the subsidiary equations. Now these particular 
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limitations are just such as give rise to the methods adopted for 
the different Standards and really indicate th^lassihcation therein 
adopted ; in fact, all the Standards are included in Charpit's method, 
and integration is possible by Charpit's method whenever it is possible 
.by any of the special methods. 

210. Thus consider Lagrange’s form, which is 

R-Pp-Qq=0, 

in which P, Q, R,axe functions of w, y, z, and do not involve p or q. 
In this case 

F^R-Pp-Qq, 
so that -|=P, 

thus two of Charpit’s equations are 

^ dy dz 

the equations on which the integration of Lagrange^^ form 
depends. 

But it should be noticed that this is not a proof of Lagrange’s 
method for linear differential equations ; the result has already 
been assumed in the derivation of Charpit’s equations. Moreover, 
Lagrange’s method is concerned with the construction of the 
general integral. If Charpit’s method be adopted in detail, it 
would be necessary to include the other fractions in the subsidiary 
system, so as to obtain an integral of that system involving either 
jP or y or both p and g. 

211. Next, consider the typical equation of the First Standard, 
which is 

'^(p,q)=‘ 0 . 

so that F = -<fr{p,q), 

in which x, y, z, do not explicitly occur ; then 

0P ap „ ap „ 
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The^ubsidiary equations now are 

* dsn 

"0 “0“ 

dp 

so that we have and 5=6, both arbitrary constants apparently. 
But, according to the rule, we must combine some one integral 
with the original equation, and so we have 

n;r(o, 5) = 0; 

and therefore, if r/ = 6, we have 

yfr (a, b) = 0. 

Then dz =pdx -f qdy 

= adx-\-hdyt 

of which the integral is 

^ = oa* + 6y + c, 

with the limitation between a and b. 


212 . Proceeding to the typical equation of the Second Standard, 
whicH is 

^{z,p, 9 ) = 0 , 

an equation into which x and y do not explicitly enter, we have 

F^y\r{z,p, g). 

and therefore 

f=«- 

ox dy 

The equation derived from the first pair of Charpit’s fractions 
gives 

dq . 
dF~ di” 

V'dz 

and therefore q = ap. Combining this with = 0, we can find 
both p and q in terms of z\ let the values be f{z) for p and 
therefore af{z) for g. Substituting in 

dz^pdx-\-qdy, 
dz , 



211-218] 


METHOD or SOLUTION 


429 


or 


! dz „ 

\m* 


which agrees with the former result. 


. 213. Passing now to the Third Standard, in which the 
equation is 


so that 


F=^{x,p)-^ (y, q) s 0, 

dF ^ d<f> ^ dF d<f> 
dx dx^ dp ^ dp ^ 


dF ^ dyfr dF ^ dyjr dF ^ ^ 
dy dy ' dq~^ dq' dz^' ^ 

we have from the subsidiary equations 


or 


dp _ fix 
d(f> 

dx dp 




that is, <f>{^fP) = (il 

and therefore from the original equation, 

f(y. q) = a. 

Solving these respectively tor p and q, we have 
p = 6 i (x, a), q = di {y, a ) ; 

hence 


dz = 6 i (x, a) dx 4- 62 (y, dy, 
the integral of which is 


z 4- 


c= [ 0 i{x, a)dx+ jdaiy, a)dy. 


Ex, 3. Derive by Chaiint’s method the integral of the differential equation 
of the form analogous to Clairaut’s form for ordinary equationa 

Ex, 4. Obtain by Charpit^s method a solution of the equation 

px+qy^f{p,q), 

where /(p, q) is a homogeneous function of^ and q of the degree n. 

Solve also xpfi 4-yy® * 2/?^. 
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Jacobi’s Method for the General Equation with any 

NUMBER OF INDEPENDENT VARIABLES. 


214. It been indicated, in §§ 193, 194, that the method 
used for the linear partial differential equation in Lagrange’s form 
can be applied to the case when the number of variables is n.. We 
now proceed to indicate the method, due to Jacobi, of solving the 
general partial differential equation when there are n independent 
variables. This general equation may be represented by 

^ Pit P^t Pnt ^it 0 , 

where , are the independent variables, and the p’s 

are the partial differential coeflScients of z with respect to the x\ 


216. We will prove that, if the dependent variable explicitly 
occur in this equation (which will usually be the case since the 
equation is perfectly general), the equation = 0 can be changed 
into another with a new dependent variable, in which that 
dependent variable does not explicitly occur and the number of 
independent variables is increased by unity. 


The differential equation has some solution, 

represented by 

w =/(-?, a?„) = 0, 

where / is as yet an unknown function ; then we have 


du 

dxf 



p,. = 0, 


Let it be 


for all values of the suffix from r = 1 to ?*= w. Let these values of 
p be substituted in the original equation, which therefore becomes 




du 

du 

du 

dxi 

dx2 

dXn 

du ’ 

SiT’ 

du 


dz 

dz 


"5Tr » ^1 * » 


and may be written in the form 

/ du du 



0 , 


du 
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We thus still have a partial differential equation of the first erder ; 
the dependent variable u does not explicitly qpcur, and there are 
n + 1 independent variables Wi, Hence the pro- 

position is proved. 

•The integral of the modified equation leads to the integral of the 
original equation ; it will be proved to be possible to bbtain the 
integral of ^ = 0 in the form 

^ 2 » ••••••> (Zfiy Z, dif (Zn)i 

where Ui, Oa an, are arbitrary constants. 

When this integral of ''P* = 0 is known, the complete integral of 
the equation <I> = 0 is given by 

y(Xi , X 2 , ^nf > ....... dn) = 0 , 

in which z is now the dependent variable and there remain the 
original n independent variables. 

For ==/ is the integral of *9^ = 0 and ‘4'“ is a modified form of 
<D = 0, so that the latter is satisfied by m == /, and therefore 




which is satisfied for all the suffixes r from r = 1 to r « n; hence 
we obtain 

^ PifPsf , Pn. a:i,X 2 , Xn) = 0 , 

the original differential equation. 

216. It is thus theoretically sufficient to consider differential 
equations from which the dependent variable is explicitly absent. 
If the dependent variable explicitly occur in any given equation, it 
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can Ve removed in the manner indicated; and a transformed 
differential equation ^ « 0 can be obtained, the integral of which 
will lead to the required integral. We shall therefore write the 
general differential equation in the form 

^(Pi» Pit Pnt ®l> ^«) “ 0. 

f 

If, in addition to 0, we have other n — 1 equations of the 
form 

Fi^ Qiy * % Ff^dft F ^1 — dfi’-i 9 

where Fi, F^, are functions of jpi, jOa, (or of 

some of them), and may be, and usually are, functions also 

of and where a,,a 2 , are arbitrary 

constants, then from these n equations we can obtain values 

ofj^if^s, as functions of the ^’s and the a’s. Let these 

values be substituted in 

dz = pidxi -^rp^dx^ + + Pndoon ; 

if they be such as to render this an exact differential, its integral 
will be the complete integral of jP=*0. For it will be an integral, 

since the values of pi, pa, ,pns are derived from n equations, 

one/)f which is F=0; and its expression will involve n arbitrary 

constants, viz. the constants Oi, Oa* » and the constant of 

integration. Moreover, the integral is of the form 

> a-si 9 ®n-i) + C^n> 

which gives the dependent variable explicitly, and therefore 
justifies the assumption made as to the form of the integral of 
^ = 0. 

The w — 1 functions F must be such that the values of the 
quantities p will render the foregoing an exact differential equa- 
tion. The necessary conditions, which are 

^Pr_^Pj 
dXg dXr ’ 

for all values of r and s, will serve to determine these functions. 
217. Suppose that the n equations 

F^ 0, Fi = tti, Fi^a^f , Fi^i » 

are solved so as to give the values ofpi^p^, yPnyOS functions 

of the variables w \ these values will, when substituted, make each 
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equation an identity. When this substitution takes place in any 
two such equations as JV Or and F, = a,, we hjive 

, hFr dpn ^ ^ 

dxi dpx dxi dpt dxi ^ dp„ dx^ ™ ’ 

§£, ^,8^, 3^,^ dFtdpn 

^dxi dpidxx dptdxi dpn dxi ” ’ 

3^^ 3 jy 3p» _ - 

3pi 3^ 3pa 3^ ^ 3a?a * 

3^ , 3^3^ , . 3Fa3pn ^Q 

,3a?a 3j0i 3a?a 3p2 3a!a '^32)» 3a7g * 


giving altogether n pairs of equations ; each pair is made up of 
the differential coefficients, with regard to the same independent 
variable, of Fr and Fg when in these the values of the p's are 

substituted. Between the first pair let the value of ^ be elimi- 
nated ; the resulting equation is 



3p2, 


Similarly, the elimination of ^ from the second pair gives 

vtX/2 



and so on, each pair leading to an equation of this form. 

Now let all the left-hand members of these equations bo added 
together. The coefficient of ^which is equal to j will con- 
sist of the sum of two terms, viz. the term 
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from Mie r ^ equation, and the term 

\ Fr.F. l 

from the equation ; the sum of these two is zero, and thus the 
term in ^ disappears, whatever be the values of / and The 
resulting equation is therefore 

r^.] + + + r^vjvi . 

la^nfPnj 

Let the left-hand side be denoted by 

(Fr,F,); 

then the equation is 

(Fr,F,)^0, 

and this must be satisfied, whatever the suflSxes r and 8 may be. 
Hence the aggregate of the equations which these functions must 
satisfy may be represented in the form 

0 * {Fi, F)^(Fi,F,)^ {Fi, J?;) = = 

for all values of the index % from t « 1 to i = n — 1, 

c 

218. These conditions, which are necessary for the integrability 
of the equation dz — ^pdx, must now be proved sufficient; this 
will be established by shewing that, when the functions F satisfy 
the foregoing equations, we have 

dp^ ^ dp,' 
da:r> ’ 

for all values of / and s'. 

The n equations derived from the n pairs of equations con- 
nected with any two given functions Fr and Fg still hold ; when 
they are all added together, we have 


fFr.F,- 


jj^\ 

lP>'> P/. 

\dx/ 

dxf) 


the double summation extending to all integral values of r' and 
s' from 1 to w, but not including pairs of equal values since for 
every such pair of values the terra vanishes. But by the necessary 
conditions satisfied by the functions, we have 

(Fr.Fg)^0, 
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and therefore 





which holds for all the valaes of r and s given by the different 
functions ; and every combination of the functions will give such 
an-equation. The total number of these combinations is (n — 
and therefore the number of such equations is |n(n — 1). 


Now each equation is linear in the quantities 


8j>i> 

dxe dx,> ’ 


which are in number |n(n — 1) in all, that is, the same as the 
number of the equations. Since each right-hand side is zero it 
follows, either that each of these quantities 

^Pr' dp^ 
dx^ dXf> 

is zero, or that the determinant formed by the coefficients of these 
qusuitities is zero. 


That the latter cannot be the case appears as followa Let A 
denote the determinant 


dF 

dF 

dF 

dpt' 

dp,’ •• 

dpn 

dF, 

dF, 

dF, 

dp,' 

dp,’ •• 

dp„ 

dF„., 

dF,^, 

dFn., 

> 7 ’ 

dp, ' ” 

dpn 


then each of the expressions 



is the complement of a second minor of A and there are in all 
Jn*(n — 1)* of them; let 0 denote the determinant formed by 
them, so that 0 is the determinant which is under consideration. 
Let 0' be the determinant formed by the complements in A 
of the constituents in 0 ; then we have, on multiplying 0 and 0' 
together. 


00'»A*’‘<’‘"^). 
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Now^' is not infinite; hence if 0 vanish, we must have 
^ A«0. 

But this would imply that, among the % equations of the type 
i^ssO, the n quantities p could be eliminated; that is, that these 
equations*- would not suffice to determine the quantities p as 
functions of the independent variables. This is contrary to what 
has been assumed as to the independence of the functions F\ 
hence 0 is not zero. 

It follows that each of the 1) quantities 

dx^ dXf* 

is zero, and therefore that the assigned conditions are sufficient to 
ensure that 

dz = p, (ir, -H + PndsCn 

is a perfect differential. 

219. We may therefore sum up our results, so far obtained, 
as follows : 

^ b obtain the Complete Integral of any given equation F = 0, we 
first determine an integral Fi'^^Oi of the equation 

{F,,F)^0; 

then we obtain a common integral Fo^a^ of the equations 

(F,,F) = (F,,F,) = 0; 

then a common integral F^^a^of the equations 

(F,. = = 

and so on, thus obtaining in all a — 1 new equations, each con- 
taining an arbitrary constant. The n equations, which involve the 
n quantities p, are then solved so as to furnish the values of the p's 
as functions of the independent variables and the arbitrary con- 
stants; and these valves are substituted in 

dz = p, dxi -^-pzdx^ + + Pndxn . 

This, when integrated, gives the Complete Integral of the equation 

F^O. 
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Each of the equations determining any one of the functions 
Ff is linear in the partial differential coefficientfs of Fr ; we have 
therefore to investigate a method of obtaining the common integral 
of a set of simultaneous linear partial differential equations. 

Ex. Prove that, if the equations 

Fy{Xu ...» 

■^ 2 » •••» P2') •••» 


F^{Xi^ j?2, Pit P2i •••» 

be solved so as to give Pn> as functions of .r-j, the 

necessary and sufficient conditions in order that 

dz^pidxi+p2dx2+ i-Pndx^ 

should be an exact differential are, that the aggregate of equations 



should be satisfied for all values of the index i from t=s2 to t»n. 


220. It is convenient to prove here an important Lemma 
which will be of use when the integration of the simultaneous 
equations is being considered. 

1{ A j B, C, be any three functions of 2n independent variables 
iCi, a?a> Pif >Pn> and if the function (B, C) be de- 

noted by a, and the function {A, a) by 

[A, {B, C)l 

then the equation 

[A. (B, C)] + [B, (G, A)] + [G, (A, B)] = 0 
is identically satisfied. 

Consider the left-hand member of this equation; it consists 
of the sum of a number of terms all of the same form, each of 
which is the product of two first differential coefficients of two of 
the quantities A, B,G, by one second differential coefficient of the 
third of them. It moreover is a cyclically symmetrical function 
of At Bt and C7; and therefore, if the terms involving the second 
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diff(|l*entlal coefficient of any one function, such as 0, disappear, 
all the terms ivill disappear, and thus the equation will be 
satisfied. 

Let the quantitj^ 

dXr dpf ipr 

be denoted by ^rBC^ so that may be considered as a symbolical 
operator ; we may write 

(5,C') = (A, + A,+ + An)5(7, 

the operators being obviously subject to the distributive law 
(A,> 4* Af) BG s ^fBG 4^ ^gBG, 

Then, in accordance with this notation, 

[-4, (B, (7)] « (Ai 4- Aj 4“ 4- An) -4 (Ai 4- Aa 4- 4- An) BC, 

and therefore [A, (5, C7)] is the sum of a series of pairs of terms 
ArAA,BG+A,AArBC 

for all the values of r and s from 1 to n inclusive ; in the case 
when r and s have the same value, only a single term occurs for 
consideration. 

Expanding the functions thus symbolically represented, we 
find that the terms depending upon the second differential co- 
efficients of G are 

dA dB d^G dA dB d^G dA dB dAdB d^G 

dXr dxg dprdpt dXr dpt dprdxg dpr dXf dptdXr dpr dpt dXrdXg * 

from the first of the foregoing pair, and 
dAdB d^G dAdB d^G dAdB d^G d_AdB d^G 

dxg dXr dprdp, dXg dpr dpgdXr dpa dXr dprdXg dpg dpr dXrdXg ^ 

from the second. 

Selecting in the same way from [5, (C, A)] the corresponding 
pair of symbolical terms and considering in them the terms which 
involve second differential coefficients of G, we find them to be 
respectively 

dBdA d^G dBdA d^O dBdA d^G dB dA d^O 
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dXg dpr dpgdxr dxg dxr dprdp^ dpt dpr doJrdw^ dps dxr dprdx^ • 

The expression [C, (^4, B)] does not contain any second dif- 
ferential coefficients of 0, 


Hence, in 


[A, (B, oy] + [B. (G, A)] + [0. (A, B)l 


the coefficient of the term which involves 




is the sum of 


dprdpt 

those in the foregoing, and is therefore zero ; so also are the co- 
efficients of those which involve , . - j? . . 

OprOXf dp,dXr OXfOX, 

If r and 8 be the same, we need only to consider the first and 
third of the above lines of terms when in them we write «■» r; it 

will be seen immediately that all the terms in ; 

vanish. 


3/)r* ’ dprdXr ’ dx/* 


Since this is true whatever r and s may be, it follows thA all 
the terms involving second differential coefficients of C vanish; 
and therefore, by the symmetry, the whole expression vanishes. 


Solution of the Subsidiary Equations. 

221. We now proceed to obtain the values of Fi, Ft F^i, 

from the various differential equations which they must satisfy. 
To determine Fi we have 

or, what is the same thing, 

dxidpi dpidxi^ dxtdpt dptdxt dxndpn dpnSxn 

Since this is linear in the differential coefficients of Fi, we may 
obtain an integral of it by using as subsidiary equations (§ 194) 
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the generalised form of Lagrange’s equations. Let any integral 
of the system * 



dp. dpt dpn 

dpi ^ 


_cto, apt 
dxi dx^ 




containing at least one of the variables p, be denoted by 


= 

where Oi is an arbitrary constant ; then =^, « aj is an integral 
of the original equation (jP, Fi) = 0. 


222. We have now to find a function which will satisfy 
the equations 

(^FyF^^Q) ^^2) “(yi> -^a) ~ 0. 

The former of these, being an equation to determine J’j, is 
identical in form with that which determines F^, and therefore 
we shall have the same subsidiary equations ; let 


^ Pa, Pn) “ Constant 

be an integral of the equations (A) different from /i = ai, and 
containing at least one of the variables p ; then (jP, » 0. 

If if> be such a function as to satisfy 


then we may take 


(/n^)»0, 


as a common integral of the two equations which determine F^* 


If ^ do not satisfy the equation, then we shall have 

the substitution of if>i may be repeated and so on indefinitely, so 
that we shall have a series of functions ^ given by 

i/u 4 ^i)^4^29 (yi, (/u 
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Nov all these functions ^ satisfy the equation 

iF,F,)«0 

when substituted for Ft, In the identity 

[A, (B. 0)1 + [B, (C. A)] + [a, {A, 5)] =0, 
let F be substituted for A and /i for B ; then 

[C, {A, 5)] - {0, ^FJ,)] = ((7. 0) = 0. 

and therefore 

[Fifu C)] = [/,.(/’. (7)], 

whatever 0 may be. 

First, let (7= ^ ; then this equation becomes 

[F (/. <^)] = [/„ {F <!>)] = (/., 0) = 0 ; 


so that 

is a solution of 


(/i> — = F 


(FFt) = 0. 

Next, let (7 = ^ ; then we have 

[F (fu ^.)] = [/,. (F <^i)]=(/>. 0)=o, 


so that 


is also a solution of 


(yi j <^i) — — F-i 


iFFt)=o-, 


and so on with the whole series of functions each of which is a 
solution of the first of the two equations which determine Ft, and 
is therefore, when equated to a constant, also a solution of the 
subsidiaiy equations (A). 

Now these subsidiaty equations have only 2n — 1 independent 
integrals at the utmost; the functions which arise from the 
indefinitely repeated substitution in (/i, cannot all be in- 
dependent of one another; and therefore if the series of functions 
do not cease, we must ultimately come to some one which is 
expressible in terms of those already found. 
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Tkere are thus three alternatives to be considered : 

(i) , some function <f>i of the series may be identically zero ; 

(ii) , some function <f)i of the series is variable but expressible 
in terms of the preceding functions of the series ; 

(iii) ,< some function (f)i of the series may be a determinate 
constant c. 

We will consider these in turn. 

223. Firstly, let <^i = 0 ; then will be the desired integral ; 

for it is one of the series of functions and is therefore a solution 
of (F, Fa) = 0 ; also 

1 1 ^i-l) =* {fi y ^i-l) “ “ 0, 

and it is therefore a solution of F 2 ) =» 0. Hence it is a common 
integral of the two equations which determine Fg, and it therefore 
gives the second of the equations desired, viz. 

^£—1 Fa tig. 

224 Secondly, let be expressible in terms of the preceding 
functions of the series ; suppose 

<ff, <l>i 9 <l>2, 

where ^ is a definite functional symbol. Proceeding now to form 
4>i+iy have 



when the value of <f>i is substituted. But 

(/„F) = -(F,/,) = 0, 

since fi is a solution of the equations; and (fufi) vanishes 
identically, so that this equation becomes 

+ + • 

But each of the differential coefficients of d is a function of the 
previously obtained quantities tf > ; hence is so also. 

It follows therefore that (f>i and all the functions <f> of the series 
after <fn are expressible in terms of those which precede 
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Let us then seek to obtain some function of these quabtities 
which shall satisfy the equations , 

(F, F,) - 0 and {F,, F,) = (/„ i;) - 0 ; 
let it be given by 

Ft=*-^{F,fi, 

When this value is substituted, the former equation becomes 


o-ir. + «/.) 'I + w 

which is satisfied identically since every function ^ is a solution of 

(F,F,)~0-, 

and the second equation becomes, as before. 


0 - (/i. J’,) - + .A, + 


+ 



The last equation is thus the only one which must be satisfied 
by and as no differential coefficients with regard to F ox fi 
occur in it, we may consider them as replaced by their respective 
values 0 and Oj. Any integral of the system 


^ ^3 <f>i 

0 


of the form will be a solution of the equation in yjt; and 

therefore we may write 

and so we shall have the required common integral of the two 
equations which determine 

226, Thirdly, let be some determinate constant o which 
will merely depend upon the coefficients of the original differential 
equation ; the series of functions thus terminates because there is 
no further function to substitute. We then proceed as in the last 
case to find some function of the preceding quantities ^ which 
will be a common solution of the two equations ; let 

^i)* 
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Wheobthis is substituted in (F, 0 the equation is identically 

satisfied; when it^is substituted in (/„ = the resulting 

equation is, just as before, 




in which we may replace by c. An integral of this is given by 

^•-1 0 

which when integrated gives 


<f>i^i^ — 2c<f>i^i = constant ; 
and therefore we may, as in the last case, write 

as the common integral desired. 


This solution is satisfactory provided i > 1. 


Now i cannot be zero since ^ is determined as a function of 
the A^ariables ; the only exception therefore to be considered is the 
case % * 1, when 




0 , 


so that X is independent of Now 

and F and fj are replaceable by 0 and a, respectively; if then 
X be independent of <f>, it ceases to be a function of the variables 
and there is thus no solution common to the two equations to be 
derived from these functions. 


Should this be the case, we return to the subsidiary equations 
(A) and determine a new integral distinct from those already 
obtained, which are 

Fi =fi = ^ = constant ; 


let this be 

S’ (^1, ^2, 


t Pl7 Pit 


t Pn) — constant. 
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Next we perfom with the function ^ all the operations Vhich 
have been performed with the function tf* >• desired 

common integral 

^2* Oj 

will be obtained, except in the single case when we have 
where o' is a determinate constant. 


From a combination of these respective exceptional cases, which 
are the only ones in each of which the common integral has 
not been obtained, we can construct a common integral Fg. For 
let 

be substituted in (F, Fg) = 0 = (/„ Fi); then these equations 
become 

Now the former equation is satisfied identically since ^*and 
^ are both integrals of the subsidiary equations (A) ; while since 

{fit ^) — 

and (/i,^)=^i=F 

the latter equation becomes 


This is satisfied by 
and therefore 


JL - Q 


F = 0 (c'^ — c^) = Og, 


where 0 is an arbitrary functional symbol (which may at will be 
chosen of a simple form), is the desired integral 

Hence in every case a common integral of the equations which 
determine has been found; for convenience we may denote 
it by 
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22ft We now proceed to obtain it most be a common 
integral of the equfitions 

{F, Ft')^0=(^J\, Ft^ 

To obtain one we find, by the preceding method, an integral 
common to the two equations 

which is different from /i = Og ; this we may denote by 

A- («i, Xn,pi,pt, pn)- constant. 

We then form as before the series of functions 

— ^5 > 

then all the functions \ of this series are common integrals of 
the first two of the equations which determine For, in the 
identity 

C')] + [5,(a,.l)] + [(7,(il,5)]-0, 
let ii = F and B ; then since (F, /*) =■ 0, we have 

(?)] = [/*, (F.C7)]. 

AjkC substituting in the same identity A=fi and and 

remembering that 0, we have 

[/..(/«,<?)]=[/..(/», on 

These two equations are satisfied whatever 0 may be. Now let 
(7=X; then 

or (F,M = (/..0)-0; 

and [/„ (/a, X)] » [/„ (/i, X)], 

or (_^, Xi) = 0) ™ 0. 

Thus Xi is a common integral of the equations 
(F,F,)-0»(/.,F,). 

Similarly the substitution of X, for 0 would shew that Xg is a 
common integral of these equations; and so on, through all the 
series of functiona 

As in the former case, the number of common integralB being 
limited, we shall in the series come to some integral X^ which is 
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expressible, as well as those that follow it, in terms of those M%ich 
precede it, viz., /i,/a, Wt The ^ame three alter- 

natives are presented and the value of F^, the common integral in 
each, is determined as before. Ehther the single case of failure is 
avoided by the choice of a new integral different from or in 
the case of &ilure of the latter, these two cases of failure are 
combined so as to furnish a common integral Thus we obtain 
our third common integral, which may be represented by 

F i = tty. 

227. The remaining functions F^, Fr^i, may be derived 

in the same way as the above ; and thus, with 0, we shall have 
n equations to determine the values of the p's in terms of the 
independent variables and w — 1 arbitrary constants, which, when 
substituted in 

dz -pidcci + padrj -f ^Pndxn, 

will render it integrable; its integral is the complete integral 
of the original differential equation. 

The associated integrals are derivable from the results of 

^ 182, 183. 

228. The foregoing is an exposition of Jacobi’s method of integration in 
its simplest form ; there are, however, developments and simplihcations and, 
arising out of these, methods of avoiding the exceptional cases which cannot 
be dealt with here. For those, as well as for a fuller ex^wsition of the whole 
theory of partial differential equations of the first order, reference may be 
made to the fifth volume of my Theory of Differential Equatiom^ particularly 
chapters lil., iv., v. so far as concerns the preceding subject-matter. Other 
methods are given in the later chapters of that volume, particularly Lie’s 
method based on the theory of groups and the method of characteristics. 
Full references to the original authorities are given there ; so here it will be 
sufficient to refer to Jacobi, “Vorlesungen fiber Dynamik” {Oes. Werke^ 
SuppL Bd. pp. 248—269); Jacobi, ‘‘Nova methodiis... integrand!” {CreUe^ 
t. LX. pp. 1 — 181); to a very valuable memoir by Imbchenbtsky, Orunerfs 
Archiv der MathemjAih und Physik^ t. L. pp. 278—474 ; and to a memoir by 
Gbaindorge, Mimoirea de la SocUtd Royale dea Sciencea de LQge^ li™’’ sdrie, 
t. V., as well as to the treatise by Mansion, Thdorie dea iqucUiona aux ddrMaa 
partialleay and the treatise by Goursat, Leqona aur IHntdgratxon dea dqnxUvma 
aux ddrivdea partiellea du premier ordre (Paris, Hermann, 1891). 

The equations (A) are, when each fraction is equated to cff, of the form 
dx^ dF dpr dF 
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theat are the caocmioal equations of motion of a system of rigid bodies. 
A disQiiasion of them will be found in the memoir by Imschenetsl^, which 
has just been quoted, in Route’s Rigid Dynamicsy and in chapter x. of the 
fifth Tolume of my Theory of DifferenMal Eguatione^ quoted abova 

We now prooeed to consider some examples of the foregoing theory. 

Ex. 1. iTo solve the equation 


—,Pn)f 

where /does not explicitly involve the independent variables. We must first 
transform the equation so that the dependent variable does not explicitly 
occur ; let the solution of the equation be 

^39 •••! 

where the form of ^ has yet to be determined. Denoting ^ by 
^ ty we have 


and thus the equation is 


Pr“^‘^n+lPr’^^i 



in which the dependent variable ^|r does not occur. Hence we have for our 
general formula 



and the subsidiary equations give 


0 0 0 “ -1 ■ 


From these, we have 

Pl = ai, /’a*02i 

which give n integrals, coexisting with one another and with /’bO. From 
the equation we have 



Solving this for we should have Pn+i=x (^)9 ^bere ^ involves the n 
constants a ; and therefore 

\dx\ + P^dxi + + Pn dxn + ^ 

as |]| dXi + a^dx^ + ^ OndXn + X (^) dx. 

The integral of this is 

lJr + « « a\X\ 4* fl24?2+ + a« + Jx (*) 
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where a is arbitrary and may be assumed to be absorbed in But the 
integral of the given differential equation is ; hence the integral 6i 

z^f(puP23 ,Ph) “ 

is oi + 02^8 + + 

where Xt ^ & function of z, is given by the equation 

X* * X/ 

Ex, 2, The case, when / is a homogeneous function of order fi in the p's, 
is readily reduced to the form already considered in § 1 96. For we may change 
the dependent variable from ^ to where 


and the equation is then 




tzl 




where • The integral of this equation is 




provided 
Ex, 3. Solve 


^ =f=c+ai4ri + a2a?2+ 

/(«i> «2» 


(i) z^+zpz^pi^+p2^; 

(ii) z+2p3={pi+piy; 

(iii) {pi - z) (p 2 - z) (p 3 - z) ^pxp^pz^ 

Ex, 4, Solve 

(^zPi + Pa) ^3 +op3 (Pi - Pz) - 1 “0. 

The subsidiary equations are 

— fixi ^ —dx^ — c^s ^ dpi _ dp2 _ dp^ 

^z^apz"^ xix^^apz ^{pi-p^) X3P2 x^pi ^ 2 Pi+-a?iPa* 

From the equality of the Ist, 2nd, 4th, and 5th, fractions, we have 

d xi+dx2 dpi+dp2 
" (^2+^1) ^3 * (Pi +Pa) ^8 * 

which leads to 

0^1 +^2) (^i + ^2) ®i • 

We therefore (adopting the notation of the previous articles) take 
-^i“(Fi+pa)(^i+^8); 
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and we have to determine a solution of the subsidiaiy equations «• og , which 

ttlaall^tisfj 

, (/•„ 

From the equality of the 4th and 5th fractions, we have 

Pidpi^P2dp^\ 

and therefore we have 


pi‘ ■= constant. 

Now [Fx , f ^) « (;>i +P 2 ) 2pi + (pi +i?a) ( - ^p 2 ) 

= 20»^i; 

the continued substitution in the equation 

would thus not lead to a function such as is required. We therefore return 
to the original subsidiary equations to obtain an integral different from 
Fiscal and constant. Such an one is derivable from the equality of the 
3rd, 4th, and 6th, fractions, which give 

dpi — dp2 cLv$ 

(Pi - Pi) °° aiPi-Pi) ’ 

and therefore we have 

r 

«» a (jt?i - P 2 ) - « constant. 

Now (Fu V')'“(/>i+i?2)a-f(pi+jD2)(-a)“0, 

and so ^ satisfies the two equations ; we thus have 
F2=a (pi -JP 2 ) - 02. 

We now solve the equations 

/’■sO, Fi^aiy 


to find the values of pi , p 2 ^ p^* These values are 
Pi^i — 


^ Xi-^X2 2 a 




P2^ 


i 


jri+X 2 2a 4a 


hence 


P9 


2 ~a |A ’3 

’* 2 a 2 +.a? 32 "*’ 




* - Ja,d log (*1 + »^ + i {(aa + J*,*) (dx, - dx,) + (x, - xa^xadxs} + ^ ' 



451 


228] 


JACOBI’S HBTHO0 


■0 that tbs complete integral of the di^mitial equation is 
#+A-iailog(*i+*4)+i (»i-a?t) log i«i»+2a») 


2\* . 

arctan 


in^hioh cut are the arbitraiy oonstante. 


{(sS)*}’ 


(Imichenetsky.) 


JSx, 5e Integrate the equations : 

(i) 

(ii) 

(iii) jOi* + ®® A’l* 4*^1 ^ 2 +^ 2 * + -s?! ^ 3 + a?2 j?a + Xjf ; 

(iv) Pi + M^PiS!iX3 + p3XiX2-^0; 

(v) Xi+ix2*-^X2Pip3+^aPiP2=^0; 

(vi) PiP2Ps“i?l^l+P2^2+/»8^3- 

It has already been indicated that several of the forms (in §§ 194 — 201} in 
two independent variables, which admit of immediate integration without the 
use of Charpit’s subsidiary equations, can be generalised so as to include the 
oases where the number of independent variables is greater than two. 

jS!s. 6. When a given differential equation can be written in the form • 

/i(^1»*'*?2j i^r9PuP29 »Pr)*/3(^r4l> Pn)^ 

the complete integral is the common integral of the equations 

where a is arbitrary. For the subsidiary equations are 

dXi dpi dXr dpr dXr + i dpr+l 



^ 3*1 f)pr 0*r 3/V+I 

fhom these, we have 


^‘^‘■*•1+ 


and therefore 


0 ar/ 

/i-a 

«/t 


Opr 


by the given equation. 

As an example, we may take 

^ 2 f>i+«i/^+ tFi ^P%> (ps+^4) !• 
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Here fire may write 

(Pa + « 4 )(P 4 + ^8)»=fl* 

^2Pi +^iP2+« (pi -pa)- 1, 

where a is an arbitrary constant The integral of the former equation is 


X4+C, 

where A and C are arbitrary constants. The integral of the latter is obtainable 
by Charpit’s method ; the subsidiary equations are 

— dri — dpi __ 

S2“h€t — a P 2 Pi 

From these, we have 

dpi+dp2 dxj+dv2 ^^ 

/>l+P2 ^I+*2 “ ’ 

and therefore 

(P 1 +P 2 ) (^ 1 +^ 2 ) = Ai + 1. 


Ilenoe by combining with the equation the integral of which is sought, we 
have 


and^'these give 


Thus 


(^2+ «)i>i -<"^2 (<a?i — a) = 1, 

(.rj— a) f>i4‘P2(^2+a)“-di ; 

Pi {(-a^i “ - (^ 2 + a)2} = A I (.Vi - a) - + a), 

P2 {(^1 - a)2 - (.^ 2 + a)*^} = 0:1 - a - i4 1 (.r 2 + a). 


dz^Pi dxi + p^dx^ 

=* 1 log {(^1 - a)2 - {X2 + o)2} + J rf log - 


1 + 


^2+a 

' X\’~ a 


1 - 


^2 + a * 
iU?! — a 


and therefore 

„^.i.*((x.-.)=-(.,+.»+!iog<a^«2±g+c,. 

The complete integral of the original equation is therefore 


2 + 5:3474 = ^44:3 + - 4:4 + yl 1 log {(4:1 — a)2 + (4:2 + a)®} -f ^ J log » 

where A^ /?, a, are arbitrary constants. 


Ex, 7 . Integrate 

(^2/>l+^iy>2) ^ 3 +/> 8 (Pl -JD2) {y> 4 * + CP 6 +^ 4 ) (/>6 + a?o) 

(Imschenetsky. ) 
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Simultaneous Partial Differential Equations*, 

229. Instead of there being given only a single equation to 
determine the dependent variable, there may be given a number 
of simultaneous equations. If the dependent variable*explicitly 
occur in any of them they all can be transformed, as in § 215, 
so that it shall disappear. The equations may then be taken 
of the form 


F 1 {X\y ... 

••M Pl> 


F 2 (^1 j d?a, ... 

• Pu P^y 

II 

O 

... 

. .., Xm Ply P^y ••• 

d 

II 


If HI be greater than n, the equations cannot be independent ; for 
the first n of the equations may be resolved so as to give values 
of the jo's in terms of the variables and these values, when sub- 
stituted in the remaining must reduce them to identities, 

since there would otherwise be relations between the independent 
variables. Thus in eflfect there may be given at most n silhul- 
taneous equations ; and we may therefore take m either equal to 
n, or less than n. 

230. L Let w = We have thus n equations giving the 
values of the n quantities p in terms of the variables ; these values, 
substituted in the equation 

-\-pndxn, 

must make it a perfect differential if the given system have a 
common solution. The conditions foi this are that 

dxg d(Vr ’ 

for all pairs of indices ; and these, as in § 217, lead to equations of 
the form 

(Fr,F,)^0. 

Hence the given functions must satisfy all the equations for all 
* This theory is due initially to Bour ; see authorities cited in g 228, p. 447. 
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possiUe combinations of the suffixes; and then the common 
complete integral is obtained by the integration of the equation 

<&*Pi(fe|+JPa(ira+ 

It therefore contains one arbitrary constant. 

It may happen however that the functions F are not independ- 
ent of one another ; then the determinant A, where 


dF,, 


dF, 



' ^Pn 





ap/ " 

dpn 


is zero^ and there will (§ 9) be an identical relation of the form 

^{Fn F^f ^9» > 

But for the purposes of integration Fi^F^^ s=sj’^« 0 ; and 

this therefore becomes 

^ (0, 0, f Of Xi^ ...... *r,i) = 0. 

If be not an identity, a relation is implied between the 

independent variables, which is of course impossible; it then 
follows that the given equations are inconsistent, and that there is 
no common integral. If == 0 be an identity, the number of given 
equations independent of one another is less than the number of 
the quantities p, which therefore cannot be determined from the 
given equations alone; we must therefore have recourse to the 
method which applies when m is less than n. 

Thus, if there be four independent variables and if four equa- 
tions J’j = 0 *= Fa = Fs = -F 4 be given, there can be no common 
integral in a case when there is a relation of the form 

F4 as (a?! — ajjj) Fi + — x^ Fa + x^x^x^ ; 

when there is a relation of the form 

F4 « {xi — a^a) -Fa + {x<g — a 7 j) F| + (Xz ““ ^1) F%f 

there are only three independent equations. 
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231. XL Liet m be less than n. We may suppose the equations 
reduced to such a number m, that they are algebr^cally independent 
of one another, even though they were not so in the form in which 
they were first given. It will be assumed that there is a common 
in^gral, so far as the algebraic relations which give the dependent 
functions in terms of the others indicate; this will be Ihe case if 
these relations become identically-null equations because of the 
equations JTj = 0, 

First Case. The equations jPj = 0 = = JT,,* may satisfy the 

relations 

for all values 1, 2, , of r and s; they are therefore simul- 

taneously integrable. To determine the values of the quantities 
p, other w — m equations must be obtained by Jacobi's method; 
these will involve w — m arbitrary constants. From these equations 
and the given m equations, the values of p must be derived and be 
substituted in 

dz =pjdxi ’^p^dx^ + ^Pndxn. 

The integral is the common complete integral of the original 
equations, and it contains n ~ m + 1 arbitrary constants. 

Second Case. It may happen that, for one or for several com- 
binations of the indices in the series 1, 2, , m, we find (Fr,F,) 

a function of the independent variables only, or (F,., F,) a de- 
terminate constant. In neither case can (Fr, Fg) be zero; the 
conditions that the equations should be simultaneously integrable 
are not satisfied, and there is no common integral of the proposed 
equations. 

Third Case. It may happen that, for one or for several com- 


binations of the indices in the series 1,2, ?», we find results 

of the form 

{Fr, Fg) ^f{Xu Ok, yPn)* 


where / does not become identically zero on combination with the 
given equations. Let there be I such combinations, so that m + l 
must not bo greater than n; then, for combinations other than 
these I, the equations 


{FryF,)^0 
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are satisfied. We now take 

ni+i =/i ,0^F Trt+j I O^F fn^i ^fi\ 

and substitute in the functions 

{Fr.F.\ 

where either r or « at least must be greater than rru 

If then these functions all vanish, we have m + i equations 
which are simultaneously integrable ; and we determine, by Jacobi’s 
method, the n — m — Z remaining equations necessary to give the 
complete integral, which will therefore contain n — m — Z + 1 
arbitrary constants 

If for any combination (Fm^ufj^y or for any one combination 
(/i,fk), the function be a determinate constant or a function of the 
independent variables only, the equations are not simultaneously 
integrable; and then there is no common integral. 

If for any combination or for any one combination 

we obtain a function 4>{xuX^y Pu P 2 Pn) 

which does not vanish in virtue of the equations already obtained, 
we, proceed with the functions ^ as we did before with the 
functions f. Ultimately, either we shall arrive at a finite number, 
not greater than n, of independent equations which are simul- 
taneously integrable, and then, in the ordinary way, obtain the 
common integral; or we shall obtain a result indicating im- 
possibility of simultaneous existence, in which case there will be 
no common integral. 

Ex, 1. Obtain a common integral (if one exist) of the simultaneous 
equations 

We have 

{Fu F2)^piXi+ptX2-p^x^-piX^y 

where the right-hand side does not vanish in virtue of we there- 

fore write 

F^ « Pi Xi +^2^2 -Pz^z - * 0. 

Then (F„/’ 2 )= 0 . 

(^ 1 , /’3)*-2pip2+2j‘3;r4»0, 

(-^2, Fz)^ 2;?8P4- 


Also 
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the three equations are therefore compatible. Let Fi be the other fiaiotion 
required, so that it will be determined as a common integral of the equations 

(^4, * 

Considering it as an integral of 

we form the equations 

dx\ doi^ dx^ ^ dx^ ^P\ d'p^ dp^ 

Xi X2 Xz x^ Pi p2 ps Pi ‘ 

One integral is 

Pi=-ax2y 

where a is arbitrary ; we therefore tentatively take 


We then find 
and 


As 


On solving the equations 

Fi^Or^F^^^Fr, Fi^ay 

we find pi^ax^y Pz—oxu 

Ot Qt 

and therefore 

so that (/^ 4 , 

Hence a common solution is 

/?i=ax3. 

To obtain a complete common integral, we have 

dz=^a{xzdxi +XiciA'3)-f ~ {Xidx2'\‘ x^dx^y 
BO that the integral is 

s =«M?ia;3 + i ^2^4 + 

where a and h are arbitrary constants. 

Ex, 2. Obtain integrals of the preceding equations in the forms: 

(i) z^axiXi^^X2X2’\-h\ 

(ii) z = 2 {x^Xi (.V, **3 - a)} i + ; 

(hi) a: as 2 {x^Xi - a)}i + 6. 
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EaipZ. Obtain common complete integrals of the simultaneous equations: 

1. Pi +<^?34-i?ia;2+:ria:4)p4+(j:2+3:4- 34 ?i) p3«0 
Pi^{xiX^Xi + j :2 - ^ 1 ^ 2 ) Pi + (^3 - xi)p^»0 

II. 2r5p4+jFi*p6** 

x^Pi - 2^6f>2 + ps - 2a?i ^4P4 - 

(Imscbenetsky and Qraindorge.) 



Homogeneous Linear Systems, 

232. One of the simplest classes of 8}^tems of simultaneous 
partial diflferential equations is composed of those in which each 
equation is homogeneous and linear, as in §194. They are, of 
course, included in the systems which have just been discussed. 
But the theory can be set out differently; and the practical 
process of integration is arranged in a different form. 

We take the systems of equations 

-d-i *= A-i ( 2 ) — diiPi “h GjaPa + . . . 4“ Gj^pn 0, 

( ila = ^2 (^) — Gji Pi -f- GaaPa ■!"••• + GanPn “ 0> 

Ar == Ar{z)^ dnpi + GraPa^ ... + ^mPn « 0. 

These r equations, which occur initially, are linearly independent 
of one another; and the coeflScients of the derivatives are 
functions of the independent variables alone, so that they do not 
contain z. 

It is obvious that any function z of the independent variables, 
which satisfies all the equations of the system, must also satisfy all 
the equations 

for all the combinations r. This last typical equation is 

It is precisely the Jacobian condition of coexistence of the equa- 
tions and .4^ = 0, expressed by the earlier relation 

(AuAj)^0, 
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and we therefore shall use it in the new form which, as Afill be 
observed on the completion of the operations A, [eads to an equation 
of the same character as each of the equations in the original system. 

As before, we have three alternatives. It may happen that 
the condition is satisfied identically, so that the relation 

Ai (ajg) — Aj (oi,) =a 0 

is satisfied for all values of a; no new equation arises. It may 
happen that the condition is satisfied, not identically, but only as 
a linear combination of the original equations; still, no new 
equation arises. It may happen that the condition is not satisfied, 
either identically or in virtue of the original equations; it must 
be satisfied and therefore, in this event, it is a new equation which 
must be associated with the original system. 

This result, in its alternative forms, holds for every combination 
t, y, *1, ..., r. Should any new equations thus arise, we may 
denote them by 

Ar+i^O, ..., = 

Then each of these equations must satisfy the conditions of 
coexistence, alike with the original equations and with one an(fbher. 
These conditions may be satisfied either identically, or in virtue of 
the now augmented system, or they may produce new equations. 
In the last event, we associate them with the augmented system; 
and we proceed to consider the further conditions as before. 

Ultimately, we obtain a system, for which all the conditions of 
coexistence of its constituents are satisfied. It is then said to be 
complete; and every constituent is homogeneous and linear. When 
thus complete, we may denote it by 

where (under the construction of the complete system) the m 
equations are linearly independent of one another. 

If m>n, or if m*=n, the only possible inference from these 
linearly independent equations is 

Pi^O, . . • , pn — 0 ; 


that is, 


z constant. 
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The oliginal equations then do not possess any effective common 
integral ^ 

We therefore need only consider the case when w<n, an 
assumption which accordingly will now be made. 

233. We can change the complete system, in any manner, by 
linear combinations which leave the equations linearly independent; 
we proceed to prove that the modified system still will be complete. 
For take such a modified system 

Bg = + • • • “h ~ • • • > 

where the determinant of the multipliers /a is different from zero; 
manifestly, our system is 

As regards the modified system, we must have 

for all the combinations r, = 1, ...» w, cither identically, or in 
virtue of the equations of the system, if it is complete. But 
B,[Bt{z)]^Bt[Br{z)] 

= 22 [firifHj {Ai{Aj (z) j ~Aj{Ai{z)]) 

+ firiAjAi(fitj) — fj^ijAiAj (/x-»i')]5 

tho quantity Ai \Aj(z)] — Aj [Ai{z)\ is a linear combination of the 
quantities Aj, A^^t and so the right-hand side is a linear 
combination of these quantities A. It therefore is also a linear 
combination of the equivalent quantities J?, and so it vanishes 
with tliese quantities ; that is, the system of equations 

JS, = 0, = 

also is complete. 

Accordingly, we may resolve the original complete system 
di«0, A , ,1 — 0, so as to express m of the n derivatives p in 

terms of the remainder; let the result bo 

Cl (z) = Pi + Cji Pm+i "f • • • + Cjjfc = 0, 

Cq (z) = p 2 -f- Cai Ptn+I + . • . + <Jajb pn = 0, 


— Pm + CmiPm-M + = 0, 
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where k = n — m, and the coefficients c are functions ®f the 
independent variables. In this form, the svstem of equations 
(7 » 0 is complete ; and so all the conditions of coexistence 

CrlC,(z)}-C,{Cr(z)}^0. 

for the combinations r, = 1 m must be satisfied. ^Now 

Cr {C,(z)} - C, {Cr (C^) - C,{Crt)] 

The right-hand side is to vanish, and manifestly it does not vanish 
in virtue of the equations 

Cl = 0, . . . , Cm = 0, 

for it does not involve pi, pmy it therefore must vanish 
identically, and so we have 

Cr {Cgt) — Cg (Crt) = 0, 

for all the combinations r, « = 1, , m, and for t = 1, n — m. 

When expressed in this form, the system is often called a 
complete Jacobian system. There are various ways of constructing 
the integral; one of them is as follows** 

234. We begin with the equation 

Pi + C]ip,n+1 “4- ••• “|- Cut pn = 0, 

where The subsidiary equations (§ 194) are the set 

dx\ doCm diX/ffi+i dsc^fi 

1 ~ 0 0 - ~ ~ c,^ ’ 

Let the complete set of the integrals of these equations be 
denoted by 

3^2, ■ . • , OCffiy y\9 • • • > Vh- i 

the first 9/1—1 of these obviously belong to the set, and the 
remaining p are functionally independent of one another. More- 
over, each of the quantities y is such that 






■ da!w+i + • ■ . + ^ <icii ’ 

I VXn 


* Others are expoonded in chapter xn. of the fifth volome of xny Theory of 
DifftrenHal MquatioM, 
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ihatic, 


for «>-l, ..., 11 . 



+ Ci, 


8y« 

0®m+i 


+ 


"I" 


3«n 


0 . 


Having ^ obtained these integrals of the system of equations 
subsidiaiy to the first equation, we change the independent vari- 
ables so as to make y -^, .... y,., take the place of 
first equation becomes 


that is, 


9f_ . * . 4 




and therefore 


0|£_ 

dwi 


= 0 , 


0 , 


when z is expressed in terms of /Cj, Xm, yi, ..., y,,. Thus, in 

the changed form, z will not explicitly involve Xi. 

Fqrther, for the transformed expression of any of the later 
equations (say (7, = 0), we have 


that is. 




8a 9yf \| 
8y# 8«Wt/ j 


0 , 


— + i k — =0 

where the actual value of kn is given by 

k ^ 'it • 

Krt y 

OSOn^t 


and we suppose that all the coefficients h are expressed in terms of 
the new set of variables yi, y^. Thus the whole 

original system of equations, after the transformation of the 
variables, is 




3^ 

3^/ 
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the system being still complete. Among the conditions fqf com* 
pleteness are those which bind the first equation with each of the 
remaining equations in turn ; and these requirS that, for all values 
of 8 in the equation 0, as well as for all the values of r, we 
must have 



In other words, no one of the coefficients k„ involves explicitly the 
variable Wi ; and so we now have the system of equations 

Cr=0, (r = 2 m), 

which still is a complete system, the independent variables now 

being yi, y^. Eveiy integral of the original system 

is an integral of this later system ; and it does not explicitly involve 

the variable Xi, when x^, x^, yi are taken to be the 

independent variables. 


235. Accordingly, we take the complete system 
C.'=0.....(7„' = 0, 

involving n — 1 independent variables and containing m — 1 con- 
stituent equations We proceed as before and attain a stage at 
which eveiy integral is an integral of a new complete system 


involving n — 2 independent variables and containing »» — 2 con- 
stituent equations. 


And so on, from stage to stage. At the end, we have a single 
equation 

^ 4 . 4 .®^ =0 

uvi 

in /i 1 independent variables. Every integral of the original 
system is an integral of this equation. We know (§ 194) that this 
equation has /t, ( <= n — m), independent integrals, and also that, if 
these be rj, ..., every integral of this last equation is given by 


s “ ^ (Sj, . . . , r,i), 

where ^ is an arbitrary function. W e therefore infer the theorem : — 

TTAen a complete Jacobian system of homogeneous linear partial 
differential equations of the first order involves n independent 
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variables and contains rn linearly independent constituents, it pos- 
sesses n — m functionally independent integrals; and, if these he 
denoted hy integral of the system is inclusible in 

the equation 

for some ftrm <f> of that otherwise arbitrary function. 

Moreover, after the preceding analysis, a process of constructing 
the most general integral (if any) of a given initial homogeneous 
linear system is obviously as follows : — 

(i) we make the system complete, and resolve it for a number 

of the derivatives pi, p^, each in terms of 
• •• > Pn > 

(ii) we obtain all the independent integrals, the simpler the 

better, of the first equation, and use these as inde- 
pendent variables to transform the original system, 
which then involves one variable fewer and contains 
one constituent fewer ; 

(iii) we proceed from stage to stage as in (ii), until there is 

^ only a single equation which is homogeneous and 

linear ; and then 

(iv) the most general integral of the last and single equation 

is the completely comprehensive integral of the 
original system. 


Ex. 1 . Integrate the system 




1 




0 , 


We have 

which must be zero; it manifestly does not vanish in virtue of Ai^O and 
^2*0, so that it is a new equation. Hence we have 


Thus 
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I (^3) “ -43(^1) as 0 , ^2(^3)*^ (A 2 )aB 0 ; 

is, the system is complete. An equivalent complete system is 

J02*0 


/>3 + 


^4 

1+^6 


y)4»0. 


The hrst equation is satisfied by making z any function of o^x, ^4, 


The second equation is then satisfied by making z any function of ;r4, ^5 
and f, where 


The third equation is then satisfied by making z any function of ( and 17, 
where rj is an integral of the equation 


that is, by taking 


cLt'a dx^ 







A-4 


Consequently the most general integral of the original system is 

where ^ is an arbitrary function. 


Ex, 2. Shew that the system 

(1 + J?4®) j04+^4^6 Pz Pa-^aPi^O, 

^4^fii?4+(l +Xs^) p6-'^S^6i>8 -^8^2— 0, 

is complete as expressed; and prove that its most general integral has the 
form 

Z^<l>(Xi+XzXiy Xi+XsX^y Xi^-k-X3^X^^ + xJ^Xs^)y 

where is an arbitrary function of its three arguments. 


Ex, 3. Shew that the system 

y>4-y>6"“0» 

P2 -Pi + (^ 4 -^ 3 ) Ps “ 2 ^ P4“0, 

has no integral involving a’s, :r4, or j?*. 



4«|6 


MISCELLANEOUS EXAMPLES 


[CHAP. IX 


£!r. f4. Obtain the most general integrals (if any) of the respeotive 
systems; 

(i) ' 

l+*4 


(ii) 




(l+*4)P4 + *»f’t = 01 

„ ^4 _ , ^*4 _ n r * 


(iii) 

^i^bPiP 6 +A\XiPiP 2 + XsXi piPs+ X4X2P2PA ► ; 

+ (ii?I+^24‘^8 + ^4 + ^is) Ps^O ^ 

(iv) ^6 + pj04=0| 

Pi - PPs + (‘^4 - P^fi) Ps * 0 } 

where, in the last sjstem, 

p (1 +Xs^)^X4Xs’¥i(l +.r4*+^6*)** 


MISCELLANEOUS EXAMPLES. 

1. Integrate the equations : 

• (i) {m(x’^p)^n(x+z)}p+{7i(^-{’z)’^l{p-^x))q^l(z+x)-m(z^y); 

(ii) ;?(«+«*)+<? 

(iii) x^{y-z)p+p^(z-x)g^z^{x-‘p), 

2. Form the difierential equation whose complete integral is 

^4-y* + « 2ax + 2/3y + 2yz, 

where a being a given constant, and a, /3, y, otherwise arbitrary. 

From the differential equation, deduce the singular integral. 

Illustrate the connection of the complete, general, and singular int^als 
by a geometrical interpretation. 

3. Integrate 

and find the equation of the cone of the second degree, which satisfies this 
equation and passes through the point (1, 2, 3). 

4. Obtain the primitive of the equation 

p(j?+y+«+9)*l ; 

and discuss the nature of the integral 

*+y+««0. 
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5. Integrate the equation 




where X, F, Zy are the same quadratic functions of Xy y, respectively, 

en the, 
(Richelot.) 


Integrate it also, (i), when they are quartic functions ; (ii) when they are 
sextic functions. 


6, Prove that, if 

then 

and hence that 

Shew also that 


cxp(Ar*), 

3m 

« = (l-4/^)-iexp(j-^). 


(^* s5p) -“‘P -«r‘Mp (i^) . 

Similarly prove that 




{xe~^)^ — 

(l+4Ait)l 


kafl 

’l+M 


7. Integrate the equation 

(.\ 1 — ^1 -l3)/>i‘4*(Air2-“ii?8-Y3)y)a«» 1, 

where i^i + jt'^a 

(Hesse;) 

and the equation 

(^2P3-^3Pa)H«a (^sPi -•a^iPs)*+«3 

(SohMi.) 

8. Solve the equations : 

(i) p®+j2«.r*4.jry4-y-; 

(ii) 

(iii) 

(iv) PiP2P3 + 'X:jX^Xs(XiPi+X 2 Pi+X 8 ps)»XgXj^p 2 P 8 +XsXiPsPi+XjX^Pi* 

9. Find the equation of a surface which belongs at once to surfaces of 
revolution defined by the equation yw- ^^rsO, and to conical surfaces defijied 
by the eqmti(m px+gy^z. 
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10. IT y) denote any solution of the equation 

the curves represented by the equation 

are an orthogonal system such that the product of the curvatures at any 
jx»int is constant. 

If /(x, y) do not contain y, the form of the function is determined by 
f{x) « (2 + tan* d) J tan d, 

where jSr(2i8inid}-2i/’(2iBin^d), 

/’and E being the first and second elliptic integrals, of naodulus 2 ~ i. 

11. Find the surface cutting at right angles all the spheres, which pass 
through a given point and have their centres on a given line passing through 
that point. 

12. Find the surface in which the coordinates of the point, where the 
normal meets the plane of ^y, are proportional to the corresponding coordi- 
nates of the surface. 

13. Find the system of surfaces orthc^onal to the curves 

cosh X : cosh y : cosh z^a:h:c» 

14. Prove that a solution of the differential equation 

0tt 

— + -y- » 0 

cx vy oz 

is w«| I, I, w=j 0^, <!>, I, 

1 V'y* I I V".* 1 I V'x, I 

where (f) and ^ are arbitrary functions of x, y, and 2 . 

Prove also that this is the general solution. 


15. Shew that, if the simultaneous equations 

OX oy oz ’ 

have a solution different from u ^ constant, then 

( FZ' - Y'Z) dx+{ZX' - Z'X) dy-^(Xr - Z' F) 


is reducible to an exact equation, from the integral of which such common 
solution may be derived. 
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Have the equations 

3 » . 3 a 8 a ^ 

(y-*) gj +(*-*) ^+(*-y)^-(^ 
a common solution other than tea constant ? 

16. Solve by Jacobi’s method the equation 

P\ + (ar2+2^3) P2 + (4^2 + 5 j?3) ;P3 4- {j: 44* (ps - jt^)) 

(Imschenetsky.) 

Shew that, by generalisation of the formula) which in the case of two 
independent variables are the analytical expression of the principle of duality, 
this equation can be transformed into one which is linear in the partial 
differential coefficients of the new variable ; and hence integrate the above 
equation. 

17. Solve by Jacobi’s method the equation 


+ j; 2 *jP 2 - 2xi - 5 log /)2 4- 26 log a?, « a, 

(Ampere, and Oraindotge ;) 

also the equation 

to+^8jP2)- 

(Imschenetsky.) 

18. Obtain the complete common integral of the simultaneous equations: 


= O'! 

2a?2P2-®4P4-l=0>* 

^2^4V3 + ®1^3^4/?4 “ a?|i*^S = 0/ 

(Collet.) 

19. Obtain the complete common integral of the equations 
(«4* P\ - (afia^s-«2a?4)P3+(iC2»3 - a?i»4) JP4=0 1 ^ 

W - «s*) J 02 + (a?2«3 - - XiX^)p^^o\ * 
and that of the equations 

XiPx-Xip^-\-z^Ps~XiPi^Q 

+ ^*P2 - ^iPb - “ 0) 

(Collet.) 
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PARTIAL DIFFERENTIAL EQUATIONS OF THE SECOND 
AND HIGHER ORDERS 

236. It will be assumed through practically the whole of this 
chapter that there are only two independent variables. The nota> 
tion already used for the partial differential coefficients of the first 
order will be retained; and it will be convenient to introduce 
similar symbols r, s, t, to represent those of the second order, 
which are thus defined : 

- ^ 

da?* * dxdy* *0^*’ 

An equation is said to be of the second order*, when it includes 
one at least of these differential coefficients r, 8, t, but none of 
a higher order ; the quantities p and q may also enter into the 
equation, the general form of which will therefore be 

F{x,y,z,p,q,r,8,t)^0. 

The complete integral of the equation is the most general 
relation possible between x, y, z, such that, when the value of z 
derived from it and the associated differential coefficients thence 
formed are substituted in the differential equation, the latter 
becomes an identity. No condition is annexed to the definition 
in regard to the form of the complete integral, which may involve 
in its expression either arbitrary constants or arbitrary functions 
or both. 

* For the whole theoiy of partiel differential eqaations of the eoeond order, 
reference may be made to the sixth volume of my Theory of Differential EquatUme, 
and to the treatiM by Oonreat, Lefone oar Vintegratitm dee iquatione aux dertviee 
partUtUe du oeeond ordre h deux variahlee indipendantee, {Paris, Hermann 1 1 . 1 
1896, t.n., 1898). 
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An intermediate integral is a relation in the form of a jJartial 
differential equation of the first order such that the given differ- 
ential equation can be deduced from it. It does not necessarily 
exist as one distinct from, and derivable immediately by mere 
differentiation of, the complete integral; when such an integral, 
however, has been obtained, the application of the metfiod of the 
preceding chapter will give an integral which may actually be, or 
may only be a particular case of, the complete integral. 

A question naturally arises as to the most general form of an 
intermediate integral and also as to the form, which may or must 
be possessed by an equation of the second order having an inter- 
mediate integral. The obvious elements of generality in any 
equation are arbitrary functions and arbitrary constants. 

When an intermediate integral is general, through the occur- 
rence of an arbitrary function, it can contain only a single 
arbitrary function. As will be seen in § 239, when such an 
equation has the form 

u =/(v), 

where f is an arbitrary function, while u and v are specific functions 
of X, y, z, p, q, the equivalent equation has the form 

Br + Ss + Tt-^- U(rt — ^)=V, 

where B, S, T, U, V, do not involve derivatives of the second 
order. 


When an intermediate integral is general, through the occur- 
rence of arbitrary constants which are not coefficients in an 
arbitraiy function, it cannot contain more than two independent 
arbitrary constants. If it has a form 

y, a,,...) -0, 

we construct the derived equations 


A ^ 

dx dy 


0 ; 


among these three equations we usually could eliminate two (but 
not more than two) constants a. There is no limitation upon the 
form of the deduced equation of the second order, corresponding 
to the limitation in the preceding ccise. 
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23T. Hitherto, it has been possible only in particular cases to 
integrate the gene^l equation. The most important of these cases 
is that in which the differential coefficients of the second order 
occur only in the first degree, so that the equation is linear; its 
most general form is then 

' JJr + 5«+2Y=7, 


in which R, 8, T, V, are functions of x, y, z, p, and q. This 
equation will now be discussed; but before giving the methods 
which have been used for its integration, it is desirable to consider 
some special forms which are simple and can be solved immediately; 
it will then be possible to exclude these cases afterwards from the 
general discussion. 

One of the simplest cases is 


so that 


r=/(a:), 

^ = f /(<*>) da! + <l>(y). 


where <j> is an arbitrary function ; another integration gives 

, jj/(a!)dx*+x4>(y) + yjr(y), 

where both <j> and are arbitrary. 

Similarly, the integral of the equation 

s = 0 
is 

z=‘4>(x) + -<lr(y), 

where ^ and are arbitrary functions. 

Similarly, we may integrate the equation 

r = Mp = Ny 

where M and N are functions of w and of y respectively ; it may 
be written 


y being constant for purposes of differentiation mid integration 
with regard to x. Thus 


P 


g-SMOx jeJ^a^Ndx + tffiy)^ , 



237-238] monge’s equation 473 

where ^ is an orbitraiy function ; and therefore 

^ being an arbitrary function. 

Integrate 

(i) (ii) a+Jfg^J\r; 

where J/ is a function of jp only and JV of y only. 

After these simple examples, we proceed to the integration of 
those equations of the second order which possess an intermediate 
integral. We shall begin with an exposition of the customary 
method, originally devised by Monge ; it proves effective for some 
equations of the form 

lir + S8 + Tt+U(rt — ^)^V, 

whether U be zero or not. 

Later, in §§ 251, 252, we shall give a quite different method, 
which proves effective for all equations (whether of this form or 
not) possessing intermediate integrals, and which also enables us to 
decide in the case of any given equation whether it does or does 
not possess an intermediate integral. 

Mongers Method of Integration of the Equation 

Br + Ss^Tt^ V. 

238. Monge’s method consists in a certain process for the 
discovery of either one or two intermediate integrals of the form 

where u and v are functions of a, y, s, p, q, and / is some arbitrary 
functional symbol ; there is thus implied in the method a tacit 
assumption that the differential equation admits of such an 
integral. It is therefore in the first place proper to enquire 
whether this assumption is justifiable in the general case and, if 
it should prove not to be so, to indicate how the general equation 
must be limited so that the assumption may be fairly made. For 
this purpose, it will be suflScient to proceed from the supposed 
intermediate integral and obtain the corresponding differential 
equation* 
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289*. Since »■=/(»), and u and v are functions of te, y, z,p, q, 
we have 


du , Bu , Bu _ Bu df (Bv ^ Bv 
5-+p=- + r^+«^=£U-+p^ + 


and 


dx 

By 


Bt 

Bu 


0t; . Bv 
rs- + « 


8j} 

'*■ 23 . dv\By ^Bz ^ Bp Bq)' 


OT\ 

dq)’ 

BqJ 


Bp^" Bq dv \0® ^Bz 
Bu 

Bp ' “Bq 

Eliininating the quantity ^ between these two equations we find, 

as the equivalent differential equation freed from the arbitrary 
function, 

rRi + zSi + tTi + I/j (r< — «“) s* Fj .. 
where Ri, Si, Ti, Z7,, Vi, are given by the relations 


•( 1 ). 



1+0 


\p> yj 

1 + 3 


(— 1 

1 + 3 

(U, v\ 

/Wi 




l+P 

(iTii 


the eymbole (|i) denoting, « usuj. 

If this differential equation of the second order be the same as 
the original equation, we must have 

Ui = 0, 


and 


ih-§i 

R~ S' 


h 

T' 


Vj 

V’ 


which are four equations in all. Now when 

Rr + Ss + Tt^V. (2) 

is looked upon as the equation to be solved, these four equations 
just obtained will be equations satisfied by the quantities » and v 
from which the intermediate integral of (2) may be constructed. 
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But only two equations are necessary to determine the depAident 
variables u and v as functions of their independent variables ; they 
jnay be therefore considered as given by any two of the equations 
though, in practice, these might prove too difficult to solve. When 
these values are substituted in the remaining two equations, the 
latter must become identities ; and they will in this stifte involve 
the functions iZ, 8^ T, and F, of the original differential equation. 
There will thus he two relations among these functions of y, z, p, g, 
which must he identically satisfied in order that the differential 
equation (2) may have an intermediate integral of the form 

u =/(v). 

240. There is an important deduction from this result to be 
noted, though not affecting our present aim : it would be useless 
to seek an integral of the assumed intermediate form for any 
differential equation which is not of the form 

JZr + + ZT* — tf®) =B F. 

Just as in the particular case when Z7=a0, which has been already 
considered, it may be proved that a differential equation of this 
form can have an intermediate integral of the proposed type only 
when two identical relations among the coefficients iZ, 8, T, Z7, F 
are satisfied. 

Ex. When there are three independent variables, these may be oon- 
veniently denoted by Xij and the corresponding differential coefficients 

of « by pi, p 2 i Ps* Prove that, if every first minor of the determinant 

0(/> c<f} d(j> 

dy/r dyfr 0^ 

vpi* 5^8 

^ Pa 

dpi^ dp2^ ^ 

X being functions of ^ ors, Pu Ps» Pa) vanish, then the equation 

x)-o> 

where is an arbitrary function, will lead to a differential equation of the 
second order of the fonn 

ft . n j. ft a. ft 4- ft 4- ft., « r 
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where ...> ^sii Are functioDs of the vatiables and the first differen- 

tial coefficients of z only, and that the coefficients B satisfy the relation 

R\ R^R\*i^ ^R-i R2R3 “ RuR^sRsi^O* ^ 

Information on this class of equations will be found in Euler, Inzt. Cede. 
Int,^ t. III. p. 448, and Legendre, Minioirez de VAcadkmie des Scierujes, 1787, 
323* o 

241. It therefore follows that we may consider 
Rr-^Ss + Tt+U(rt-8^)==V 

as the most general equation having an intermediate integral of 
the specified type. The linear equation of § 238 is included in this 
form, being given by the particular case when Z7= 0, 

We now assume that the relations between the quantities R, 8, T, 
U, and F, necessary for the possession of an intermediate integral 
of the assumed form, are satisfied ; and we proceed to deduce this 
integral. We have always 

dp = rdw + sdy, 
dq^^sdx-^tdy, 

whei? we substitute in the above general equation the values of r 
and t derived from these equations, it takes the form 

Rdpdy + Tdqdw + Udpdq-- Vdxdy 

= s (Rdy^ — Sdxdy + Tc&c* + U dpdx + Udqdy). 
Now let w = a and v — b 

(where a and b are arbitrary constants) be two integrals of the 
equations 

Rdpdy + Tdqdx -f TJ dpdq — Vdxdy = 0, 

Rdy^ -f- Tda^ + Udpdx + Udqdy « Sdxdy, 
dz^pdx + qdy, 

u and V being therefore functions of x, y, Zy p, and q. 

Hence we have 
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which must be equivalent to the equation of which and 

v = b are the integrals. Now solving these for dp and dq, and 
using the symbols of § 239, we find * 

and therefore 


— Uidpdso— Uidqdy 

- r, . i,.,. . . ( J-;) , . . (^^3 ,} 

s= TidsP^ 4- Ridy^ — S^dxdy \ 
and similarly we obtain 


{Uidp + Tidx) {Uidq + R\dy) ^{UiVi + Rj Ti) dxdy^ 


or Ridpdy -h Tidqdx + Uidpdq — V^dxdy = 0. 

These being identical with the former equations, we have 

R^ 


and therefore the equation to be solved becomes 

R^r + S^s + Tit + Ui{rt — 5 *) = Fj. 

But we already know the solution of this equation because it was 
derived from an intermediate integral ; and this integral is 

t4=/(v), 

which is therefore an intermediate integral as required. 

We thus derive the integral by making one of the functions 
deduced from the two subsidiary equations an arbitrary function of 
the other. 


242. Let us consider in particular the case of the linear 
equation when ?7 = 0 ; the subsidiary equations are now 

iZdy® + Tds^ — Sdxdy = 0, 

Rdpdy -f- Tdqdx *= Vdxdy, 
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The ftrmer of these is of the second degree ; it con, in general, be 
resolved into two distinct equations of the first degree. 

Since the necessary conditions for the existence of an inter* 
mediate integral are supposed to be satisfied, it follows that one 
at least of the equations of the first degree will, when oombmed 
with * 

Rdpdy + Tdqdx ^ Vdady, 

and with dztmpdcs + qdy if necessary, lead to an integral system 
which determines u and v; and there will thus be obtained an 
intermediate integral of the form 

It may happen that each of the two equations of the first degree, 
similarly treated, will lead to integral systems of the desired form : 
and there will then be obtained two intermediate integrab 

If there will be only a single equation of the first 

degree equivalent to 

Rdy* + Tda? — Sdxdy = 0 ; 

since the necessary conditions are satisfied, this single equation will 
lead, by a similar process, to an intermediate integral. 

243. Passing now to the more general case in which U is not 
zero, we may similarly prove that one intermediate integral will, 
and two intermediate integrals may, be derivable firom the sub- 
sidiary equations, provided the conditions necessary for the existence 
of an intermediate integral are satisfied. Let the subsidiary 
equation which involves V be multiplied by a quantity X, as yet 
indeterminate, and added to the other; the result is 

Rdy^+Tda? — (8+\V)dicdy-¥ Udpdx+ Udqdy 

+ \Rdpdy + \Tdqdx + XtTdpdj =« 0. 

Now this can be resolved into two linear fectors so as to be 
equivalent to 

(Bdy -t- A2Via m Cfc^) j d« -I- ^ ■■ 0, 

provided the quantities k, m, X, be such as to make the coefiioients 
of the several terms in the expanded product the same as before. 
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Applying this condition, we find that the relations to be satisfied 
by these quantities are 

+ i\R=U. 

K fn 

kT^^XT, mU^XR, jU^U; 
these are all satisfied by 

m = k = \-^, 

provided \ be determined by the equation 

X» (RT +UV) + WS+U^ = 0. 

Let the two values of X furnished by this equation be X, and X,, 
which will be unequal except when 

S* = i(RT+UV). 

The two subsidiary equations may be replaced by the two 
equations each resoluble into linear factors when the values of 
k, m, X, are therein substituted, which two equations, after a slight 
reduction, may be written : 

{Udy + 'KiTdx + XiVdp)(Uda! + \iRdy + \xUdq) = 0, * 

(Udy+ \,Tdx + \aUdp)(Udx + X^Rdy + X, 17 dq) = 0. 

To obtain the functions u and v, from which an intermediate 
integral may be constructed, we must combine in pairs a factor 
from the first with a factor from the second. But of the four 
possible combinations two must be excluded, viz., that obtained by 
combining the first fitetors in these equations, for it would lead to 
a result 

I7dy = 0, 

which obviously would not furnish any solution : and that obtained 
by combining the second factors in these equations, for it would 
lead to a result 

frd®=o, 

which obviously also would furnish no solution. Hence the equflr 
tions may again be replaced by the two pairs of equations 

Vdy + XiTdx + Xi C7dp » 0) 

Uda! + XfRdy + Xg Udj = oJ * 
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Udx + \i Rdy + \irdg as Oj 
Vdy + \t Tdx + = of ’ 

From one of the pairs we shall have two integrals of the form 
u — a and v^b\ and therefore also through that pair we obtain an 
intermediate integral. 

And it may happen, as in the simpler case of § 242, that we 
can obtain an intermediate integral through each of the pairs of 
equations of the first degree. 

These two integrals, which may be denoted as before by 

are intermediate integrals of the original difierential equation, and 
are distinct except when 

S^ = ^iRT+UV\ 

when only a single intermediate integral is obtainable. 

244. We may now proceed further in the integration for 
either the linear equation of § 242 or the more general form of 
§ 24i^. Taking the intermediate integral obtained if there be only 
one, or either of the intermediate integrals if there be two, we 
have a differential equation of the first order; the complete 
integral (and the associated integrals) of this can be obtained by 
the methods of Chap. ix. This integral will be the final integral 
of the original equation. 

245. In the case when there are two intermediate integrals, 
we may apply an important proposition (now to be proved) which 
will considerably shorten the further labour of deriving this final 
integral. This proposition may be enunciated as follows : 

When we have obtained two intermediate integrals of the form 

“l=/(Wi). 

and we consider them as simultaneous equations to determine p and 
q ae functions of a, y, and t, the values of p and q given hy these 
equations will be such as to render 

dz pdx + qdy 

integrable. 
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Afisoming this propoedtioa established, we have therefore m^pely 
to solve the two intermediate integrals as simultaneous equations 
in p and q, to substitute the values of p and q th’ence derived in 

dz pdx •¥ qdy, 

and to integrate. The result will be the final integral. 

246. We now proceed to establish the proposition enunciated 
in §245. Let F—0 and ^ = 0 respectively denote these integrals, 
so that — and, first, let J'—O be a 

solution of the equation 

We have only the single equation F=Q, which is not sufiicient 
to enable us to express r, s, and t, each as functions of x, y, z, p, 
and q\ we can express any two of them in terms of the thi^ and 
of quantities explicitly independent of them. When these values 
axe substituted in the differential equation, the latter will contain 
one set of terms involving this second differential coefficient of 
the dependent variable and another set not involving it; and the 
equation is to be satisfied identically without regard to this differ- 
ential coefficient. Now since ^ 0, we have , 


dF , ^F SF , dF - 

+ 


dp ‘ 
dF 


dq 

dF 


< = 0; 


dF , dF 

dy dz^"^ dp dq 

3F BF BF 

when for brevity we replace ^ ^ le 

these equations give 

dF dF „ 

dq dp * 

Let these values of r and t be substituted in the differential 
equation; it becomes 

dF . „„dF . „dFdF 
dq 


+ r ^ S - tTF.F, 




r.D.B. 
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This must be satisfied identically without regard to s; and 
therefore the ooefiScient of a, and the term independent of a, must 
both vanish. If fhis were not so, the e(}uatk>n would determine a 
(and therefore also r and t) as functions of x, y, z, p, and q. 
This result, as we know, cannot be deduced fix>m the single 
equation. 0. 

Hence we have 


The same equations will be satisfied when we replace by $ ; 
and we may therefore consider F and <^> as the solutions of the 
equations 


dp dp dq 


fdey 3030 „/a0y ^ 30 „^de 


"Vaj/ ~ipdq'-\dpl “ 'I 
247. We must now consider two casea 
(i) The linear equation, when U=0. 

Let and fa be the roots of 

22f»-Sf+T«=0, 

so that the second equation becomes 


/de 1 00 W30 1 00N 

\dq ^^dpJ[dq~^‘dpJ’ 


We may therefore write 

dq ^^dp 
d^ t0<J> n 

dq ^*dp ' 

thus associating fi with F and fa '^th The first equation, on 

9<t> 

dividing out by becomes 


iif0.+r0v+Ff^-o, 
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But <uid the last may therefore be written 

Similarly 




* j. t d> j- ft 

From the last two equations we have 

„0«I* ^dF ^.dF .„a4» ^dF -,a4> 


and therefore 




dq 



0 , 


which is the condition (§ 208) to be satisfied by the two functions 
F and <I> in order that the values of p and q, derived from i?** 0 = 4^ 
as simultaneous equations, should render 


dz^pdof + qdy 

integrable. This proves the proposition for the case of tf “ 0. 

(ii) The general form, when U is not zero. 

We now proceed as in §243; the first equation in 0 is 
multiplied by a quantity \, given by 

x*(BT+ ur)-\m+ 17*-0, 

and is added to the second; the resulting equation is resolved 
into factors for each of the values of \; and the linear factors are 
combined as before, giving two pairs that may be retained. These 
are, if Xj and X* be the two roots, 
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and r 

Vfi|-x.ir4.,+ ir| ■ 

r 

From the first and third of these equations, we have 

“dp~ dp ^ \i~dqdp‘ 

and from the second and fourth, 

^ j. 1 §F^. 

^ dq ^ dq y^dpdq \dq dp' 

and therefore 


F, 



dj 

dp 




dq 



0 . 


This shews that, for the more general form of the equation, 
when Fs O'sd* are treated as simultaneous equations, the values 
oip and q thence derived are such as to render 

• dz’Bpdx + qdy 

integrable. 

Hence the proposition is proved in general When these 
values of p and q are substituted, the integral of the resulting 
equation is the final integral of the proposed differential equation; 
it will involve in its expression either implicitly or explicitly 
the two arbitrary functions which occur in the two intermediate 
integrala 


24S. The statement of the method of solution, as derived 
from the preceding investigation, is contained in the following 
Rules. 


BuIiB L When the equation 

JRr + Ss + Tt^V 

is integrable by this mle, we transform it by the equations 

dp^rda+sdy, 
dq^adee + tdy, 
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into 

Rdpdy-^Tdqdx- Vdasdy>m8{RdyF-8daedy-^Tda^l 
we resolve the equation 

Rd'f-Sdxdy + Tda^’mO 
into the two equations 

dy-^ida)=0, dy-^tdw»0. 

From one of these linear equations and from the equation 
Rdpdy + Tdqdx — Vdxdy = 0, 

combined if necessary with dz^pdx + qdy, we may be able to 
obtain two integrals tti »ai, Vi => hi, then 

where /i is an arbitrary fiuction, is an intermediate integral. 
From the other linear equation, combined with the same equations, 
we may be able to obtain another pair of integrals u, » a,, Va = h,; 
in that case, u,— /,(«,) is another intermediate integral, being 
arbitrary. 

To deduce the final integral, we integrate the intermediate 
integral, if only one has been obtainable, by the methods which 
apply to differential equations of the first order. If there be two 
intermediate integrals, we resolve them as equations givingp and q, 
and we substitute in 

dz^pdx +qdy', 

when this is integrated, it gives the complete integral. 

Bulx IL When the equation 

Br+iS8+Z7+£r(r< — s*)—?" 

is integrable by this rule, we either may be able to obtain two 
integrals Ui >» O] and Vi « hi of the equations 

Udy + XiTdx-k-\Udp = 0\ 

Uicte + X,i2dy + Xii7dq ■* of ’ 

or may be able to obtain two integrals Ug « Oj and Vg = hg of 

I/ite + X, iidy + X, Hdg — 01 

+ Xg2'(i»+ XglTidp — 01 * 
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where Xi and X, are the roots of 

X*iRT+ UV) + \U8+ 

or we may be able to obtain both sets of integrals. 

Then and «,»/*(«,), where/, and /, are arbitiacy, 

are intermediate integrals in the respective oases. We prooe^ 
from these exactly as in Role L 

248. It may, however, prove not to be possible to obtain, from 
the two intermediate integrals, values of p and q suitable for 
insertion in 

dzo^pdcB + qdy; 

and in that case we may proceed to obtain the final integral by 
integrating one of the intermediate integrals, adopting for this 
purpose Charpit’s method as indicated in § 206. But without 
actually going through the work necessary in that method to 
derive the additional relation between p, q, and the variables, it 
will be sufficient to take, as this additional relation, any particular 
Erst integral of the general system other than that which is being 
dirdhtly integrated; thus we may take 

M,»o, 

where a is an arbitraiy constant. Since an arbitrary constant is 
a particular case of an arbitrary function, the values of p and q 
derived from these equations will be such as to render 

de ’=‘pdx+qdy 

integrable; and the integral will involve one arbitrary function f 
and two arbitrary constants, viz., a and the constant of integration. 
This result constitutes the complete integral of the intermediate 
integral; the general integral may be derived by lAgrange’s rule 
(§183), ly converting one of the arbitrary constants into an 
arbitrary function of the other and eliminating this remaining 
constant between the equation so transformed and that deduced 
from it by differentiation with respect to that constant 

260. This process ceases to be effective in the case in which 
the roots of the quadratic in X are equal ; there is then only one 
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tystem of integrals given by tt. - a and - 6, and so there is 
only one intermediate integral given by 

and this must be integrated. Just as before, we may avoid the use 
of the general method for the integration of an equatjon of the 
first order by combining the general and particular first integrals 

The values of p and q hence derived will evidently satisfy the 
condition of § 208, and therefore, when substituted in the equation 

dzmtpdai+qdy, 

will give another integral of the form 

Wi=C. 

If p and q occur in w„ they may be eliminated by means of the 
former equations * 6 and «, = /(&); so that 

w,*= c 

is a complete integral of the equation, since it involves two 
arbitrary constants h and c. To obtain the general integral, we 
must make c an arbitrary function of 5, and then must eliminate 
b between the resulting equation and that derived from it by 
differentiation with respect to h. 

Thus in the oases, when the roots of the quadratic are unequal 
and when they are equal, we are led to a general integral, into the 
expression of which two arbitrary functions enter. 

It may be noticed that the foregoing reasoning would apply 
equally if there had been taken, instead of the particular integral 

«* = «. 

some other particular integral such as 

Jcutg a, 

k and I being disposable constants. This particular integral may, 
in fact, be taken so as to render the subsequent integration as 
easy eus possible. 

Some examples will now be given. 
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Ex»l. Solve r’Ba^t. 

Substitating for r aud t io terms of «, we have 

M0 

dpdy - d^dxdq — « 

80 that the subeidiary equations are 

« 

d^dy — a^dxdq «» 0. 

The former can be resolved into the two equations 
cfy— ac2r«0, dy+adx^O^ 
the respective integrals of which are 

y^ax^Ay y+cwr«A 

Taking the first of these and combining it with the second of the subsidiaiy 
equations, we find that the latter becomes 

dp-adq^O^ 

which, when integrated, gives 

p^aq^mA*. 

Hence one intermediate integral is 

p-aq^4>i (y-ax). 

Taking the second equation y^rox^^B^ and proceeding in the same way, 
we ^nd 

dp’\>adqtm(^^ 

which leads to 

and therefore a second intermediate int^al is 

p+ag»02(y+aj7). 

We now, in accordance with our rule, treat these as simultaneous equations 
giving the values of p and q ; and we find 

4fc«iflKir{<^(y+aa:)+0,(y-aa7)}+~%{0,(y+aa7)-<^x {y-ax)) 

{dy’¥adx)4i^{y^ax) {dy - adx) (y - ctx) 

“ 2a " 2a ’ 

which can be integrated. Let 

and f (0--^ 

then the integral is 

a- ^ (y + or) + ^ (y - ojf). 

The arbitrary constant of integration may be considered as absorbed in 
either of the functions 0 and Since and ^ are arbitraryi 0 and ^ are 
alsoarbitraiy. 
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(i+e;)*r- S (&+02') (a+(^) «+(a<f op)*t_0. 

• TransformiDg this hy the relations of § 248 we find that the subsidiary 
equations are 

(b^oq)^4^-^2(b-^oq)(a-irop) dxdy^^(a+cp)^€ia:fl*mO^ 
(b^oq)*€^(fy+(a+cp)^dqd^»0. 

The former of these gives only a single equation 
{b-^oq)dy'^(a+€p)dxt>sO^ 

BO that only a single intermediate integral can be obtained for the equation, 
if it be integrable by the method. When this equation is combined with 

dzrspdx+qdy^ 

it gives adx-^bdy-^odz»Oi 

BO that one integral of the subsidiaiy equations is 

cM?+6y-bC2**d. 

Eliminating the ratio dy : dx between the second subsidiaiy equation and 
the modified form of the first, we have 

(b^cq)dp»{a-^cp)dq^ 

the integral of which is 

a+(qf"^B(b+cq)j 

B being an arbitrary constant. Hence the intermediate integral is 
a+cp= (6 +c£)^ (ax+6y +c»). 

This must now be integrated ; Lagrange’s process for linear equations 
may be adopted. Denoting ^(a«+&y+c^) by we have as the auziliaiy 
equations 

fife 

0 — 

From these we have 

a€lx+bdy+edz""0p 
BO that ax-hby+CB^mCf 

^d (C) is a constant. 

Hence, for a second integral, 

dy+dx4>(C)m0, 

y+»^(^7)p«C^ 


t6*5 


that is. 
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The^inal intagral of the difierential equation is therefore 
((M7+5y +cr)«^ (aj?+iy +<»)» 
where ^ and ^ are ar&trary functions. 

It may also be exhibited in the form 

z^3pB (<M?+i!y+«)+yx (a»+*y+<»)f 
where B and x arbitraiy functions. 

Ex, 3. Integrate 

(i) r+ifca^^—2cw, 

(1) when k is not unity, (2) when k is unity ; 

(ii) 

(iii) 9V-2;)2 '«+jo*<«0; 

(iv) 

(v) r— a*i+2€t6(jD+ag)s»0. 

Ex, 4. Integrate the equation 

ar^h$-{-ct + e (r/ - «*) ■» A, 
a, 5, c, 0 , A, being constants. 

The equation in X is 

X* (oc +eA) + XeA +e*^=0, 

or, if Ve write Xvn+eaO, the equation which determines m is 
m* — 6m +ac+eA ■•0 ; 

let mi and mg be its roots. The Brst system of integrals is 
odX'\-edp—midy^O'\ 
ady’\-edq-^m%dx^o) ’ 
so that one intermediate integral is 

oar+fl/? - miy *» F(ay +S3' - mgo?). 

The second system of integrals is 

a - mi cte » 0] 
cflL;+«dp- mgcfy «0j ’ 

and therefore a second intermediate integral is 

car + ej5 - mgy « ♦ (oy + eg' - mi a?). 

If it were possible to resolve these intermediate equations so as to express p 
and q in terms of x and y, the final integral would be at once derivable ; butg 
as this is not the case, we combine any particular integral of the second with 
the general integral of the first system. Thus we may take 
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and then 

^ “«i)y+a, 

• 

io that, if be the inverse function ofF and therefore an 

arbitrary function, 

we have 

• 

4 . eg K m 2 ^ + ^ {( m 2 - mi ) y + a}. 


Thus 



the integral of which is 

e« + J cr® + J ay * » m2 ^ + <ur + e {( m, - m, ) y + a} + ft 
where e is an arbitrary fhnotion (since it is given by 

and ^ is arbitrary) and p is an arbitrary constant. 

This is the Complete Integral ; to obtain the General Integral we eliminate 
a between the equations 

«+J(ca;*+ay*)*m24y+<a?+e{(mj-mt)y+a}+x(“)'| 

1 ^ denoting an arbitrary function. 

Ex. 5. Solve 

(i) a*; 

(ii) 5r+(p+a7)r+y<«-g'4*y(«*-r0; 

(iii) 2pqyr^(p^y+qx)a^xpt^p‘q(rt’--il^+xy. 

Ex. 6. Solve 

r (1 +g*) r - 2;?gr« (1 +p*) r - r* («* - rO + 1 
The equation which determines m is 

m* + 0, 

so that the two values of m are equals the common value being - pqt; and 
the system of integrals reduces to one given by 

$ (1 +/?*) dx-{'^dp’\‘pqzdy^Oj 

z (1+j*) dy^z^dp-^-pqzdxmmO. 

The former by means of 

dz^pdx^^qdy 

gives, after division by 2 , 

cf^+/>d!s+fc^»0| 

the integral of which is 


x^pz^a\ 
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the aeo^d similarly leads to 

Gie integral of which is* 

so that the intermediate integral is 

where F is arbitrary. 

Proceeding as indicated in § 250, we have 

x-\-'pz»a^ 
yj^qz^h\ 

and therefore zdz^pzdx'^qzdy 

= (a-d?)fltr+(6-y)d;y 

the integral of which is 

(^ - a)* + ( y - 5)* + «* * 0*. 

A general integral is found, as there explained, by eliminating c between 
the equations 

(c)}* + {y - ^ (c)}* + a- c\ 

and {47-0 (c)} 0' (<j) + (y - 0 (c)} 0' (c) +c«0, 

0 and«0 being arbitrazy functions. 

Fx, 7. Solve 

(i) xqr-^ypt-^xy (js^—rt)^^pq ; 

(ii) 

(iii) (l+j*)r-2jD^«+(H-/?*)«»»(«^-r0(l+p*+g'*)“4-(l+i?*+9*)4. 

Ex. 8. Prove the converse of the general result of § 250, viz., let the 
equation of a surface be 

c)-0, 

where a, 6, c, are connected by any two conditions of the form 
X{a, 6,o)«O«0(a, 6,c); 

shew that the equation of its envelope will satisfy a partial differential 
equation of the form 

jffr+iSIs-h TV-h (r^ — P, 
the coefficients of which satisfy the relation 

5*«4(5r+£rP), 
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General Method of Constructing an Interbiediate 
Integral if it exists. 


261. We now oome to a more general method (mentioned at 
the end of §237) for determining an intermediate integral of an 
algebraic equation 

0 * 0 , 

polynomial in r, s, t, if any such integral exists. 

Suppose that, if possible, this equation possesses an inter- 
mediate integral 

n(a:,y, 2 ,p, q)^0, 

where we are not concerned, at the moment, with the form of the 
equation 0, nor with the kind of arbitrary element — ^whether 
of function or of constant — which this equation may contain. The 
significance of the intermediate integral lies in the property that 
the equation of the second order is satisfied in virtue of the integral 
and of its two first derivatives. The equation of the second^order 
may not be the only deduced equation which is thus satisfied; but, 
under the hypothesis, it is satisfied in this way. It follows, then, 
that the possession, by the equation /asO, of an intermediate inte- 
gral w = 0 implies that the equation y* = 0 is satisfied unconditionally 
in virtue of the equations 

tt=a0. 


du du dll du du 
dx^ dx ^dz^^dp ^dq 

du du 3a 

dy^dy ^dz^^dp dq 


‘Uy’¥ZUp’)rtUq — 0. 


Consequently, when we use the last two equations to express t 
and T in terms of s and of the other quantities, and when we 
substitute these values of t and r in the equation y* — 0, this last 
equation (under the hypothesis) must be satisfied unconditionally. 
It then is not an independent equation, and so it cannot determine 
8\ that is, the coefficients of the various powers of 8 in the 
modified equation, integral in a, must vanish. We thus obtain a 
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set of equations, involving derivatives of it and also the quantities 
a, y, s, p, q; and as the relations, which lead to the change in the 
form of /“O, are 


Uf Up tlq Uq 

each of the equations in the deduced set involves only ratios of the 
first derivatives of it. 


But there are only four such ratios ; consequently the deduced 
set of equations may not contain more than four members. There 
always will be two at least, for otherwise all Ifoe coefficients of 
powers of s, from the first power upwards, in the modified form of 
the equation f=‘0 would vanish identically. But the members 
may be not independent of one another; so we can say that usually 
there will be not fewer than two independent equations, and that 
there cannot be more than four independent equations, in the set 
thus deduced. 

We thus have algebraical equations, either two or three or four 
in number when the process is possible, involving the ratios 
UpiUpfUgZtip'.Uq. The first step is to resolve the algebraical eqnar 
tions so as to express two of these ratios in terms of the others; 
and the result is to give a number of differential equations, two or 
three or four in number, which are homogeneous of zero order in 
the derivatives of u. The effective oases in the simplest form occur 
when these equations are ratioiud in the derivatives of u; we then 
can express each equation as an equation, linear and homogeneous 
in the derivatives of u,'the derivatives of u being taken with respect 
to ai, y, z, p, q, and the coefficients of the derivatives of u bdbg 
functions of the five quantities w, y, z, p, q. 

We thus have a simultaneous ^tem of equations satisfied by 
the quantity u, when it exists. So we proceed as in §§ 232 — ^234. 
The first stage is to make the linear simultaneous sjrstem a 
complete Jacobian i^tem. When this stage is finished, we proceed 
to construct the most general integral u of that system, if any such 
integral exists. When that integral « (if any) has been obtained, 
the correqoonding intermediate integral of the original equation 
/-•O is given by 
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261 - 262 ] 

If the complete Jacobiaa system contains fewer than five m^berR 
it does possess some common integral. If it contains more than 
four members, it does not possess any integral other than 
u B constant, which has no significance for the present purpose. 

. 262. We now proceed to give some examples in detailed 
illustration of the method. As it is alwa 3 rs possible to settle 
whether a given simultaneous system of linear and homogeneous 
partial differential equations does or does not possess a common 
integral, the method enables us to settle whether a given equation 
of the second order, algebraic in r, a, t, does or does not possess an 
intermediate integral. Further, subject solely to difficulties of 
mere quadrature, the method leads in practice to the most general 
form of that intermediate integral, if it exists. 

Ex. 1. Does the equation 

g (1 +j)r- (1+^+ «+;> (1 +/») r— 0 
possess an intermediate integral ? 

Denoting the possible intermediate integral by u {x, y, e, p, g) — 0, we are to 
have the original equation satisfied unoonditionally in virtue of the equations 

Adopting the process in the text so as to eliminate r and <, we have 

^ (5 +p+g +2f>g) «+/> (1 +p) (5 + * 5) “0- 

We then make this equation in $ evanescent as regards «, so that 
? (1 + ?) V + 0^ UpU^+p (1 ^p) V- 0, 

q (1 +q) u^u^^p (1 +p) ?4yMp«Q, 
which are two equations satisfied by u. 

The former equation is 

so that either 

or (l+p)«p+ 3 Wo« 0 . 

When the former ia used, the second equation gives 
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and when the latter ie used, it gives 
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9u l+pdu rt. 

s:- - 


that is, 


«.-Oi 

I' 

^ l«f y du 5^*0 
dy p 5i^ dz 


OoDsequently, the funotion u satisfies one of the systems 


dtt 1 +p du du 
S’” ^ dy S“ 


^ . /I a \ ^ ft 

2|y jt> 04? ” 0« “ 


The condition of ooexistenoe of the two equations in the first of the 
systems is 

which is not satisfied in viftue of either equation in the system ; it is a new 
equation which must be satisfied, and so the system is 

f»g+<l+y)|-0| 

du 0» - 


Si' 


du 


This system is easily seen to be complete ; so (§ 235) it possesses two inde- 
pendent integrals which, by the process given for complete Jacobian systems, 
are easily found to be 

The most general integral of the i^stem is 


*+*)• 

where « is an arbitrary function of its arguments. Now the intermediate 
integral is u»0, that is, 

and this relation can be expressed in the form 
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where / ia on erbitraiy funetion of ite argumeat. This equstioB aieodt^higly 
pn^videe an intermediate integral of the original equation. 

We proceed similarly for the alternative system ; andVe obtain a relation 

where is an arbitrary function of its argument. (In this special case, the 
new ration can be deduced from the former relation by interchanging x and 
y, p and and by taking another arbitrary function y instead of /.) This 
equation accordingly provides another intermediate integral of the original 
equation, which thus possesses two independent intermediate integrals. 

If we are to proceed to a primitive, we have to settle whether these 
intermediate integrals coexist. The form of the original equation is the same 
as that of § 239 ; and therefore we can apply the theorem of § 245, that is, the 
intermediate integrals do coexist. But it is possible that, for another equation 
not of the particidar form, two intermediate integrals might be found ; it then 
would be necessary to apply the Jacobian condition of coexistence [Z’, 
of § 208. The condition is satisfied in the present instance. 


Consequently, 

to obtain the primitive, we usq the two simultaneous 

equations 


Let 



p ' q ' 

so that 

„_L. J_. 

l+fj+y^l+w’ 1+p+y 1+v’ 

then, as 

dz^pdx+qdy, 

we have 

(1 +j9+y)«f*-p(<i»+<fc)+g(dy+rf*), 

that is, 

A - /' (tt) y' (V) d », 

and therefore 


where d and S are arbitrary functions, because/ and g are arbitrary. But 


*+!-/(«), y+»-p(*); 

and therefcve we have the primitive of the original equation in the form 


*-i^(*+*) + 0 (y+*), 


where F and G m arbitrary functions of their respective ai^guments. 
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X Shew that, when the method is applied to the equati<m 
rC—^+Br+SSt+Tt^ P, 

c 

it leads to the two STstema 

TVp- pw^*Oj TVp- 

tty— ?4y-pMp-i?tt^«0 

whero p and o- are the roots of the equation 

p*+2p^+izr+ r»o, 

unless p-B<r, when it leads to only one system. 

£x, 3. Deduce the conditions that the equation in Ex. 2 should possess 
(i) a single intermediate integral, (ii) a couple of intermediate integrals, each 
involving an arbitrary function. 

Ex. 4. Apply the method to the equation 

so as to obtain the results corresponding to those in Ex. 2 and Ex. 3. 

Ex. 5. Integrate the equation 

{(1 +g*) »*- 2jDfi+(l +p*) <} + 1 

Using the equations 

f 

tts tty ^ tty ttp 

Up Up^ ttg Mg 

to substitute for r and and making the resulting equation evanescent as an 
equation in s, we have the two relations 



These are uiiiquel/ equivalent to the set 

*tt,-(l+p*)«p-pjw„ 

which (in this instance) is the only set of equations determining an inter- 
mediate integral w=0, if any such integral exists. These equations are 




0M 8m 0tt ^ 
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The ooodition of ooeiiateBoe (§ SS2) ie 


that is, 


du 0tt Bw 0w 
qEi-pE,mO, 




and therefore it ia eatisfied* The two equations jSj-Oy are a complete 
Jacobian system as they stand ; and therefore (S 23^}, as they involve five 
variables x, y, s, they possess three independent integrals. 


To obtain these integralsi we adopt the regular prooess. The equations 
subsidiary to the integration of j5|»0 are 


dp ^ dz dx ^ 

-s" 0 * 

A complete set of independent integrals of these equations is 
where 

and therefore the equation Ei^O will be satisfiecf by making u any function 

of y, 6 i7t f. 


We therefore now make y, independent variables; and we 

transform the other equation A'a— 0, so as to have derivatives with res^t to 
these variables. It is easily found that (after removal of a factor z) the 
modified form of the equation is 


?!f — — 

dll “dy 


-8 


1+C 3«* 

7 3f' 


a 


(The property that the system Ei^^O and £s»0 is complete secures, after 
§ 234, that all the coefficients in Eg^O are expressible in terms of y, 17, (.) 
The equations, subsidiary to the integration of are 

d£ dfi dy dC 

1 


A complete set of independent infograls of these equations is 
If then 

a^mx+pzy j8-y+y«, y-r*(l+y>*+g*), 

u can be any function of a, /3, y; and so the most general solution of the 
complete Jaoobian system is given by 

lf--P(tt, A y), 
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where fT is an entirely arbitrary function of its ai^uments. But the inter- 
mediate integral, if any, of the original equation is u^O: that is, the most 
general intermediate iht^al is given by 

/’(a, A y)»0, 

which is an equation of the first order. 

To complete the integration, this equation of the first order must be 
integrated ; for the purpose, Charpit’s method will be used. The subsidiary 
equations are 

dp dq _dx dy dz 

where, if /|, p 2 > ^ 3 f denote dP/da, 0P/d/3, dP/dy, respectively, 

P« Pj {pPj + jPg+ (1+^ + ^) Pg}, 

§*“Pa+g {|>^i+tf-^2+(l+P*+?*)2«Pa}, 

-3Pj-2**/?P8, 

PsB - zPj— 23*gPj ; 

and one integral is required. We have, with these values, 

^ dx^pdz-^zdp^^Oi 
so that an integral is given by 


a«sa?+jD««a, 

c 

where a is a constant. This equation has to be taken simultaneously with 
P-rO, so that the values of p and q ^hich they determine may be sub- 
stituted in 

dz^pdx^qdy. 

The remaining analysis may be set out otherwise. Because 

x-k-pz^Of 

it follows that 

**4' ( 4 ? -a)* ■•function of y only; 

and therefore 

malfunction of y only, 
that is, /9 is a function of y alone. But 

^(«> A y)«0, 

a is equal to a, and /3 is a function of y alone, and therefore y is a function of 
y alone. Now 

y»**(l+^+y*) 

-.**+(a-4r)*+(/3-y)», 

mthat 

^dy^tdt-(fi~x)dx+(P-y)(dp-<lif) 
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and therefore 


m- {(a-x) dx+(fi~y)dy). 

g'+2(^.y)3^.0. 


Eliminating y, p, between this equation and the equations 

-^(a,Ay)-0. 

we have the primitive of the equation. 

Ex. 6. Shew how the precseding primitive must be modified, so that it 
may include the primitive of the same equation given in Ex. 6 of § 250. 

Ex. 7. Shew that the equation 

X 

has no intermediate integral. 

Ex. 8. Obtain an intermediate integral (if any) of the equation 
^rs ^pq (rr +«*) - qxr-^ (/w+gy) B-^pyt +pg«0. 

Proceeding as usual from the equations 

Up ” Ug Ug ' 

we find that u must satisfy the three equations 

-?*g+2py-|^^-0. 

From the first of these we have 

Fm^pup^qUg^O. 

The second of them is satisfied identically in virtue of /*«0. The third is 
O^pqUp Ug -H qx m* Ug + py w, ?/„ pq « 0. 
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The fjacobian condition of coeziatenoe of theae equationfl, bring the 
relation {F^ 0)mi0 of § 208, leads to 



80 that, if we write ar, a, j9, denote the derivatim 

of ti by jpi, jPi, PifPiy the three equations are 

0 , XiPi - Xspi"^0^ 

XiXiPiPt^X^XBPiPt+XiXsPtPi^X^X^piPimO. 

The first of them is satisfied if u does not explicitly involve x^j that is, z. 
The second of them then is satisfied if u is any fiinction of J7i, x%^ and x^, 
where Xf^XiXs, Write for , so that 


f>4-^5jpa, f>6-*4/>»; 

then the third equation is 

^6p8^ + ^ipipe + ^2f>2 "^PxPz “ 0* 

on the removal of a factor x^* We need the integral of this equation of the 
first order ; to obtain it, we adopt the Jacobian process of § 219, and we 
Bnd that 

— (^)’ 

where is any arbitraiy function, is the most general integral of the system. 
But the intermediate integral is naiO, that is. 



or, as « is an arbitrary function, it is 


j. 

where h is an arbitraiy constant. We thus obtain the intermediate integral 
in the fmm 

pq^ax^by^ah^Oy 
where a and h are arbitraiy constants. 


Ex. 9. Prove that the equation 

z (f< -s®)*+ (r<+s®) pq - r#g* - (r<- 1 *) (/?*< - ^pqz^^q^r) 

possesses an intermediate integral 

f+c^-l^fi^+ahwO, 

where a and h are arbitrary constants. 
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E*. 10. Obtain the most general intermediate integral of the equation 
{(1+ j»)r- 2/>y*+(l +jB«) <}«-4 (rt-*») (1 +f*+ 5 *) ; 
and prove that the only real surfaces, which satisfy the equatksi, are sfdieras. 

Ex. 11. Integrate, by the foregoing method, the equations in Ez. 3 and 
Ez.'7of§S60. 

Not*. Further discussion of equations of the secoitd order having an 
intermediate integral will be found in the author’s Theory of Differmtial 
Equationt, vol. VL, oh. zvl 


Principle op Duality. 

263. This principle, which was shewn (§ 202) to be effective 
in deducing from the solution of one equation of the first order 
that of another associated with the former by relations of a perfectly 
reciprocal character, may be applied to equations of the second 
order. The analytical connection consisted in taking new variables 
defined by the equations * 

Y = q, Z^px + qy-z, 

from which there were derived the reciprocal equations 

a-P, y = z'^PX + Q7-Z. 

From these we have 

dx^dP’^RdX + SdY, 
dy=-dQ=8dX + TdY; 

so that 

Tdx — Sdy 
ET-S* ’ 

jfj. —Sdx+Rdy 
HT-S^ • 

But rdx + sdy ^dp^ dX, 

sdx + tdy = dgr =■ dY ; 

we therefore obtain, by equating coefficients, 

T -3 R . 

RT-S** 
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Let these substitutions be applied to any equation of the form 
Xr + /*s + Ft + ®'(rt — «*)*=0, 

in which ft, v, «r, are functions of x, y, z, p, q. Let their values 
after the transformations have taken place be denoted by 
respectively; then the result of the substitution gives 

XT-/t'5+v'iJ + a'-0. 

If then the solution of the former equation be known, that of the 
latter can be obtained ; and vice versa. 

Thus, in particular, the solutions of the two equations 

(f>. ?) + «^ 0>. ?) + 0>. ?) - 0, 

and rx («, y)-»^ («, y) + {x, y) - 0, 

are derivable from one another. 

1. From the solution of 

, *»r+a«y*+y»t-0, 

derive that of 

q*r—Spq*+f*t^0. 

Ex. 2. Integrate the equations : 

(i) par+jy-say-*; 

(ii) 

(iii) 

(iv) p*r+2pj'*+y*<=(ap+yg)(r<-»*); 

(v) {l+pg)(r-0-(p*-y*)«+p*t-J*r. 

Laplace’s Method fob the Tbansformation of the 
Lineab Equation. 

264. The linear equation 

Rt + Ss + Tt + Pp + Qj + Zz U, 

in which R, 8, T, P, Q, Z, U, are functions of x and y only, can be 
reduced to simpler forms. The process consists in changing the 
variables. 
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the independent vanables x and y be changed to ^And i/, 

as yet undetermined; then, whenp', 3', ... denote f?, ... the 

of 01 } 

equation becomes 




I'iR 


/af\* 




+ s' 


Let m and n be the roots of the quadratic equation in k 


Ri^+Sk + T^O. 

First, suppose that these roots are unequal ; then choose f and 17 
so that 


dx 



drf dv 


which determine f and 17. The terms involving / and t' now 
disappear; and the coefficient of 8 \ being 


dydy 



does not vanish since the roots of the quadratic are unequal. Let 
the equation be divided throughout by this coefficient; then it 
takes the form 
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256p la two cases, the integral of this equation can be obtuned 
without farther transformation. We may write it in the form 

so that, if the condition 

N-LM~^0 

be satisfied, the equation becomes 




dz 


where u replaces ^ + Lz. A general value of u can be obtained, 
and thence a general value of z. 

We may write the equation also in the form 

so that, if the condition 

* fj TM 

iv — XJf— 

Of) 

be satisfied, the equation becomes 


P+Lv^V, 

dv 


dz 


where v replaces ^ + Jdz. From this, through v, a general value 
of z can be obtained. 


266. If however neither of the conditions in § 256 between the 
coefficients in the transformed equation be satisfied, it can still be 
transformed by changing the dependent variable. Thus when we 
write 


dz 

dTj 


+ Lz*=‘^, 




we have 
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Denoting LM N hy K, may write 


Kdi'^ K^~'R> 


and therefore 


ZF 8 n a{: Af V] 


which is equivalent to 




where 


r, r 

Kdfi' 

M' = M, 

SO that the same form is reproduced but with altered coefficients. 
The equation in its new form can be integrated, if the analogous 
relations between the new coefficients be satisfied. From the 
values of L\ M\ N\ we have 

07f 

^ dv ’ 

BO that, as £' is not zero (by hypothesis), the relation 
Z'3f' + ^'-i\r' = 0 

Of) 

is not satisfied. The other condition, being that the equation 

^Tf 

Z'Ji/'+^-JV'-o 

shonld be satisfied, is when expressed in terms of the original 
coefficients 

j. dL dM 1 d*K J_SJ£dJ£ _ 
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If this be not satisfied, nor the corresponding relation derived 
by the consideration of the other expression 

the process of transformation may be repeated indefinitely. If, at 
any step of the process, the requisite condition should bo satisfied, 
the solution may then be found. 

Ex, 1. Prove that for any substitution of the form 

where is to be the new dei>endeut variable and X is a function of { and 17, 
LM-N+^~ and 

ct! 

are absolute invariants, and that therefore such a transformation is ineffective 
for the purpose of solution. 


Ex, 2. Prove that, if 


Kr^N,-LrM,-~% Jr = Nr-LrMr-~^' 
Ci Of} 


^ dLr 


being the functions of the coefficients after r transformations, then 

Ar>l« 




Hence solve the equation 




(Imschenetsky.) 

Eate, A full discussion of these equations, subjected to Laplace trans- 
formations, will be found in the author's Theory of Differential Equatioru^ 
voL VI., chapters xin. and xiv. 

257 . Next, consider the case when the roots of the quadratic 
are equal, so that 

S^-4i2r«0. 


The two equations determining ^ and 17 now coincide, so that 
from them only one of these quantities can be obtained ; let it be 
given by 
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and suppose f and y to be the new independent variables > then 
wh may write 17 -y. In the transformed equation the coefficient 
cjf r' now is zero, that of t! is T, and that of* s' is 

But m being a repeated root of 

4“ Sh 4” jT 0, 

we have 

^ « S _ 2T 
so that the coefficient of is 


dy 



which is zero. Hence the transformed equation, on division 
throughout by T, becomes 


dy^ dy 


The case suitable for treatment by this method is that in 
which L is zero ; the equation may then be looked upon & an 
ordinary equation in y, the variable a being considered parametric; 
the arbitrary constants of integration should be replaced by arbi- 
trary functions of x. 


Poisson's Method. 

258. Poisson has shewn how to deduce a particular integral 
of any partial differential equation which is of the form 

P « (r^ — 

where P is a function of p, q, r, s, and t, homogeneous with respect 
to the last three quantities, and Q is any function of the variables 
X, y, r, and the differential coefficients of z, which remains finite 
whenr^ — 

He assumes 

q = »l>(p), 

and therefore 
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Those values make 

and reduce the di^erential equation to 

P = 0. 

Now P being homogeneous with respect to r, a, and t, there 
will, when the foregoing values are substituted, occur a common 
factor throughout, being some power of r; this majr be rejected 
and the remaining equation will involve only|>, ^(p) and ^'(p) 
which when integrated will determine the value of ^(p) and so 
will lead to an integral of the original equation. This integral, 
being of the form 

g-^(p), 

can always be further integrated. 

It may be noticed that Poisson’s process is equivalent to 
obtaining the developable surfaces which are included under 
the given differentia! equation, for 

q=>4>{p) 

is tke differential equation of developable surfaces. 

JEp. 1. Solve r*— 

Proceeding as above we find 

so tbat| retaining only the real values, we have 

^'(/7)-±l, 

whence q^<l>(p)^^a±Pi 

where a is an arbitrary constant. The complete integral of this, considered as 
a partial differential equation of the first order, is 

£«ay+X(3f±y)+y, 

where X and y are arbitrary constants; the general integral is 

where 0 is an arbitrary function. 

Ex, 2. Solve 

(i) r+S^+(p*-a*)r«-0; 

(ii) (l+y*)r-2pyj-f (l+p*)<»a 
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Lineab Equations with Constant Coefficients. 


269. We now proceed to consider equations which are linear 
not merely with regard to the differential coefficients of highest 
order but also with regard to the dependent variable and all 
its differential coefficients, and in which the various terms are 
multiplied by constants only. Such an equation is 



where ^ is a rational integral algebraical function all the coefficients 
of which are constant ; V may be any function of the independent 
variables. 


As in the case of ordinary differential equations the complete 
integral consists of the sum of two parts : 

first, the most general integral of 



lecond, any particular solution of 



These will be obtained separately. 


For convenience, let r- and 
dof 


^ be respectively denoted by 2? and D'. 


260. The simplest case of the general equation is that in which 
only differential coefficients of the nth order occur, so that it may 
be written 

( jD" + AiD^^D' + + + Aniy^) f « F. 

Let cii, Oa, be the n roots of 

+ + + 

then the equation may be transformed into 

(D-«,i)')(D-a.2>') 
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To ^nd the oomplementaty function, we write V » 0 ; then a 
solution of 

• (D — tLfiy) A — 0 

will be a term in the complementary function ; and as there are 
n such factors there will be n such terma > 

Now the solution of 

(J[)-X)a»0, 
where \ is independent of x, is given by 

C being also independent of x. The quantity C may therefore, in 
the solution of 

{D~aiy)z = Q, 

be made an arbitraty function of y, and we then have 

z = e 

* =«f>(y + eue). 

There is one such solution for every value of a ; and the sum 
of tl)^se different solutions is also a solution, so that the com* 
plementaiy function is 

**^(y + «i«)+^(y + «»®) + + ^n(y + «»i®). 

where all the functions 0,, ^n> are arbitrary. 

In the case, however, in which two roots a are equal, this value 
ceases to be general, as the sum of two arbitrary functions of the 
same argument is merely an arbitrary function of that argument ; 
the corresponding terms are then obtained as follows. 

The solution of 

(2)-\)*a=-0 

is A = + 

where A and B are independent of x; hence the integral of 

{D-aDyz = 0 

is A = {^(y)+a^(y)} 

“ ^ (y + a®) + (y + ®*)» 
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where both <f> and yjt are arbitrary; the sum of these two J»rms 
replaces the sum of the two terms, which had coalesced into one, 
and the general character of the solution is restored. Similarly, 
when any number of the roots a are equal, the ciOTesponding 
terms of the complementary function, which coalesce into one, 
are replaced by a series of terms derived in the same manner as 
the above. 

261. To obtain the particular integral, we may represent it 
symbolically by 

I V 

^ r\/v / T\ TVS. /TV T\/\ ' 


■ (i) - a.2)') 

1 1 




(f “ ‘ ( 5' “ “") 


V. 


To evaluate this, we resolve the second symbolical fraction into 
the sum of n symbolical partial fractions, into the denominator 
of each of which only one of the quantities D/iX — a enters. 
Thus, if ^ 


we have 




Nr 


1 -r V. 

jy " 


2 


Nr 


V, 


Z)'«-,riD-Ori/ 

Nr being a constant and depending only upon the constants a. 
Let 

y); 

then, since ^ ^ 

we have 




rV=e 


‘Si 


y) 


■f 


(f, y 4* ) f 


r.D.B. 
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faenco the particalar integral of the equation is 

{f. y + «r(«>-e)}]. 


This is the value in the most general case possible; in particular 
cases, the actual evaluation becomes much more easy. Thus, if V 
he a iunction of x only, we may consider {<I> (D, as expanded 
in a series of ascending powers of D'; every term may then be 
neglected (so far as the particular integral is concerned) except 
that which does not contain J}\ Corresponding simplifications 
arise in other examples. 


Ex, 1. Solve 




a* 


df 


»x. 


(See Ex. 1, § 250.) 

For the Complementary Function, we have 


and therefore 





M =» ^ (y) + « ^ (y) 

^ (y +«*) + f (y - «»), 

0 and ^ denoting arbitraiy functions. 

For the Particular Integral, we have 


1 


1 

*3!' 

Hence the Complete Integral is 

«-<#» (y + (y - a^) + 3^ . 
Ex, 2. Obtain a solution of the equation 



such that, when <«0, jf^F{x) and F(x) and f{x) being known 

functions of r. 
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Ex. 3. Solve (he equ&tiona : 


,,, 0**^8»* 

U) + cos *»» 0081 


(ii) 


0** 


0** . „ 3** 




3«« 


“ 2a + d 




7^9 

'* — ’/(y+a«); 




(iv) 

^ ' S*3 0^3“**^^ » 


(v) (.*?)+^ (y)+x (^+^y) ; 

(vi) (2) - jyyz^x^^tf) (x+y). 

Ex. 4. Solve the equation 

8®m 


d^u , ^ « 

0^ ^ 0d7^0«" 


: ^ + + «® — Saiye, 


For the Complementary Function, we have 

+ aij aV 

<u being a cube root of unity. The solution of 

( 0 0 \ 

£:) 

hence the Complementary Function is 

where 0 i, 03 , are arbitrary functions 

The part of the Particular Integral corresponding to x^ is 


\§i/ "^\ 0 y/ dxdydz \S/ 

and so for the other terms ; the full value is 


3fi 

'4.5.6’ 


4:®+^*+*® 

4 . 6.6 ^ 8 ' 
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The Complete Integral is the sum of the Complementary Function and 
the Particular Integral. 
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Ex. 5. Solvo 

f 

0*M 9*u 

dxdz €y* 

^ ^ 0470^* 0a:^0« 0470^* 0y*0«'^ 5j^4;® * 04;0^0«*’ 


262. Passing now to the general equation, we proceed to find 
the solution of 

<■ a^)‘=». 

where 4> is of the form 

^ * aa:»->ay ^ ■** dx'^df ^ 

0n-i gn-i 

■*■ ■*■ ■®‘ 

4“ 

...•., + Kfi ^ + Ki ^ 4- -£. 

04P dy 

We assume as a trial solution 


* ^*:^e**+*w, 

where h and k are constants yet to be determined. With this 
value, we have 


dz 

dx 


and therefore 


, dz 

•hz, r~ a 

dy 


'KZ\ 


4>(A, jfc)-?*0, 

which will be satisfied, if A and h be determined so as to satisfy 


4>(A,A)»0. 


This obviously makes one of the constants to depend on the 
other. Let the equation be resolved to determine A, so that we 
obtain results of the form 

k^OQil 

n in number. Taking one of them, as A?a=tf,(A), we have the 
solution in the form 
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for all valuos of ^ and h. Tho sum of any number of solutions is 
also a solution; hence another is given by 

z = <*>, 

where 2 implies summation for all values of A ; and ^1, an arbitrary 
constant, may be looked upon as an arbitrary function of A which 
may vary from term to term of the series. 

Similarly another value of k, such as dj(A), will lead to another 
solution which may be represented by 

and, as each value of k will lead to a corresponding series, the 
general solution may be represented as the sum of w series in the 
form 

r = 2 + 2 + .... 

the summation in each series extending to terms arising from all 
possible values of the constants A, 

• 

The fact, that the coefBcient belonging to any term may be 
considered as an arbitrary function of the constant which occurs 
in that term, shews that each series may be regarded as having 
in its expression one general arbitrary function. Thus, in the 
Complementary Function, we should expect n arbitrary functions. 

263. This general result, in the form of the sum of n series 
each containing arbitrary elements, may appear to be of slight 
value. Sometimes, however, by the form of the differential equation, 
a simplification is introduced such as that indicated in the next 
paragraph. Sometimes, by conditions imposed on the dependent 
variable other than the satisfaction of the differential equation, the 
number of terms of the series is limited to those which contain 
particular values of the parametric constant. 

For example, whenever a solution of the equation which de- 
termines k is of the form 

where a and are determinate constants, the corresponding series 
may be expressed in a finite form. The solution is 
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that ja (eave as to the fiustor outside S), it is the sum of any 
number of wbitrary powers of each multiplied by an arbitrary 

constant; such a sum is an arbitrary function of or, what is 
the equivalent, an arbitrary function of a; + ay; and the series may 
therefore be replaced by 

+ cey), 

where ^ is arbitrary. Corresponding to the conditions which in 
any particular case limit the number of terms included in the 
series, there will be analogous conditions which determine the form 
of the arbitrary function. 


Ex. Prove that, if the root 

occur r + 1 times, the corresponding part of the Complementary Ftmction is 

(*+ay)+y<^i (x+ay)+ (*+oy)], 

where dpnote arbitraiy functions. 


264. To obtain the Particular Integral, we may represent 
it by 

^ y. 


the evaluation of this expression will depend upon the form of V. 
Thus if 


V = 


we should have 


1 


^(a,b) 




as the value of z required. If V were a polynomial function of 
X and y, then it would be possible to evaluate the expression 
by expmiding the inverse operator in a series of ascending powers 
of both 2) and jy, if permissible, or in powers of either of 
them. The methods, applied to the particular forms considered 
in §46 in the case of ordinary differential equations, indicate 
the corresponding methods to be adopted for some of the varying 
forms of F. 
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0*« - 0z ^02 

ss“*J'+«****- 

^ • 

• First, for the Complemeotary Function, we must solve 
Let 

be substituted. Then 
BO that 

are the relations between h and k. Hence 


« « 2 i4e*(* + 2) 
where and ^ are both arbitrary. 


The part of the Particular Integral corresponding to is 

1 


(/>-/)0(/)+2)'-3‘) 
1 

1 


gX+2i» 








(l-Z)'-2)(i)'+2-2) 
1 


.1 




.1 




The result indicates that a term of the form will arise in the Corn- 
plementary Function, as is obvious fn>m the identity 

tf»+5v«eSfs»-y. 


The part of the Particular Integral corresponding to the term xy is 







“ “ 8® (ay+i»+iy+J) 
a -(i**F+J»*+i«y+iV*+A**)» 
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the e:|(MHinoDa in each ease being taken no farther than is neoeaaoiy to 
furnish non-evanescent terms. 

The Complete Integral is, as usual, the sum of the foregoing three parts. • 
Note, It might happen that, by a different methdd of procedure such as 
expanding in powers of ^ , a particular integral of apparently different form 

would be obtained ; it would however be found that the two could be trans- 
formed into each other by means of the Complementary Function. 


265. Any equation, such that the coefficient of a differential 
coefficient of any order is a constant multiple of the variables of 
the same degree, may be reduced to an equation of the foregoing 
form. Such an equation will be of the form 

We may either change the independent variables to u and v, where 
= «“ and y = e"; or may represent by & and y ^ by 

and then we have 

In either case, the equation is reduced to the form already con- 
sidered. 

Ex. 1. Solve the equation 

We have, on assuming z^nlogj? and v«logy, 




The integral of this ia 

(v-u)+/t (v - «)+ 




^n*n9 




x) (m-f-fi}(9ii-fn-l) 


where /and /’are arbitrsiy. 
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Ex. S, Solve the equations : 


^ ' 0ar» ^ 

/::n 

(»> 

jSx’. 3. Solve the equations : 

Ex, 4. Solve 

^^ “**^* SF ^ ~ sj+ P +”* “ 

-ac(l - j;*) ^+(a: +y - 24:=y) 

Ex,h, Solve the equations: * 

(ii) 

«s 008 (»i4? +ny) + 008 ijcx + ly ) ; 

(UI) «g^ + 2A5^+i^ + ^g^ + 2/^ + «-0. 

-filr. 6. Solve /(w) 

0 0 0 

where w denotes the operator +-*^a gj + ••• polynomial 

fimction of w, and JSr^ is a homogeneous function of n dimensions of the 
quantities Xx^x^^ ...i x^, 

Misc?ellaneous Methods. 

266. There are several partial diflferential equations which 
are of frequent occurrence in physical investigations. Solutions 
of these have frequently been obtained by methods, the appli- 
cation of most of which to equations other than those connected 
with their discovery is very limited. The two chief methods 
are integration by means of definite integrals and integration 
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in se^es; bat as each method is of special application only, 
and as the variations which arise owe their origin to the con- 
ditions imposed upon the function whose value is sought and not 
to any variety in the differential equations to which it can be 
applied, it is not possible to give here a full discussion. The 
discussion will, accordingly, be limited to a few examples; for 
fuller investigatioDs, recourse must be had to the treatises on 
those branches of mathematical physics in which the differential 
equations occur. 

267. Consider first an equation which can be integrated by 
both methods. 

Snch an equation is 

at ““ 


which arises in investigations connected with the conduction of 
heat. It is not without interest to indicate some of the different 
methods which may be applied to obtain a solution. 

By the method of § 260, we may write 


where (f> (x) is arbitraiy; expanding the differential operator, we 
obtain 


Ui 




This solution contains one arbitrary function. 

We may proceed otherwise thus: the solution of the equation 



is + 

where A and B are independent of w, so that we may express the 
solution of the equation 

1 8m 
dofi ™ o* dt 

in the form 
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>vhere and ^ are arbitrary functions. In order to free the result 
from symbolical operations, which would require interpretation if 
they remained, we change the arbitrary function! to /and F, where 




then, since ^ and x arbitrary, both / and F will be arbitrary, 
whatever interpretation be assigned to When the sym- 

bolical operators in the first form of solution involving and x 
are expanded, and the terms of the same order in differentiation 
are gathered together, the solution becomes 

+ + 4i„4 + ••• 

^ + 5f5i-3r» 


This solution contains two arbitrary functions. 

* 

268 . It may at first sight seem paradoxical that two perfectly 
general solutions of the same differential equation can be obtained 
of apparently so different a character. The difficulty will dis- 
appear if it be noticed that the equation is only of the first order 
in t while it is of the second order in x] the former solution 
contains only a single arbitrary fur.ction of x, which is all that 
can be expected in the case of an equation of the first order; the 
second solution contains two arbitrary functions of t, which is the 
number of arbitrary functions to be expected in the case of an 
equation of the second order. 

If we SMSume that all the arbitrary functions can be expanded 
in positive integral powers of their arguments, we are able to 
transform one of these solutiorrs into the other. For let 


n«soD 4 



where the coefficients An arbitrary; and let this value be 
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sabelituted in the first solution. Then the term independent of 
ic is 




4* 

21 


c+iv+. 


which is a series with arbitrary coefficients and so may be denoted 
by f (t), where / is arbitrary; the coefficient of {-) is 

A,. 




r//* 

that is, ^ ; and so for the other even powers of w. Thus the part 
of the solution depending upon the even powers of x is 

fa) [ ^ ^ ^ 


Similarly collecting the terms which depend upon the odd 
powers of w, and writing 

+ + 

which is another arbitrary function, we should obtain the second 
part of the second solution. It thus appears that the two algebraical 
expressions are equivalent, independently of the fact that they are 
both solutions of the differentiid equation. 


Solution bv Definite Integral.s. 

269. Now let the method of § 262 be applied. We substitute 

the necessary relation between the constants a and is 

i8 = oV, 

so that 

for all values of A and a, would be a solution. Instead of a write 
at, so that solutions are given by 

g-ataM-aat 

and therefore by 
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where \ is anjr constant, and A and B are arbitrary function of X. 
These solutions may be replaced by 

il'e*-**^co8o(a— \), j8'e“**^8inal[«— X), 
where A' and R are arbitrary functions of X. 

Further, the sum of any number of solutions is also a solution. 
Consider the solution obtained by summing any number of terms of 
the first form for all values of X and a, and by assuming that, while 
A' is an arbitrary function of X, the form of the arbitrary function is 
the same for different values of X. (The corresponding terras which 
would arise from the second maybe deemed included in this because, 
so far as the variable part is concerned, we need only to change X 

into X — ^ to obtain the first.) 


Let then ^1' <s (X) dX, 


and suppose summation to take place for all values of X between 
— 00 and + oo ; the corresponding solution is 



cos « (® X) (X) dX. 


This again may be multiplied by any function of a anfl the 
summation taken for all values of a ; as it stands, the function is 
an even one of a ; and so, if the factor be taken as da, it will suffice 
to take 0 and oo as the limits of a. Consequently, we have as the 
solution 

daj e~"*“**oo8a(fl! — X)-^(X)dX. 


The solution in this form is specially suitable for the case in which u is to 
satisfy some condition, for instance that 

when t is zero ; we then are to have 

/w- cos a (j? - X) ^ (X) dX. 

But, by Fourier’s theorem, the value of the right-hand side is so that 

^ is a determinate function ; thus 

™ f da f c“*^**cosii(;r-X)/(X)dX 
fT J 0 ^ 


(Riemann.) 
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Ex, Pbt&in a solution of the equation 

which is such that 

and ^^^F{x\ 

when f ■>0. 

The result is 

1 fa+at 

^==H/(^+«0+/(^*~a0)+^ / F(})dK. 

J ®*“Ol 

(Riemann.) 


270. We may again solve the equation by a method, due 
originally to Laplace and extended by Poisson. 

We have 


hence, writing u — Z for u, where I is independent of u, 

f e^’^^du = TT^ 

J — «o 

when I is any differential operation to be performed, this 
relation indicates that the symbolical operation ef* can be expressed 
provided e**** can be expressed. 


This method may be applied to the equation 


for we have 


/{m), 


where f{x) is an arbitrary function independent of t. The fore- 
going formula in equivalent operators may be applied, if 2 be 

replaced by 5 t^us we have 

— •»*+Hiad ^ 




^f{x)du 


r* 

w “ M du. 

J —00 
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Another form may be given to this result by substituting \ for 
<r + 2uat^. Then u becomes 

Now y* (\) is an arbitrary function ; if we choose to assume its 
value to be zero everywhere except when X»r, and then write 
/(X) dX =« If, we have 

If 

W = Ye . 

2a 


£!x. 1. Prove that, if u satisfy the conditions 


(i) w«=/(;i?) when ^*0, 


then its value is 


(ii) when x=0, 


1 

2a 



4aH 


« ft 

e- }/(X)cA+-.J^ 


X* 

e“4a*U-A) 


0(X)rfX 

(t-x)r 


Ex, 2. Obtain a aolution of the equation 


0 * 


in the form 

y» JJ/(a+2utbi, y+2»^64)sin(tt*+t^)dwdv 

+ J j I*(.v+2tabi, y+2vtbi) COB (u^+v^dudv^ 

Ex. 3. Verify that 

t/(x+ag Bin d oos y -fa^ sin d sin ^ + at cos sin & d$ 

f^^dfb f'^tF{x+atBin6coB<l},y^atBin3ain<l>,g-^atooBS)BmBd3 
Alit dt J 0 Jo 

satisfies the differential equation 


0«tt , /0*1t . 0*14 . 0*14' 




•)■ 


0tt 


and is such that « y, *) and y, *), when (-tt 
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Eos, 4. Obtain the value of the integral 




taken over the surface of a sphere whose centre is the origin and radius in' 
the form 

4ir ~ sinh (Rp\ 

where 

Hence shew that over the surface of any sphere the mean value of a 
function, which satisfies the equation 

o*u 

and which, for all points within the sphere, is expressible by a converging 
series, is equal to the value of the function at the centre of the sphere. 

Further information on this part of the subject and, in particular, on the 
applications in physical investigations, will be found in H. Weber’s edition of 
Biemann’s Die partielle Dijferentialgleichungen der mathematiecken PhysiL 


Solution in Series. 

271. Consider now a case of integration by means of series. 

« 

The most important equation, to which this method is applied, 
is the equation 

yu d’u 

which continually occurs in physidsl investigations. To solve it by 
the method under consideration, we change the independent vari- 
ables from a, y, z, to r, 0, <f>, given by the relations 

x = ram0coa^, yarsin^sin^, z^rco9 0, 

which will in effect be changing from the Cartesian to the polar 
coordinates of a point in space. The equation becomes 

y(r«) 1 3 / . .3«\ 1 yw rt. 

^ 0r* "^sin^S^^™ 3^/ '*’sin*tf 3^*™ ’ 

and, if another change be made by writing fz instead of cos 0, the 
resulting form is 
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272. First, let a solution be desired which is to be a function 
of r only, that is, of + so that it will be a specially 

symmetrical solution ; the equation then reduoes to 


and therefore 


ar* 

r 


In a similar way, a solution which would be a function of 6 
alone, and one which would be a function of ^ alone, may be 
deduced , but they are not so useful as that just obtained. 

Next, suppose that solutions which are not functions of r alone 
may be expanded in a series of integral powers of r; and in u let 
there be a term 

T^Unt 


where Un is independent of r but may be a function of 0 and 
the form of which is still to be determyied. Then, when the 
value of u is substituted, the term on the left-hand side of the 
differential equation corresponding to this particular term of is 


fM 



+ 


1 sx]. 




and the sum of all these terms is to be zero for all values of the 
independent variables. The foregoing is the only term which 
involves the n"* power of r ; in order to have the equation satisfied, 
the coefficient of the term must vanish for eveiy value of n. 
Hence Un is determined by 


»(« + !)«„ + + 




0 , 


and therefore is a solution of the original differential equation. 
The coefficients of the terms involving the differential coefficients 
of Un do not depend upon n ; and the coefficient of tt« is unaltered 
if for n there be substituted -(?* + 1); hence is another 

solution of the original equation. These two soluticms just obtained 
may be combined into one, so as to give a solution 

Bn 
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An uyl B„ being arbitrary constanta Thoa the general value 
of u is 

provided tCn be determined by the equation 

I'} + 

273. The general solution of this equation would give as a 
function of 0 and <f > ; consider the case in which is a function 
of 6 only. The value is then determined by 

the independent particular integrals of which (§§ 90, 91) are P« {(t) 
and Qn ip) i the corresponding terms in v are 

(■!.’” + w + ’" + ^) e. w- 

In most physical investigations, the term dependent upon Qn (/i) 
has te be rejected ; and then the general value of u, expressed as 
a function of r and 6, that is, of e and is 

“ “ «5o { ’ 

in which the ii’s and P’s are arbitrary constants. It will be 
noticed that the solution formerly obtained, viz., 



is the particular case obtained, by making all these arbitrary 
constants zero except J.o and Pg, and by remembering that P, (ji) 
is a constant. 

274. Consider now the general case in which is a function 
of 0 and it may be expanded in a series of trigonometrical 
functions of multiples of <f>, the coefficients of which are functions 
of ft. Any term of the series for Un may be denoted by 

cos O’ 
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where t? is a function of /a only; and, just as in the oase^of the 
separate terms in u considered as involving different powers of r 
when each such term was a solution of the eqftation, this will be a 
solution of the equation giving u^. Substituting and dividing out 
by cos a<f>, we find that is detennined by the equation 

dt %r} 

This equation would also have been obtained by the substitution 
of 8in<r^ in the equation for Unl and therefore the solution of 
the equation in Un is 

O-an 

2 {E, sin a(j> + F, cos 

the value cr«0 not being here included, since it gives terms 
independent of ^ which have already been found. 

Now, by Ex. 12, Chap, v., p. 202, the solution of the equation 
giving is 

where j/n is a solution of the equation when a is zero and thus 
may be either or Qn. Hence the corresponding term in is 

d^Pn 

sin (r(f> + P«r cos crif>y (1 d/n^ 

i^d^Qn 

+ a sin + P V cos cr^) (1 - • 

The term involving Q« often has to be rejected in physical 
investigations; the suitable value of Un then is 

‘'i* (1 - (E,^<r<p + F,OOB <r<p) , 

it being obviously useless to include values of highw than ft. 
The sum of any number of solutions of the original equation is 
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a solu^on; aqd therefore the most general value of u expressed in 
a series is >f 


u = A+- 
r 


««« 
+ 2 
n 





We have omitted from the foregoing general value, (i) the 
terms which would arise from the part of u independent of r and 
which can easily be proved to be 


(ii) the term dependent upon ^ alone which obviously is M4>, 
and (iii) the terms usually rejected as unsuitable in physical 
investigations. 

r 

Any further investigations on the solution of the equation are 
connected either with other equivalent forms of solution or with 
the particular solutions obtained by a determination of the con- 
stants in accordance with imposed conditions. For them, recourse 
should be had to the authorities dn the several subjects in applied 
mathematics in which this equation arises; in particular, those 
quoted on p. 187 will be found of great value. 


L Solve the equation 




in series, by transforming the polar coordinates. 
Ex, 2, Prove that the equation 

has a solution of the form 


1 

m, * 


«»a ^ 
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y»W i-r 2^ +- + — sn-s-Tj— + •• 


!.4. j* 

1.2.3...2n 


STiTe.z* 


Obtain a mote general eolation which ia not independent of the « plwri<^l 
coordinate </>. 

(Stdcea.) 

Ex. 3. Shew that the general solution of the equation 

* j. 

or, by transformation to piano polar coordinates, its equivalent 

«/8*m , 1 3m , 1 3*m\ 3*m 
■’■^* 0 ?*;’' dfi' 

can be expressed in terms of BesscPs functions as the sum of two terms of the 
form 


u * cos akt [{AJn (kr) (^)} cos nB + {A'J^ {hr) + jB' F» (itr)} sin n£]. 


Ampere’s Method for Equations of the Secx)nd Order. 

276. The methods, given in §§ 238 — 252 for the construction of 
a primitive of a given equation of the second order, have proceeded 
upon the supposition that an intermediate integral exists; and 
they have been directed towards the construction of that inter- 
mediate integral. Usually, however, the supposition is not justified: 
that is to say, an equation must satisfy conditions in order that an 
intermediate integral may exist Thus the coefficients iJ, 8, T, U, 
V, in the equation 

Rr^2S8+Ti+ U (ri-«*)= 7, 

must (§ 239) satisfy two conditions in order that an intermediate 
integr^ may exist An equation of the second order, which is not 
of this form, may or may not possess an intermediate integral ; at 
present, the discrimination can be made only by the process of 
§§ 261, 262, or by some similar process. In every case where there 
is no intermediate integral, the various methods are ineffective. 
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Oth^r methods suggested are somewhat of a tentative charac- 
ter; the most general, in its bearing, is the method associated with 
the name of Ampere. We proceed to give a brief outline of it* in 
its application to equations, which possess a primitive of a specified 
tjrpe of a fairly general character. 

276. In the various examples which have been considered, we 
have seen that the primitive involves two arbitrary functions in 
its expression. This character is not restricted to equations which 
have an intermediate integral; thus it is easy to prove that the 
equation 

r — < = 2n^ , 


where » is a positive integer, possesses no intermediate integral, 
and to verify that its primitive is 


C) 


n Om 


«;»»» - y) + (fl? + y)}, 


^ and yjr denote arbitrary functions of their arguments. 
MoreAver, it is a consequence of Cauchy's general theorem f as to 
the existence of an integral of a partial equation of any order, 
that the number of independent arbitrary functions involved in the 
primitive is equal to the order of the equation ; so that, for our 
case in general, the primitive will contain two arbitrary functions. 

Accordingly, we consider equations which have a primitive 
involving explicitly two arbitrary functions, free from all operations 
of quadrature ; and we shall allow the primitive to contain deriva- 
tives of these up to any finite order. Thus the preceding equation 

r — t^2n- 
a 


would be admitted ; but we should exclude the equation 


r-<4- 


4jp 

x^y 


*0, 


* For a fuller aoooant, see the author’s Theory of Differential Equatione, voL n., 
oh. xvn. Ampere’s two fundamental memoirs are oontained in the Journal de 
Vioole PelyUchnique, Cih, xvn, (1815), pp. 549—611, Cah. xtxu. (1819), pp* 1—188. 
t 8«o the author’s Theory of DifferonJtial Equations t vol. vx., 1 184. 
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because its primitive, which can be expressed either by 
JiL -Sl r 

V(2y-a)dy=0, 

(where, after integi*ation, a? + y is to be substituted for a), or by 

M. 

G'(^+y)«y(y-®)+(a? + y)y'(y-.iF) + (a?+y)*y"(y-.a7)+*.M 

is not of the specified form. 

Each of the arbitrary functions in the primitive has its argu- 
ment; the two arguments may be the same or may be different, 
according to the equation. Let a denote the sole argument when 
there is only one, and one of the arguments when they differ. 


277. Now change the independent variables, choosing ct as one 
of them and temporarily keeping w as the other*; and denote the 

changed partial derivation with respect to x and a by ^ and ^ . For 

any function m, we have 


dx + da du 
Sx Ba 

du 

dx 


so that 




du du duhy Su __ du Sy 
ix^ dx^ dy dx* Sa 0y Sa ’ 


hu , 


Denoting by u\ for all functions w, when a is the other inde- 
pendent variable, we have 

^=p+?y. 






g'-« + V. 


* If the sabsequenUy obtained subsidiary equations prove inconsistent with one 
another, then we should take a and y as the temporaty set of independent variables. 
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and t])erefore, when we retain the relation 



as defining t, we have 

s = q'-ty', 
r^p'-q'y' + ty'*. 

Let these values of r and s be substituted in the equation 

which will be assumed to be polynomial in the derivatives r, s, t\ 
and denote the result of the substitution in this equation by 

where the quantities fn, involve x, y, z, p, q, y', p', qf, 

together with s' as given by 

. A' = p + gy'. 

In the primitive of the equation, the number of derivatives of 
the arbitrary function of a is finite ; let the number be m. Then 
the dumber of derivatives of that arbitrary function, which occur 
in p or in j or in both, is m + 1. 


When X and a are made the independent variables, so that we 
take a as non-vatying when we form p' and these quantities p' 
and q^ still will involve derivatives of the arbitrary function of 


order no higher than m + 1. But the operation 


S 


does aSect 


those derivatives ; and therefore ^ will contain the derivative of 


the arbitrary function, which is of order m + 2 ; that is, the 
quantity t will involve this derivative of the arbitrary function, of 
order higher than the derivatives which can occur in ..■,/«• 


The differential equation, in any form, and therefore in the 
form 

+ • • • + 0 , 


has to be satisfied in connection with the primitive ; and t contains 
a derivative of the arbitrary function of order higher than any 



277-278] BiEisoD 537 

which occurs in the primitive or in/,,/, Hence thewcoeffi- 
cient of the highest power of t must vanish; and so on, in the 
complete succession of the decreasing powers of t Thus we 
have 

/l ■■ 0, /|«i as 0, = / = 0. 

These equations involve z, p, q, x, y, j/,p\ g'; there is also the 
equation 

s'-p + gy'; 

and there is no derivative with respect to a. Consequently, these 
deduced equations are formally a system of ordinary equations for 
the determination of z,p, g, y, in terms of x, the arbitrary elements 
in their set of integrals being functions of a, as arbitrary as we 
please. As we have a permanent equation / =p + gy', which 
must be associated with every equation to be solved, it follows 
that we cannot have more than three algebraically independent 
equations equivalent to the set 

/n * 0i /i-i 0, • •• , / * 0, /o =s 0. 

278. Accordingly, we resolve these equations, so as to^have 
their simplest equivalents. If there is only one resulting set, we 
associate it with the argument a which temporarily is non-varying. 
If there are two resulting distinct sets, we associate them with 
arguments a and respectively. If there are more than two 
resulting sets, we infer that the propounded equation of the second 
order does not possess a primitive of the specified type. 

When there is one set of equations, we require integrals of the 
set. The arbitrary element in one such integral can, without loss 
of generality, be made equal to a ; and then the arbitrary elements 
in other integrals are made arbitrary functions of a. 

When there are two sets of equations, it is desirable to have 
at least one integral of each set. For an integral of the one set, 
we make the arbitraiy element equal to a ; for au integral of the 
other set, we make it equal to We then make a and jStohe the 
independent variables for the whole of the two sets of equations ; 
the modified equations are to be treated as a system of equations, 
expressing a*, y, z, p, g, in terms of cl and /8. The equations, which 
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Consequently, we have 
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a 

expre^ y, r, in terms of a and constitute (either explicitly or 
impliatly) the primitive of the differential equation. 

Some examples* will illustrate the detailed process of the 
method. 

JS'x. 1. Required a primitive of the equation 

(rt -«•)*■« 0. 

Following the process in the text, we take 

and we make the resulting equation evanescent as an equation in t. Thus 

y=.o, 

a single system of two not inconsistent equations. 
ha * 

As y«0, that is, “0, we have 

q^dtxiy function of a alone (a), 
where* is an arbitrary function. Also (p. 535) 

and therefore, by the equation / *0, we have 

an equation of the first order for jp. Its complete integral is 
where k and I are arbitrary constants ; and so 

where 6 is an arbitrary constant, that is, a is an arbitrary function of y ^ k^x. 
Further, 


whence 
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where i^is an arbitraiy function, while h and I are arbitrary constants. 

We have taken the complete integral of 

Wlien we take its general integral, the second arbitrary function arises for 
occurrence in the final primitive. 


Ex. 2. Required a primitive of the equation 


(1 + 5 -*) r - 2p^< + ( 1 +p2) < = 0. 

(It is the equation of minimal surfaces ; and it expresses the pro})erty that 
the principal radii of curvature are equal and opposite.) 

Using the equations 


as before, we find 


together with 


(1 +g*)y*+2pg'y'+l +p*«0, 

(1 + q^) (y - gy) - «0, 


Let w denote (1 - 1 -^ 0 ^+ g®)i ; the first of these equations gives 

0+g®)y+i»g"±^’“'« 

We thus have two sets of equations, viz. 




^ ^ !+}» 

-0 


For the first set, we denote the non-varying argument by a ; for the second, 
we denote it by ; while / = ^ when a is constant, y" » ^ when is constant, 
and HO for y, q\ p", g", 

The second equation in the first set of ordinary equations may be written 

pq'-^iw 
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It is ^Asily seen to be a Clairaut equation of the first order; and its 
primitive is 

f “ constant. 

1 + ^* 

After the explanations in the text, we can take 

pq-^iw 

TT?'-'*- 

Similarly, an integral of the second set is given by 


pq-iw 

i+y> 

We now proceed to make a and ^ the independent variables. In the first 
set of equations, ^ is a function of x and a ; thus it comes to be a function of 
^ and a, through the expression of x in terms of 3 and a, and therefore 


0/3 


-y 


dx 



Similarly, in the second set, y is a function of x and j3 ; thus it comes to be a 
function of a and ^, through the expression of x in terms of /9 and a, and 
therefore 

dy j, dx dx 

ca da ca 

Ck)nscquently 

0 / 0jf\ 0*y 0 / dx\ 

ai I,** 0(8/ “ da) ’ 

and therefore 

d^x 

so that 

where ff> and ^ are arbitrary functions. Then 


hence 

Finally, we have 


0 (a) - o^' (a) + ^ 09) - yaV'' (3). 

(p g+j I) A. + (p I+J I) 43 


« (p — aq) (a) da-^(p~- ^q) (/9) dfi* 

p-oy=.t(l+a*)i, p-4g-t(l+/3»)i; 


But 
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aiid therefora 


(• J(1 + a*)i<p''(f,)da+ij (I 03) d0. 


The three expressions for 4?, y, r, when combined, constitute the primitive of 
the equation as constructed by Ampere and Legendre, 


When (as is pei'missible, without loss of generality) we change the variables 
a and ^ to v and it, by the equations 


a 


V-i’ 




.»*+! 


t(l + a*)* 




2u 

l-w"’ 


and we change the arbitrary functions by the relations 

= r' + 2vr-2r, 

u^) ^217, 

where and V are arbitrary functions of u and of v I'espectively, we find 
a?«(l^i;3) F"+2i;r-2r-^(l-M*)t;'' + 2aC7'-2Cr \ 

V''^2vr+2V)^i[(l-^u^)Ui'^2uU'^2Un . 
r- 2v F" - 2 r + 2it - 2 i7' ) 


These equations, expressing x, y, in terms of two parameters tt and v, and 
of two arbitrary (/ and F functions of those parameters respectively, condlitute 
a primitive of the equation. The primitive, iu this form, is Weierstrass’s set 
of equations for a minimal surface. 


Note, For the developed inferences from this equation as made by 
Weierstrass, Schwarz, and others, reference may be made to the author^s 
Lectures on Differential Oeonietr^, chapter viiL Above all, as regards these 
inferences, Darboux’s Tkeorie ghtirale des surfaces, vol. i., book iii., should be 
consulted. 


Ex, 3. Obtain the primitive of the equation 
in the form 

08)-a*«#)'"' (a)+2q.^'" (a) - 20" (a), 

* -i (2^-0*) 0'O3) - |0O3)+a«0""(o)-4a»0"'(a)+12«*0"(a) - 24o0'(a) 

4- 24^ (a). 

Ex, 4. Shew that, when the equation in Ex. 3 is resolved into two equa- 
tions which are linear in r and f, each of these equations has an intermediate 
integral ; and obtain these integrals. 
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Ex.p. Shew that the primitive of the equation 

(zq -/?) B-zpt^O 

c 

can be represented in the form 

y oial^' (a) - ^ (a)+e^' (z) - (*) 


Ex. 6. Integrate the equations : 

(i) (g+yO(»'+i)“»(y*-p-*)i 

(ii) 3pqyr+(]:^jf+qx)z+xpt=f^q(rt~ifi)+xi/-, 

(iii) {py**+ (1 + }*) xy} r+ {(1 +?*) y* - (1 +p*) **} » 

- tP3y* + (1 +/>*) *y} < = 0- 


Imschenetskp’s Generalisation of a Limited Primitive. 

279. It may be added that, when an equation (such as 

Hr ■V 2iSA + Tt 4- U(rt — ^)<^V 

or any other equation) possesses an intermediate integral, the 
analj'sis connected with Amptjre’s method is somewhat simplified. 
In actual practice, difficulty may arise in developing the method 
beyond the stage of constructing an intermediate integral or two 
independent intermediate integrals. 

In that case, we proceed as before from the single intermediate 
integral (by Charpit’s method) or from the combination of the two 
intermediate integrals (as in § 245) to the general integral of the 
equation; and this integral will usually involve either two arbitrary 
functions or three arbitraiy constants. But it is not the most 
general integral possible. For if we bad an original integral equa- 
tioo of the form 

^ », y. <h, Oz, <h, 04, 05 ) = 0 , 

and obtained thence five other equations giving the values of 
p, Q> f, 9, t, could between the six resulting equations eliminate 
the five constants a and have a differential equation of the second 
order ; and, according to the form of the degree of this equation 
would vary. Conversely, in the integral, which is most general so 
fiu: as the number of arbitraiy constants that enter is concerned, 
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we might expect more than three constants. Bat ^ = 0 will not 
necessarily be the most general integral ; the only inference to be 
made is that the e<}uation containing three a^itrary constants is 
not the most general integral. 

.The integral can be replaced however by one which is more 
general the method of obtaining this, due to Imschenetsky, is 
similar to that employed by Lagrange for partial differential 
equations of the first order — viz., variation of the constants. The 
method will be sufficiently illustrated by considering an integral 
of the equation 

Br + 2iSs - 2Y + - «») - F. 

280. Let the integral obtained by any of the foregoing methods 
be represented by 

V. «. 6, c). 

To obtain the general integral, we shall suppose c to be changed 
into a function of a and b the value of which is, as yet, undeter- 
mined ; and we then consider a and b to be functions of x and y 
such that p and q preserve the same forms as when a, b, c, are 
Constanta Denoting 

y + 3/^and 

da^doda db^Bodb 
respectively by ^ and we have 


and therefore, since 


dadx dbdx’ 

dy~^ dady^ dbdy’ 

and ^ g, we have 
la: ^ By ^ 

0 

daBx"^ fbBx ' 
daBy dbBy’^ ' 


which will be satisfied if we write 

da 
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Th» second differential coefiScients are 


8*a 

a®* 


dp%^ , 
dadx^ dJbdx ’ 


,dpda , dpdb _^^dqda ^ dqdb_^^j^^ 
dxdy dady dbdy dadx dbdx * 


?!f — — 

3y** dady dbdy 


t^L 


But since ^ is identically zero when we suppose 
replaced by their values in terms of x and y, we have 



dx\da) da?dx Uadbdx ’ 

and 

a /<^ ^ d ^ 

dx \daj " da \dx) ~ da ’ 

so that 

dp d?fda d?f 'Sb_^ 
da da?dx dadh a® 


a 


Sfmilarly 


da da? dy dadhdy ’ 

dp , d»/ da d'fdb 
db^ dadbdx"^ db^dx ' 


dq d?f da d?fdb 
dJb^ dadbdy^ di^dy 

These equations satisfy the condition 

dp^ dp^ dqda dqdb^ 

™ iiady ^ dbdy'^ dadx^ dbdx’ 

and from them there can be obtained the expressions 


AA 

lA 



d?f 


d?fdpda 


and h 
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where 



But with the modified forms of a, b, c, the equation 
^=f(a!,y,a,h,o) 

is s£ill to provide a solution of the equation 

dxdy dy^ \da^dy^ \dxdy) ) 

The coefficients of the second differential coefficients are unaltered 
in form, since we have retained the forms of the first differential 
coefficients; and therefore i2, 8y T, V, remain unmodified. 

Substituting now in this equation the values of ^ 

and remembering that the differential equation is satisfied when 
/i, A, I, are zero, we find that it takes the form 


(B-h Ut)h + ^{S- Vs)h^iT^Ur)l-\‘U(lh^k'^)^0, 

where the quantities r, s, t, which explicitly occhr, and the quantities 
p, q, z, which implicitly occur, are to be replaced by their respective 
values derived from the integral 


y, a, 6, c), 


in which a, 6, c, are considered constants. We must now substitute 
the expressions found for h, k, I ; then the equation, after some 
reductions, is found to be of the form 




^ dadb 


dh^ 


where 


«•-(«+ oi)|g+(r+£rr)(|)’, 

* ^ \dadb dhda)' 

r.D.a. • 
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In all these coefficients^ the quantities z, q, s, t, are to be 
replAed by their values in terms of a and y as derived from the 
given integral equation. 

This differential equation is linear in the second differential 
coefficients of / with regard to a and h ; it is, moreover, the equa- 
tion which is to determine the value of c as a function of a and h. 
Now 

da da^dcda' 


^ , 2 — 4 . ^f-Y — 

da^ 3a® dadcda 3c®\3a/ 3c 3a** 

and also for the other coefficients ; when these are substituted for 


dY dY d:Y 
da** dadh^ 


the resulting equation is linear in the second 


differential coefficients of c with regard to a and 5, and the 

do 

quantities multiplying these are functions of a?, y, a, 6, 


But we also have 



S’ 


frora«which the values of w and y can be found as functions of 
3c 3c * 

a,b, c, ^ these, when substituted, will make the equation 


one which involves only the quantities a, 6, c, and the differential 
coefficients of c. This equation is found to be of the form 

^3a*"^^^3a36“^^36*”^* 


where AjB, C, F, are functions of a, b, c, 




Now it may not be possible to integrate directly the original 
differential equation, while it may be possible to obtain, almost by 
inspection, a particular solution which involves three arbitrary 
constants; or it maybe possible to derive such an integral not 
obtainable merely by inspection. In either case, such particular 
integral can be generalised provided the solution of the new equa- 
tion satisfied by c can be obtained ; and if this solution be repre- 
sented by 


ff(a, 6,c)»0, 
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then the new integral of the original equation ia obtained frqpi 

0 = 0 (a, b, c) 

• da de dc da ’ 

db dc dc db 

hy eliminating a, fc, c, between them. 

£!x. 1. Integrate the equation 

r+2(y-a7)« + (g^-a?)2^=5'. 

Here — T={q’-x)% y^q\ thus (?s=0, and the equa- 

tions determining W are only a single pair, viz. 



{q^x) 


dp^ 


[0= g-+(?-*)^+(;>+?*-?^) -g? +7 ^ . 
We proceed as in §§ 232—235, We denote the equations by 
0=Fi^Q-{q--x)P, 

0=/2®=‘^+(y“^) y + (p+q^ qx) qP» 

As a condition that these equations may coexist, we must have 


0-(/i, F^W-qZ-T. 

Hence we write 

then (Fj, / 3 )= 0 ; (/j, P^^Z\ 

and so we take 0 =/ 4 «-Z, 

and then 0=(/i, F 2 )e=... = (/s, /’4), 

Hence F«0=Z; X-fyP«0; Q-(g-a:) P-0 ; substituting in 
^^Pdp\^dq^XdX’\‘2^z^r Tdy^ 

we obtain 

O^Pi^dp-qdx-k-qdq^xdq)^ 
and therefore we may write as the intermediate integral 



648 


GENERALISATION OF 


[chap. X 


To obtain the complete integral of this equation, we apply Charpit’s 
meth&l ; we must obtain an integral of 

dw dy dp dq 

-1 -y+4?* 0 ' 

One is given by • and therefore 

jOB-a+iSay-i/S*. 

These values, substituted in 

dz^pdx-^-qdy^ 

lead to the integral 

(a: - /8) - oj: - c, 

which contains three arbitrary constanta 
To obtain the modified integral (§ 280), we write this 

considering c as a function of a and /3. Then we have 

da da * 




g=;3; .=0==r; g=0=,|4; g- 


dac(i * 

do^ 0c« ’ oadc da^e’ da da~^~ di’ So 

Hence 721=0 ; Ti=l ; ^i«0 ; Fi=0 ; and the equation in / is 


or, on substitution in terms of c, 


d/3* 


■ 0 , 


•a*c „ 

d^c dc 


or finally 

But, by § 270, an integral of this equation is 

C-J «-A 70 + 2 Xai)dX: 

and therefore an integral of the original equation is given by the elimination 
of a and /3 between 

C"^'/()3+2Xai)(7X, 


O^ofa H-. A«-*'/'(|9+2Xai)(fX, 

/ ee 

e-*7'08+2Xo*)SX. 



INTEGRALS 


549 


280] 

When the definite integral is integrated by parts, the second gf 
equations may be replaced by 

«-*•/" (/3+2Xai)dX* 

Es. 2. Integrate the equations : 

(i) 

(ii) x*r-4x^qt+4q^t + iipa,^m.0; 

(Hi) (*+j)*r+2(ar+y)(y+;>)»+(y+j,)*« + 2(3r+y)(y+p)-0; 

(iv) je*r+2j:*«+^a4-^j^ < = 2« j 

(v) r+ 2 g«+( 3 »-je*)/-=y ; 

(vi) a!*r-4a^q8 + 3qt'^2a^p=0; 

(vii) 

(viii) 2p8 + < «s 0. 

(Ampere and Imschenetaky.) 

A fuller discussion is contained in the valuable Memoir by Imschenetaky, 
Orunerfa Archtv der Mathematik und PKyaik^ t. Liv. 


MISCELLANEOUS EXAMPLES. 

1. Prove that the integral of the equation 

{x4ry) (r-r0 + 4j?**0, 
as given by Mongers method, is 

2y ’ gy r _2y 

where y+o? is to bo substituted for a after integration, and f and F denote 
arbitrary functions. 

Hence solve the equation 

2. Solve by Mongo’s method the equations ; 

(i) y(l+j)r+0?+^+2jDg')a+^(l+jt?)r-.0; 

(ii) (1 +pg+ j*) r +« {^2 « p2) « (1 +W+J0*) t-0; 

(iii) 

(iv) se^r-yH^scp^yq^ 

• 9 


rsp.s. 
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(v) r-2«+<=»+^(*+y)j 

(vi) {r-s)x~‘{t-s)]fi 

i 

(vii) ^r-y*<-2xp+2jp«*0; 

(viii) (r - s)y-h (« ; 

(ix) arr + (y - j?) « - yt^^q^p, 

3. Solve the equation r+^aiSf ; and determine the arbitrary functiuna by 

the conditions, that when x^O and when y^O. 

4. Integrate the equation 

*• y* y» ’ 

and obtain a first integral of the equation 

5. Investigate a solution of the equation 

subject to the condition in the form 

, s«ay+(a*— 

6. Integrate the equation 

(1 +p*) < - 2jDg«+(l +y*) r =0, 

having given that/^y— and shew that a particular solution is 

(«®+y*)i"CC0Bh^. 

7. Solve the equations : 

(i) (ii) qy^^pyt^pq; 

(iii) xr-\^xy9-^yq^0\ (iv) JT+2y«+p«4^ ; 

(v) SLFr-2«+3p**0; (vi) 4?(r-a*i)*227. 

8. Prove that the only real solution of the simultaneous equations 



is i<<»a;coBa+y8ina+^* 
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9 . Prove that the only real solutions which simultaneously ea^afy the 
equations 

r+r=:2al 

SI'S comprised in 

a:«jA-«(a + coosa)+ai:ysina+Jy-'(G6-ccosa)+/3iir+yy + ^ 
where 5 *, and a, ft y, 3 , are arbitrary parameters. 

10. Obtain an intermediate integral of 

pg'rm.s(l+^); 

and shew that its general integral is obtained by eliminating a between the 
equations 

;8 - ^ (a) - a^: - (1 +a2)i/(y) “^>1 
(a) + ;f + a ( 1 + a®) - i / (y) « 0 J * 
where 0 and / denote arbitrary functions. 

(Serret, and Graindorga) 


1 1. Integrate the equations : 

(i) • 

(ii) (vp'j-yg)(rt^jr^)^g^r^§pg'S+p^^^O; 

(Hi) (a:2-/)(<-r)-f4(p;ir + ^y-«)=:0. ^ 

Also solve, by changing the independent variables to ( and 7, where 
and 

jJSr - 4-y® < + 2y5^ “ 0 ; 

and, by changing the independent variables to ^ and 17, where and 

-y» « = (xp - yq)f (soy)- 


12 . Integrate the equations : 


(i) 


2 dz_ 

, 9 *« 


.... 0*2 

• /0*2 

2 02 

— -L 
OX^ 

X €X 

• ay! 



^.2? 0a* 

(iii) 

d^z 

a* 0*2 , 



.. . 0*2 

2 


3 P"" 

cy* ' 




02? ^ * 

(V) 

0*2 

+ J-l 

f- + 


1- * 

JIOsO. 


dxdy 

x-^y 



' (*+y)* 





(Gregory.) 


13 . Find the surface whose equation satisfies the equation 

and whose trace on the plane of xy is the hyi^erbola 
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f 


W’cg 

i\ /0*o 6*a\^ 

^ ; 

3 1 

f0a 8|S 

r\ ^*/2 , " 

> 

dy 

\ox 



14. I^t^grate the simultaneous equations : 

... dv 

^ du 
bx 

1 5. Shew that the simultaneous equations 

rt+(3(r+«)-0, pq-^if {py-qx)^0, 

represent a series of ooaxal paraboloids ; and that they cut any fixed plane, 
perpendicular to the axis, in a series of similar conics the ratio of whose 
axes is 

(c'-c)J:(<'+c)i. 

16. Shew that the equation 

fl'*+J7p+jr-0, 

in which O, H, K, are functions of x, y, and q, has an intermediate inte- 
gral, if 

and obtain the integral. 

Hence obtain the integral of the equation 

* {{x-^yt)»-ypq}{x+y)~qy{\-z) 

in the form 

p I t 




(fls+v)4(if) 


(Imschenetsky, and Qraindorga) 


(Lagrange.) 


17. Obtain a solution of the equation 

0*« 

in a series of ascending powers of x. 

Solve the equation 

where the coefficients are constants ; and discuss the case in which the dis- 
criminant of the left-hand side is zero. 

18. Verify that the partial differential equation 




is integrable in finite terms, if 6(2i'+l)=2/, where i is a jiositive integer. 


0** 
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Solve also 

dx* cy* X* ' ^ 

(Legendre.) 


19. Shew that the complete integral of 

2 0m m(m+1)m 
ct^ ~~ dr^ r dr r* 

(n being an integer) may lie exhibited in the form 

/l IV ( l>(r+at)+^(r-a t) 

\r dr) r * 

where (f> and are arbitrary functions ; and obtain, in the form of a definite 
integral, the complete solution of 

1 0 ^ ^ 4.1 ^ 

dt^ " dr^ r dr* 

20. Obtain as a definite integral the solution of 

dxdy x^y \dx dyj 

21. Obtain a solution of the equation 

dV ,a*£7 

in the form 

,rCr«J J e-^*'^^<f>(x-h2tauvi(i)dudv, 

22. Change the dependent variable from a to y in the equation 

g' (1 -h^) r - (p+^+Zpg) s+p(l +p) i ^0 ; 
and hence obtain the solution of the equation in the form 
x^/(z)^F(x-hy+^)’ 

23. Shew that, if there be five functions Zi, aj, z^, ^ 4 , zs, each of which 
satisfies the equations 

r«a,x+«2P+«3?+®4«) 

where the a’s and 6*s are functions of x and y alone, then between them there 
is a linear relation with constant coefficients of the form 

CiZi + ^ 2 ^+ ^8 ^ 8 + ^ 4*4 


18^5 
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If, in Edition, any four of them « 2 > ^ 3 > ^' 4 * ^ as to satisfy iden- 
tically the equation 



^2> 

*8» 


Pu 

Pz^ 

P3, 

P4 



^3* 



<2, 

«3» 



then there is also a relation of the form 

OiZi + + ^3^3 -4- =S- 0, 

(Appell.) 

24. Show that the function F{cl^ /9, y, «, a?, y), given by the series 

n(a + m+w-l) nr/3 + w-i)n(y+n-i)n(^-i)n(€-i) 
^n(a-i)n(»i)n(w) n(^+»i-i)n(€-i-n-i)no-i)n(y-i) * 

the summation extending for all integral values of m and n from zero to 
infinity, satisfies the two equations 

( j: - 4 ^) r - + {tf - (a + /3 + 1 ) .r} jD - /3y - o/a? = 0, 

(y~y®) + -(a+y+l)y} y-y^-ay«= 0 . 

Hence shew that /’(a, -c, d, c, y) is a solution of 

(ar-4;*)r-2.ry3+(y-y2)<+{^-(ci-l-^+l)^}y>+{f-(a+fi+l)y}2'-a5««0, 
c being an arbitrary constant. 

• (Apl^ell.) 

25. If there be three functions Zu hf satisfying the equations 

rasaip+oag+osz, 

s»bip+b2q+baz, 

t=0ip+C2q+CaZy 

(Pi “ Ja) +«2 (^3 “ Ji) 4*^3 (Pi^~ S^z) = 0, 

where the a% 5*s, and (^s, are functions of x and y, then there exists between 
the functions ^ 2 , 33 , a linear relation with constant coefficients. 

(AppeU.) 

26. Shew that the integral of the equation 

»-\‘Xyp’^Jcyz^0 

may, by differentiation, be connected with that of 

k being a constant and n being an integer. 

Hence solve the former equation in the case when it is a negative int^er. 
Obtain the solution when it is a positive integer. 


(Tanner.) 
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27. Obtain the solution of 
in the form 


4=5 e* 




where (f> and are arbitraiy functions. 
Hence integrate s^zp. 

Integrate also 
in the form 


(Liouville.) 

(Tanner.) 




sin*n(F-|-/)* 

where ii is a constant, {oc) ** ^ (j:) B (j?), and /' {y) = (y) x (y)t &nd B and x 

denote arbitrary functions. 

(R. Russell.) 

28. Integrate by Ampere’s method the equations : 

(i) M+~i+^=0; 

(ii) ~r+^<+(iar+my+m)(rt-**f 
(Hi) jr+(p+x)t+yt+y(r(-t*)+j**0. 


(Irasohenetsl^.) 




GENEBAL EXAMPLES 

OF , 

DIFFERENTIAL EQUATIONS 
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GENERAL EXAMPLES, 

1. Obtain the complete primitives and (where they exist) the singular 
solutions of the equations ; 


(0 


(ii) 

3^(l-2j3a)=;r(l-4y)3); 

(iu) 

p{ny-px)^c\ 

(iv) 

(1 (1 +ji?) = 2 (1 -;>) 

(V) 

- 2xyp - \ 

(vi) 

y'^ - 2ry ( jt>* + JO + 1 ) + « o ; 

(vii) 

rjD® — 2 i^jd + 3a = 0 ; 

(viii) 

1 

H 

(ii) 

y * — + (jc® — oy ) jo* = 0 

(X) 

^(y+^)+«“0; 

(xi) 

{xp -yf=3^ (2y - ay) ; 

(xii) 

{xp-yf^x-y. 

(xiii) 

y2=y2 (j,_y); 

(xiv) 

(ay-y)(a:®-y*y)=cy; 

(xv) 

y®a!®+yy (2a:-y)+^®-0 ; 

(xvi) 

y®a:® - 4yay - 8yx + 4^* + 8^ = 0 ; 

(xvii) 

(a:® +y®) (1 +y®) = o* (y« - y)* ; 

(xviii) 

y* = 2y ® a:®y + 4y ® ar® ; 

(lis) 

y=ay*+y®; 

(XX) 

y(l +y®)=2ay; 

(xxi) 

a;® (y*+ 1) =c (a!+yy)®; 

(xxii) 

(a^+y»y®) (y-ay)=^; 

(xxiii) 

(a:* - ay ) y + 2 j:* + 3aiy - y® = 0 ; 

(xxiv) 

y=a;(y+y®); 

(XXV) 

X {Zy* - ar)y-:y (2a: - y®) i 

(xxvi) 

**y®(y-ay)*=p*; 

(xxvii) 

y~2a:+a:»y-ay*; 

(xxviii) 

(1 -a:»)y-ay-y*; 
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(xxix) 2jBy»»agr*+»’; 

(xxx) 

(xxxi) x*{p+i/*)+a*<=0; 

(xxxii) **(p-ay-i^)+2+<Mf-0; 

(xxxiii) **(*-2y)p=y*-4x:^+2«’; 

(xxxiv) (**-j^*)(l+p)=2j:y(l-p); 

(xxxv) (aiy+4x)p=p*+2x+2y; 

(xxxvi) p(a;*+ 3 ^+o*)+ 2 Ay«> 0 ; 

(xxxvii) xy*+yp-y=0; 

(xxxviii) py — 6pr*+4»®y=0; 

(xxxix) (**-**y*-y*)p*-2xryp+/=.0; 

(xl) y*p*+2iypa+{l-a)(y*-I^)+aa!‘<mO; 

(xli) (oar + 6y) (1 +y*)i = (oy + ia;) (I + a:*)i p ; 

(xlii) y*(p*+l)-4ayp-4a(a:-a)=0; 

(iliii) y (a!-y-a^)*-p(a:*-2a:y) (ar-y-a:p)+yp*=0; 

(xliv) (y-jMr)(py+y-iM?)=p; 

(xlv) (.»+y)p’+2par->y; 

(xlvi) 2y-a;(l+pS); 

(xlvii) ay (a:*-y*) (p*- l)+(a:*-y*)’p+a* (i^+y)*-0; 

(xl viii) (a* — e*) y*p* — %?3syp + o*y* — c*4;* = a*c* ; 

(xlix) (a^+y*)(l+p*)=.4a*(a!p-y)*; 

(1) 9y*(a;*— l)p*— 6ay*p— 4a:*=0. 

2. Qiven the relation 

y — <M? «» J a:* (o - c)* - i 6* (a - c)*, 

where c is the arbitrary parametoi; shew how to find the corresponding 
differential equation. Find the curves which may or may not be singular 
solutions ; and discuss the different cases. 

3. Prove that, if the differential equation 

+ 2Mp + 0 

has j4c*+2ffc+l=0 

for its primitive, then ZiF-if*=4(d— 5*) T*, where 

and interpret the result geometrically. 

4. Prove that the eqiiation 
(1 -.r*) " J dJa? + (1 


is satisfied when 


1-A* 
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r 

5. Verify that a primitive of the equation 

' (l+*»)-*oia.-=(l+y“)-idy 

i# **y*+2<My(*+y)+a*(«-y)»-4(*+y)+4a««0, 

where a is an arbitrary constant. 

6. Obtain the primitive of 

(;»-«) (x-6)^+y*+X(y+*-a)(y+x-6)-0 

in the form 

y+X(y+a?-6)“' \x-^a) ' 
and discuss in ^iarticular the cases when X«>0, X«b - 1. 

7. Transform the equation 

{x-a) (j:-fc)^+y*-h(y + ^-‘a) (y+a7-6)=0 
to an equation of the second order in ^ by a substitution 

Hence integrate the equation : and discuss, in particular, the case in which 
a*=i. 


8. Shew that the equation is the only ordinary equation of 

the hrst order the primitive of which can be obtained by replacing p in the 
equation by an arbitraiy constant 


9. Shew that, if the primitive of /(a?, y, jt))»0 bo 0 c)*0, then the 

primitive of /(jo, x)^0 is given by the elimination of p between the 

equations 

f{p, xp-y, jr)-=0, 

<l>(p,xp-y,c)=0. 


10. By recipi'ocation with regard to the parabola y^ 
how to deduce the complete primitive of the equation 




2x or otherwise, show 


from that of / (x, y, p)«0 ; 

and extend the result to equations of the second order. 
Solve the equation 

^-(l+*»)y. 

11, Solve the equations : 

(iij (l+**)g-:F^+y-0; 

(iii) a»*g+2*»0+x^-y-3*»+»»+*; 



(iv) 

(V) 

(vi) 

(vii) 
(viii) 
(ix) 

W 

(«) 

(xii) 

(xiii) 

(xiv) 

Cxv) 

(xvi) 

(xvii) 

(xviii) 

(xii) 

<«) 

(xxi) 

(xxii) 

(xxiii) 

(xxiv) 

(xxv) 


DIFFIBENTI^L EQUATIONS 

•■(*+»)g-(»— J)’> 

flir* X da^ 3^ dx^ * 

*g+(2 + «-*^^-*(*+3)y-0; 

£f*V . dy . * 

^-oot j?^+ysin j?=sin®i»?co8(cosar); 

4(l+A-+**)»g-3y; 

(j!*+3a?+4)^^ + (x* +jr+l) ^ -y (2ar+ 3)=0 

cPy 1 rfy . 4a* 
ofa?* ".r ’ 

o; 

g + ^|tanx-yco8*x=0; 

^ S J+i (**+6) (•** - 4)y-x*e- 1** ; 

(x+l)*(x»+2x+3)0-12y; 

S-(i+^)y; 

(**+**) ^ + ' 

^ + 2 ^ tan *+ 3y -a tan* .t* sec or ; 


dir* 




g+*4^-x»y=logx; 


dix 
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(Mvi) 

(xxvii) i*^(« - afl)ym.o 

(xiviii) »*^+(2a?-**)^+{«(M+l)-;F}y-0; 
(xxix) **^ + 2(x-l)^-»(» + l)y=0; 

<““) *s(*^~y)“^S+2y+4r*y-0; 

(xxxi) (a»_l)^-(aar-4)^+(af-3)y-0; 


« 


(xxzii) 



(zxxiii) 



cPy 1 - ar 


(xuiv) 

dx^ “(1 


(xxxv) 


-1)*; 

(xxxvi) 


(xxxvii) 

g-ar»(l+x)g+a:(x«-2)y-0; 

(xzzviii) 

sfl H- {2(xx^ H- bx) ^j+(a*d?*-|-a6a7+c) y 

(xzzix) 



(*i) 

<^y . ‘<y „ 2 


(xli) 



(xlii) 


-X, 


12. The equation 

hae ;p sin a and x cos x for particular integrals ; find the primitive. 

13. Integrate oompletelj the equation 

^+a*s^+ia*:v»^+^cfix»y-0, 


having given that 0 ^ la a solution. 
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14. Verify that the left-hand side of the equation 

(sin — a? 008 a?) ^ - jp sin ^ sin ^ 

vanishes when y Msin^ : and obtain the primitiva 

15. One integral of the equation 


is given by 


^ tan « - J y (2 + 5 tan* :c) « 0 


y*e*aecj?; 


obtain the primitive. 

16, The complete primitive of + P ^ + Qy = 0 is of the form 

shew that the additional term in the complete primitive of 


is given by 




17. Solve the equation 




dx’’’ ' 


where a is an even positive integer: and prove that, when a a 2, 




18. Prove that, if y (x) is a solution of the equation 

then is a solution of the same equation with a 4- 2 written fora. 

Thence (or otherwise) obtain the integral of the equation when a is an even 
integer. 

19. Prove that the transformation 

transforms Legendre’s differential equation into a hypergeometric equation in 
which Tf is the dependent variable, and the independent variable, 

20. Shew that, if 

y* - 6y3 + 5y - 4v + 2 » 0, 

. 2ar-l y n 

Account for the difference l>etween the degree of the algebraic equation and 
the order of the differential equation. 
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21. Pipve that the equation 

.has a oomplete primitive of the form + » where A and B 

are arbitraiy constants, provided 

(nix) (nx) 

* m(f> (mx) — (n:r) 

is a solution of the equation 

^ + m<f) (ms) yi -y,* (ms), 

and that then 

logf(x)+jyidx^O, 

Shew that there is a failure when m+n^O, 

Solve the equation 

a5.r(a+6- jF)^~+{(a-i“6).a?®-(a®+fc*):r-a5 (a+5)} ^-:p*y-nO. 

22. Prove that, for values of x between 0 and 1, the primitive of the 
equation 

x (1 -*) g+ J (a+/3+ 1) (1 - ar> J - aiSly-O 

u AF{ia, iff, i, (l-2sr)+B(l-2s)F{ia+i, iff+i, (l-2^r)*}, 
where A and B are arbitrary constants, and /’(a, 6, c, x) denotes the hyper- 
geometric series. 

23. Sbew that the function 

where /^(a, 5, c, x) denotes the hypergoometric series formed with the elements 
a, 5, c, satisfies Legendre’s equation 

Shew also that, when the real part of n is greater than - 1, 

§,(*)= + (S»- l)i cosh 

24. Investigate the differential equation which, with the usual notation 
of Bessel’s functions, has its primitive of the form 

(X) [AJ^Of (x)}+Br^{iF{x)}l 

obtaining the result 

Deduce the integrals of the equations 

^^-(in-D^+sy^O, 

*^+(«+i)§+iy-o. 
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2S, Express the primitiTe of 




*in terms of Bessel’s functions, of argument and of order unity. 

( 1 \"* 

X di) <2osh»M?4>^sinh»U7), where w is a positive 


integer, is the primitive of 




Shew also that aoy solution of 

<f*y 2 cfv , rt 

is a solution of 

g-2(««+®)g+a«(«*+|)y=0: 

and obtain the primitive of the latter. 

27. Shew that the complete primitive of the equation 

X* 

when m is an integer, can be exhibited in the form 

y «>X"+ • {AV<-, (x)+5'*', (x)}, 

I /_\ J ^ \w t n m . i\ /I d\**sinj? 




and is the same function of — ^ . 

X 

28. In the differential equation the coefficient J? is a polynomial 

in X. Show that, if Q denote the op^tion of integrating from 0 to at, each 
of the aeries 

of which each term is obtained from its predecessor by multiplying by B and 
then integrating twice in succession from 0 to converges for all finite values 
of X and satisfies the equation. 

29. Obtain a series in ascending powers of x to satisfy the equation 

ay'+(w+l)y'+y«:0. 

and if u denote the continued fraction 


n+l •-nHr2-n+3*-n-h4-„., 


prove that 


uda 
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30. B>ew that, if 


where a is a constant, then 


Si n(^-a) ^.., 


^ = (^-r^4-cot® y ; 
dx^ Vsin*^ 

and deduce the primitive of this equation, (i) in general, (ii) when a«^9r. 

31. Prove that, if n is not negative and m is a i>ositive integer, the 
equation 

(x2-l)^+(2n-f 2)A*^x=m(m+2n+l)y 


has the two solutions 




X being numerically greater than unity. 

32. Prove that a solution of the equation 


is given by 


33. Shew that 


1 

y^j COB(971j;C08(/> + ^Bin(^4'^) 


satisfies the equation 

34. Apply the method of solution by definite integrals to find the primitive 
of the equation 

for values of x satisfying the inequality 

Prove that the equation is transformed into itself by the subatitutions 
(*-l)(y-l)=4, y(x+l)i-y'(x'+l)i; 
and thence obtain the primitive for values of x satisfying 

1 <x<co . 

35. Obtain the primitive of the equation 


g+ar^^+y-O 

flte® dx ^ 


in the form 


«- »** ***+S«i‘’* Bin dt, 

where are arbitrary constants. 
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36. Prove that the equation 

\7here n and p are real quantities greater than - 1, is satisfied by 

y-/V(l 

for 1, - 1 , 00 . 

37e Shew that the primitive of the equation 

where n, are positive integers in order of magnitude, is a polynomial in a. 

38. Shew that every solution of the equation 

is a polynomial in x. 

39. Shew that, if the equation 

g + pg + (2y.O 

has y^Au+Bv * 

for its primitive, u and v being polynomial functions of there are no 
squared factors in the denominator of F and no cubed factors in the denomi- 
nator of * 

40. Find the condition that the equation 



should have one solution expressible in integral powers of a ; ; and shew that, 
when the condition is satisfied, every other solution of the equation possesses 
a logarithmic infinity at the origin. 

41« Prove that, if the equation 

(As*+B:c)^+(I>x+F)^+Jfi,^0 

has a polynomial fhnctiou of as one solution, it is necessary (but not 
sufficient) that the quadratic 1)+Z)p+-F«0 have a positive integer 

for a root. 

What are the conditions that the complete primitive should be a poly- 
nomial function of j? ? 

42. Solve the equation 

and shew that or is a single-valued function of the quotient of two linearly 
independent solutions. 
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43, P^ve that, if it is possible to determine constants a, A, 5, so that 

is constant, where yi and y% are linearly independent solu- 
tions of the equation ^ 

then ^+2Pg=0; 

and solve the equation when this condition is satisfied. 

Obtain also the respective conditions which must bo satisfied by 7^ and 
when two linearly independent integrals yi and y^ obey one of the relations : 

(0 yiy!i+ayi+^2+c“0; 

(«) yj*+ys’=i- 

44. A relation of the form 

ayi^ + 2* + cy^^ + ^y^ys + i + 2//y lyg = 0 

subsists among the linearly Independent integrals of the equation 


prove that 

and solve the differential equation. 

45. Shew that the differential equation of the third order, satisfied by the 
ratio of any solution of “0 to any solution of «0, is 






46. Having given one solution of the equation 

where P and Q are functions of find the complete primitive of the equation 
and also of 

i-d-Fa-m-. 


Integrate the equation 


^-a>-l+ay+y*. 


47. Find the form of /(y) in order that, by changing the independent 
variable from ^ to ib, where C"-^-*/(yX the equation 

et** y \dx) dx ^ 


+3g-y-0 


may be reduced to a linear equation ; and hence obtain the primitive 
Similarly solve the equation 
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48. Integrate the equation 

dPr 9/dr-Y ft 

with the condition that ^ vanishea when 2r=c. 

49. Pix>ve that the differential equation 

[cU^J dtfi 

as an integrating factor, for each of two values of 
integrate the equation completely. 

50. Shew that the primitive of the equation 




where 


difi 

/{a + J- 2* + 2 J/ (r) <fo} " J <& s= 6 + log jf, 
2— y*~4. 


Solve the equation 

(a+26.e+ci‘*)i (o+25j?4-&**)~4} 

by using a similar substitution; and reduce the equation 

^=(ft**+2Axy+liy® + 2yx+ 2/y + c) " t 

to this form. 

51. Integrate the equations ; 


(i) 

(ii) 

(iii) 

(iv) 

(▼) 

(vi) 

(vii) 
(viii) 

(«) 


1 + 


\dx) ^d,^\ 
d^y 


\ \d2f j J d.x’** dx 

.r^-n.y+»ty*='.'r*" : 

^(ing3-K©’-'}(S)’‘ 

cPv ex dy 

fe) ’ 

<py ■ ^ _ 

2? S y* 




?t. Hence 
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52, Ifyove that the orthogonal trajectories of the curve 

cos ^■•constant 


are the curves 


^r®+ sin* ^—constant; 
and sketch roughly the two families of curves. 


53, Prove that the orthogonal trajectory of the family of curves 

f*» =r 2a* r" cos nd + a** « 
where e is the variable parameter, is 

r* cos (nd + y) « a* 008 y, 
where y is the variable parameter. 

54, Prove that the system of curves, orthogonal to the family represented 
by the elimination of t between the equations 

a being the parameter of the family, is given by substituting for a the 
complete integral of 

(^J V +4?^ ^ 4. 

\a< da da) dt ^ \a</ ^ \a</ 

Find the orthogonal system in the case 

• «/(«)+ a cos y«sasinL 


65, Shew that, if « + vV-l i® function of 1, the oblique tra- 

jectories of the system of curves 0 (m, r)«c are given by 

{du - dv tan ^ {dv^dn tan a) **0. 

56, Find the differential equation of a curve cutting the ooazal circles 

where v is parametric, at a constant angle ; and integrate the equation. 

67. Prove that, if /(j?+ty)a»t^+tr, 

where i denotes ( — l)i, and it, r, are real, the curves 

tt-o, 

out orthogonally. 

Shew that, 

(i) when /(u)« logit, the curves are concentric circles : 

(ii) when /(it)»s**, the curves are catenaries of equal strength : 

(ill) when /(it) ■•cos” ^ it, the curves are confocal conics : 

(iv) when /(it) ■■tan"* it, the curves are stereographic projections of 
meridians and parallels of latitude on a sphere, which has the plane of y, 
for its equatorial plana 
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68. Prove that the equation 

j.^.0 

is Batisfidd by each of the quantities 

(o+J?)J+(l +flup)i, (a+ir)i-(l +aa?)i, 
where a is a cube root of — 1. Obtain the primitive of the equation. 

59. Solve the equations 
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60. Integrate the equations 

§+y/(*)-#'(®)=o, 

/and </» being known functions of x. 

61. Solve the equations 

i?(Z)-2)T-(Z>-l)y=0, 

where D denotes dfdU 

62. Integrate the equations 

dx dy ^ dz 

'xVy-z~ 

63. Solve , 

dx • _ dy dz_ 

” 'i^y-x-y z{y^ -x^) ’ 

64. Illustrate the method of variation of parameters by obtaining an 
approximate solution of 

in circular functions, h being a stnaU quantity whose square may be 
neglected. 

Hence (or otherwise) shew how to integrate 

„ §-B'4r+3'y+i’ sin <+y cost, 

(U ett 

-/Ta^-ay +* cos t -y sin t. 

^ dt at 
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65. I^lve the equations 

, * df/ dz 

whore p-^. 

and shew that there are three distinct solutions. 

66. Solve the system of equations 

dx , dy , , ^ dz . 

Show that, when 

a.9h 

f 9 ^ 

the solution is 

x=A^+^<f^, 

j 9 ^ 


where 


and 



67. Let P, §, iJ, be any functions of three independent variables ; and with 
a point A (j?, y, «), associate the plane (X^x) P+(F— y) §+(-2'- «) P«0. Let 
a consea-itive point B(x-hdx, y+dy, z-^dz) be taken in the plane through A. 
Shew that there are two directions through A such that the intersection of the 
planes, associated with A and with P, is the direction AB. 

Interpret the result when the condition of integrability for the equation 
Pdx + Qdy^Rdz = 0 

is satisfied ; and find (i) when the two directions are perpendicular, (ii) if the 
two directions can be coincident. 

68. A doubly infinite system of similar conics in parallel planes have their 
centres colli near and their corresponding axes parallel. Shew that they can be 
cut orthogonally by a family of surfaces only if the line of centres is perpen- 
dicular to their planes. 

69. Find a solution of the equation 

(xi^-^2xy+y^^:^)dx^(a^^-2xy-^y^4‘Z^)dy+2(x^y) zdz^Q^ 
which is satisfied by 1. 

70. Obtain integral equivalents of the equations : 

(ii) {yz’^s^')dx^xzdy^xydz^^\ 

(iii) 
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• 

(iv) i/^^{Zxy “ 2«*) dy - iyzdz^O ; 

(v) (ar-Hy«) ydjp - a^dy + (ar + 2^) y^dz^O ; 

(vi) y^ (j?» -y*) cJjr +ar2 (y* rfy +:i!y* (a* -ay) cfo-O ; 

(vii) (2ya+Mf -a*) dx-zxdy - ; 

(viii) y*a (j? oob - sin a*) (ir +a;*a (y cos y - sin y) dy 

(y sin a?+x 8 in y +ay 008 a) cfo= 0 ; 

(ix) (2a» - ay +y*) actsp+ (Sa* +ar2 - ay) aflJy - (a;+y) (ary +^2) o ; 

(x) (y +a) 1) <ia?+arya» (ay + aa) +a (rfy+<fo)-=0 ; 

(xi) (y*a-y®+j;^)cZa;- (a;^a+a;3— ay*) fl?y+(a^— ay*)cfe«0; 

(xii) (y*a*-ya) cir- (a?a- 1) eiy -(ay-y*) cfe«0 ; 

(xiii) a (1 - a*) dx+zdy - (a?+y +a?a*) fl?a=0 ; 

(xi v) (3a;* + 2ay -y* +a) da?+ (a-* - 2ay - 3y*+a) rfy + (a? +y) cfo * 0 ; 

(xv) (a«+aa;*+2yar* -y*a) rfy +(y*+ya?*+2aa;® -z^)dz 

■» 2a? (y* + a* +ya) cSr. 

71. Find an integral equivalent of the equation 

xdydz (6 - c) + ydzdx(c — a ) + zdsdy {a — 6) =0. 

72. Shew that the differential equation of a plane curve 

/(a?, y, a, ydz^zdy^ zdx-xdz^ a?dy-y(fa:)a=0, 
where a?, y, a, are homogeneous point-coordinates, is transformable to ^ 
/(vdw-^vjdv^ wdu-udw^ udv'-^vdu, v, i?, w)«0 
by the introduction of line-ooordinates from the equation 

tM7-|-iy+t«*=0. 

Obtain the primitive of the equation 

ojc* (y cb - zdy) 6y* (adlr - xdz) •4' ca** {xdy^ydx) ^0 

in the form 

Aa7^""*+5y*"’*+Ca*“*sssOj * 

and apply the above transformation to deduce the primitive of 
aa {ydz-- zdyY^hy (ac2r -a?fl?a)’*+ca {xdy - yda?)*=0. 

73. Integrate the partial differential equations: 


(i) 

(ii) 



(iv) (/)j-jw)(l+a;*)+ya 3 /*“ 0 ; 

(v) 3(f+y)’+(p-?)**“48; 
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(vi) 

(vii) (p-?)(#+y)-*; 

(viii) * ; 

(ix) (3*+y-«)p+(*+y-i)g=2(z-y); 

(x) y(2t+*)p-^q+yzm.O; 

(xi) p*+^— 2j9y tftnh2^— seoh*2y; 

(xii) (ii;+y-x)(;»-y)+a(/M!-gy+*-y)=0; 

(xiii) pq(3e-y)+px-qy<~{p^q)z; 

(xiv) ayp+«*y+y*=0: 

(xyi) ay/>-y(2x:+y)g'+2a;x>»0; 

(xvii) ^+gy=*(l+?>s)4: 

(xviii) x(p*-J*)-xr-y; 

(xix) (2xy-a:)^-h3ary+(2y-l)«=0; 

(xx) qx+py={p*-q')*; 

j^xxi) (ax+ Ay+y«)/)+(A*+iy+/*) q->ffx+/y+ct ; 

(zxii) ay}+(aa;+l>y)q=cx+ 0 y+/s } 

(xxiii) (jp-q)xx=:y{fi-px-qy)i 
(xxiv) (/Mr+j’y)*-*(/w+yy)+p*+ 2 '*= 0 ; 

(xxv) (j[>y+x) (yx+x:)-(px+Jf+y)(sy+x+y); 

(xxvi) aq{je-{-pz)+bp{y+qz)>=>0\ 

(xxvii) (p-y)*+(g-a;)*>=l; 

(xxviii) xp-yqm*xqf(z-px-qy)-, 

(xxix) 4?(y*-«*)j?+y («*- j;")g»»*(xf»-y"); 

(xxx) (**+l)yp*+j:^=4ai®y ; 

(xxxi) (p*+g*)»(g*-py)-l; 

(xxxii) (**+y*)p+(y«-2a!*)g+2ay+**«»0; 

(xxziii) j>x;*+»»iy* 3 *; 

(xxxir) py-¥qx-\-pq>=Q-, 

(jtxrt) Cp~g)(«*+''+a!y*)+(yy-:^)(«+4;y«-*-*0+(*-y)(l-i*)«OL 
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74. Shew that aaj partial differential equation of the form 

has a family of solutions in common with 

75. Obtain a complete integral of the equation 

pxy(xy+2z^)+z(gy^z) 

In the form 

y z X 

and investigate the nature of the integral 

a? . y 1 ^ , 2 

y'^z X y\z\ 

Also shew that 

(z-a)*«B4»4'4£y, 

are integrals of the equation 

and indicate their relation to one another. 

76. Obtain a complete integral of the equation 

in the form 

r-/(^+Xy); 

and derive from it the solutions 

(i) z^\x - a)*+(y- W 

(ii) -«)*■• 4c* 

77. Prove that the general int<^al of 

i^xp’^yg’¥pg 

can bo obtained by eliminating t between the equations 



when, in the latter, j> and y are arbitrary fanotione of ihe variable t. 
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jTi) tp-xqmj/; 

(vii) (p-j)(*+F)-*; 

(viii) 

(ii) (3x+y-t)p+(x+y-z)q^2(z-y)i 

(x) y(2*+j?)/7-«»y+y*-Oj 

(li) p*+^— 2^tanh2y*"8eoh*2y ; 

(xii) (*+y-x)(/>-j)+«(jM:-g'y+*-y)“0; 

(xiii) j»j(xr-y)+/Mr-5y=(p-j’)*; 

(xiv) ayp+z^q+yz^O; 

(xvi) xyp-p(ix+p)q+2xz‘‘0} 

(xvii) px+qp=z (1 +P2)i ; 

(xviii) t{j^-q^)’‘X-y-, 

(xix) (aiy-a?)/>-hXry+(2y-l)x=0j 

(xx) 

^xxi) {ax+hy+gt) p+ {hx-¥hy+fa) qm^gx-^fy-i-cz ; 

(xxii) xp + (oar + 6y) g « ca?+ cy +/e ; 

(xxiii) (j» - y) « =y (* -px - gy) ; 

(xxiv) (/M!+2y)*-«(jMf+yy)+p*+g*=0; 

(xxt) 0i^+a?)(yx+x)-(px+ar+y)(2jr+xH-y); 

(xxvi) ay(*+/»x)+dp(y+y«)«=0: 

(xxvii) (p-y)*+(y-X!)*-l; 

(xxviii) xp-yqm,aiqf{t-px-qy)-, 

(xxix) «(y"-«")j>+y(x*-4!")y»t*(jr"-y»)j 
(xxx) (2*+l)yp*+iw^-4*»y; 

(xxxi) (/»»+5'»)» (y* -/y) « 1 ; 

(xxxii) (a»+y*)^j+(yx-2«*)y+a«y+*s-.0; 

(xxxiii) /w»+*-y*y*; 

(xxxiv) ;^+y*+jt>y«-0; 

(xxxv) (^-y)(«*+''+ayx)+(yy-j^)(*+*y«"«-»)+(*-y)(l-j*)»a 
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74. Shew that any partial differontial equation of the form 

^{p> 7 . •-pm-gy, 1^-0 

has a family of solutious in common with z—px^qy^a. 

75. Obtain a complete integral of the equation 
pxy (xy + - z) {yz - j;?®) **0 


in the form 


y a a; ' 


and investigate the nature of the integral 


Also shew that 


y ^ a? yizi 


(«-a)*«4a?4*46y, 

cy(a-a)=c*j?+y», 

are integrals of the equation 

and indicate their relation to one another. 


76. Obtain a complete integral of the equation 
in the form 

z^f{x^\y)i 

and derive from it the solutions 

(i) f;«(a?-a)»+(y-5)», 

(ii) (.t?® +y® + c® - *)* - 4c* (jp* + y*). 

77, Prove that the general integral of 

z^xp’¥yq-¥pq 

can be obtained by eliminating t between the equations 

when, in the latter, p and q are arbitrary fonotions of the variable 
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78w Solve the equation 

h{hcy+axz)p’\>a{acx-^hyz)q^ab 

and shew that the solution represents any surface generated by lines meeting 
two given lines. 

79» Investigate the integral of 
oontaining the line y»0; and obtain it in the form 

60. Find the surface, which satisfies the equation 

and passes through the curve i, ^bdc. 

81. Deteimine the surface which satisfies the difiereutial equation 

- o?)p’^{xif — az tan a) — ay cot 

and passes through the curve a™0, 

82. Integrate the equation 

(j:S+a2y2);>+(y3+3A**y) * 2 ^ ; 

r 

and find an integral which represents a surface passing through the circle 

a;24-y2«sc*, z=a. 

83. Obtain the primitives of the equation 



and illustrate the results by a geometrical interpretation. 

Investigate the equations of surfaces possessing the pi'oixirty that the 
parallelepijied contained by the radius vector from the origin, a unit length 
along the perpendicular to the tangent piano, and a unit length along the axis 
of r, is of constant volume. 


84. Find the difierentinl equation of a surface, normals to which have 
intercepts between the coordinate planes of constant ratios 6-‘c:c-a:a->6. 
Obtain a complete primitive in the form 


^ _f_ 

a*t“l c+X 


+M-0 


and determine the nature of the solution 

(6 - c)i x -f (c — a)i y + (a - ^) 1 1 -la 
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85. If the complex of lines ^ (a, 6, c, A) 0 be the complex of tangents 
to a surface, the equation 

d<b d(h . d<h d<h d(h dd> 

is satisfied. Is the condition sufficient, as well as necessary ? 

Transform this equation to 

dbdbdb _ 

where the variables are now the quotients of a, 6, ff^hy h\ and shew how 
the complex of tangent lines is contained in the general integral of this 
equatic4i. 

86. The square of the reciprocal of the perpendicular from the origin on 
the tangent plane of a surface is equal to /(w), where u is the reciprocal of the 
radius vector. Obtain a primitive of the difierential equation of the surface 
in polar coordinates jn the form 

}{/(u) - 14*} ” J + sin “ * (tan a cot S)] sin a - sin ’ ^ (sec a cos tf) -f 

87. Integrate the equations : 

(i) zxi ^pi {pi ^p2)+a!ip2 (pb+^zPz) ; 

(ii) a^(2z+xipi):=^zxipi (XSP 2 +X 2 P 3 ); 

(iii) (T2+^3 + «)jPl+(j?3 + ^I+'e)P2+(^l+4?2 + «)j^**0. 

88. Shew that the equation 

joi* 2 {piXi +P 3 XS) 

has the integrals 


(i) 




^2^ 


^3* 


•1, 


Z 4* Clj Z -f- Ct 2 ’ Zl “f* W 3 

(ii) {z c) (X® + ft® + v*) =» (XiTi - 1 -^ 2 + 

(iii) {z + x^ - 2 x^ - 2 x^)^ + %x^ {x^ + x^ ■» 0 ; 

and shew how to derive (ii) and (iii) from (i), also (i) and (iii) from (ii). 


89. Shew that the equations 

(.17 - y ) ^ - 2 (^ — y ) ^ + 3 ( 47 + y + 2«) 0, 

(y+*)^+2(a»-3y-*)^-8(2«+y+3»)^-0, 

have a common solution. Find the solution ; and ^ihew that it may be deter- 
mined by a single quadrature. 

»9 


FDR 
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90. pbtain the most general integral common to the eqoationa 

2^ 1 

91. Find all the Bolutions common to the two equationa 

PlPiPi-PA 1 

Pi +/>4 W 

92. Shew that the most general function satiafying both the equations 

“ ^iPi ’^^2pi + ^iPz + ^sPi^O^ 

2 ( xs + jr4 )^ + ir2 (/>3 +Pid “ 0 , 
ia a ftinction of the two quantities 

93. Shew that, if 

% 

then ?^»4jfc*^+4iu; 

oa oi 

and tbrnce deduce that 

lui > 

»(1 — 


94. Integrate the equatione : 

(i) P($+S')r+{^(§+2)-P(/’+p)}»-€(^+i>)<* 

whereP - i ^?!, ; 

yp—xq' * ^l-yp 


0 ; 


(ii) **r-y*<— ay; 

(iii) a!*r»a*t; 

(iv) qr+pt-^qtm.Q- 

(v) x*r-y*t-ap+yqmsy: 


(vi) *(r-X*p«>p*— X*j*; 

(vii) (y-x) (q*r-Spqt+p»t)-(p+q)*(p-q); 

(viii) (y-x){pq(r-t)+(q*-p*) 0 }+Spq(p+q)’‘O; 

(ix) xy*r+(a+b)i^y*s+abx*yt^y*p+abx*q; 

(x) ( 3 *+x)*{(x+y)r-p*(p+q)}+(pz+y)t{(x+y)t-q*(p+q)} 

-2 (qf+x)(p 0 +y){(s+y)s-(l +pq) (p+q)}. 



DIFFBRENnA|i EQUATIONS 

96. If z is any solution of the equation 

9*2 . <c _ 

K 'being a oonatant, then 

"’§5+y^’ 


are' also solutions. 

96. Solve the equation 

and verify that 

is a solution. 


d^z 


"j cos (»y 


ooa <l>)d<f> 
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97. Shew that an integral of the equation 

0 / 0m\ , 3 / 0m\ - 

Si V 

is given by 

w= J f{a:co&<l>+{i/)d<f>, 

where /is an arbitrary function ; and that the reay)art of the integral 

I xcoa(/>/ (a: cos (f>+iy)d(f> 

J 0 

latisfies the equation 

A \ a. ^ A n 

0J7 \xds)^ 0y \a; 

98. Solve the equation 

; 

and shew that the common solution o£the equations 

is f«ido+ 2 

where a» is a cube root of unity. 

99. If;?, 9 , r, are three arbitrary functions of w, subject to the condition 

^ ® J 

if u be determined as a function of y, 2 , by the equation 

au^rp’^yq+tTy 

where a is any constant ; and if 

where /'and O are arbitral^ functions ; then 

0*v ^ ^ 0 
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100. .<Shew that the most general integral fimotion of the nth degree in the 
variables, which satisfies the equation 


♦ 


0*U ^ 




is 


tt-r- 


f*7*K r*?*r 

2(2n-l)'*‘2.4(2n-l)(2n-8)~'"* 


where K is an arbitrary homogeneous integral function of s, y, r, of degree n, 
and r* denotes j;*+y*+**. 


Shew also that the Particular Integral of the equation 


where ^ is a homogeneous integral function of y, s, of degree » - 2, is 
r^<f> 
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Abel, 309. 

Ampere’s method of solving partial equa- 
tions of the second order, 533 

Bessers equation, 176, 244, 252, 253 ; 
derivable from Legendre’s equa- 
tion, 186. 

Bour, 453. 

Cauchy’s method of integrating Euler’s 
equation, 801. 

Cayley, 44, 107, 239. 303, 356. 

Charpit’s method of integration of partial 
differential equations of the first order 
In two independent variables, 420. 

Chiystal, 44, 845, 399. 

Clairaut’s equation, 81, 414. 

Classification of the integrals of a partial 
differential equation, 375 ; 

every non-special integral is in- 
cluded in one of the three 
^ classes, 360. 

Complementary Function, 68, 66, 82, 
512, 517. 

Complete integral of a partial differen- 
tial equation, 376, 470. 

Complete Jacobian linear systems of' 
partial equations of the first order, 460 ; 
integration of, 461. 

Complete Jacobian systems o'f partial 
equations, 461. 

Condition of integrability, 813. 

Contact transformations, 49, 418. 

Cuspidal locus, 88. 

Darbouz, 44, 892. 

Definite Integrals, solution of linear equa- 
tion whose ooeffioients are of first 
degree in independent variable by 
means of, 277 ; 

proposition relating to solution of 
general equation by means of, 
288; 

solution of a partial differential 
equation in, 524. 


Degree, definition of, 7. 

Depression of order of equation when 
one or more particular integrals are 
known, 64, 130 ; 

when one variable is absent, 
92. 

Duality between partial differential equa- 
tions, analytical, 415, 503 ; 

corresponds to geometrical prin- 
ciple of duality, 419. 

Duality between ordinary differential 
equations, 47. 

Envelope loons, 39; the only Singular 
Solution, 41. 

Equation of first order and first degree 
has only one independent primitive, 
17. • 

Equations giving relations between dif- 
ferential coefficients, 89. 

Equivalence of linear equafions^f second 
order, conditions for, 110. 

Euler, 294, 476. 

Euler’s equation, 299 ; 

generalisation of, 303. 

Exact equations, 97, 99, 809 et seq,f 
331. 

Factor, integrating, 21, 28. 

Ferrers, 176. 

First integrals, definition of, 9 ; number 
of independent, belonging to equation 
of order, 9. 

Frobenius’ method for solution of linear 
equations in series, 243 ; summaiy of 
results, 250; application to Bessel’s 
equation of order zero, 252, and of 
order n, 253. 

Functions, conditions for relations be- 
tween, 11. 

Gamma Function, 221 (see Gauss’s II- 
function). 

Gauss, 289. 

Gauss’s II-funotion« 221. 
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General integral of a partial differential 
equation, 879. 

Generalisation of any integral of a partial 
differential equation Viontaining con- 
stants, 542. 

Glaisher, J. W. L., 47, 197, 200. 

Goursat, 289, 399, 447, 470. 

Graindorge, 447. 

Guldberg, 889. 

Hamburger, 44. 

Hankel, 167, 184. 

Heine, 176, 187. 

Hicks, 169. 

Hill, M. J. M., 41, 44, 386. 

Homogeneous linear partial equations of 
the first order, 458 (see Complete 
Jacobian linear systems). 

Homogeneous ordinary equations of first 
order, 22; 

linear of order, 81 ; 
in general, 94; 
partial equations, 520. 

Hypergeometric equation, rf,nge of sig- 
nificance of integrals of the, 218 et teq, 

Hypergeometrio series, definition of, 207 ; 

diffeijpjitial equation satisfied by, 

« 209; 

particular solutions of this equa- 
tion, 214; 

relations between these solutions, 
216—228; 

cases when expressible in a finite 
form, 230; 

as a definite integral, 290. 

Imsohenetsky, 447, 548, 549. 

Independence of functions, and of equa- 
tions, 11—15. 

Independence of Particular Integrals of 
general linear equation, conditions for, 
125. 

Integrability, condition of^ 818. 

Integrals of a linear equation, regular, 
258; normal, 270; subnormal, 275. 

Integrating factor, 21, 28. 

Intermediate integral, 471. 

Intermediate integral of partial equation 
of second order, general method of 
construction of, when it exists, 493; 
with examples, for various cases, 495. 

Invariant of coefficients of linear equa- 
tion of second order, 105. 


Jacobi, 107, 289, 294, 809, 868, 447. 

Jacobian systems (complete) of equations, 
460. 

Jacobian systems (complete) of partial 
equations, 461. 

Jacobi’s method of integrating the gene- 
ralised form of Euler’s equation, 809. 

Jacobi’s method for the integration of 
the general partial differential equation 
of the first order in n independent 
variables, 430. 

Jacobi’s multipliers, 856. 

Kelvin, 123. 

Kummer, 107, 239. 

Lacroix, 420. 

Lagrange, 107, 892, 894, 548. 

Lagrange’s linear partial differential 
equation, 392 ; 

generalised form, 401. 

Laguerre, 361. 

Laplace’s transformation of the linear 
partial differential equation of the 
second order, 504. 

Last multiplier, 865. 

Legendre, 418, 476. 

Legendre’s equation, 159, 244, 258. 

Lie, 418. 

Linear equation having integrals that 
are regular, form of, 258 {see Begular 
integrals, normal integrals, subnormal 
integrals). 

Linear equation with constant coeffi- 
cients, ordinary. Chap. in. ; 
partial, 511. 

Lobatto, 294. 

Lommel, 187, 197. 

Malet, 105. 

Mansion, 447. 

Minimal surfaces, equations of, 541. 

Monge’s method of integrating the equa- 
tion of the second order which is linear 
in the partial differential coefficients, 
473. 

Motion of particle under central force, 
integration of equations of, 866. 

Multiplier, Jacobi’s, 856; 
last, 865. 

Neumann, 187. 

Nodal locus, 88. 
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Normal form of linear equation of second 
order, 105; 

of equation of hypergeometric 
series, 210. 

Normal integrals of a linear equation, 270. 

Numerical solutioni Bunge’s method of, 
58—56. 

Order, definition of, 7. 

Particular Integral, C3, 71, 82, 513, 518. 

Fetzval, 294. 

Pfafiian equations in three variables, 
327; in four variables, 332; the in- 
tegral equivalents, 827, 836. 

Pfaff’s problem, 327. 

Poincare’s asymptotic expansions, 285. 

Poisson’s method for a form of homo- 
geneous partial equation, 509. 

Primitive, definition of, 8. 

Quadratures for integration of Bicoati’s 
equation, number of, 192. 

Quotient of two solutions of linear equa- 
tion of second order, equation satisfied 
by, 107. 

Eange of significance of integrals of the 
hypergeometrio equation, 218 et seq, 

Bayleigh, 187. 

Begular integrals of a linear equation, 
258 €t aeq, 

Belatlon between linearly independent 
solutions of a difierential equation, 
115, 127, 171, 186, 228. 

Bicoati’s equation, 188; 

reducible to Bessel’s equation, 195. 

Bichelot’s method of integrating Euler’s 
equation, 308. 

Biemann, 528. 

Bouth, 187, 448. 

Bunge’s method for numerical solution, 
63—56. 

Schwarz, 107, 230, 239. 

Schwarzian Derivative, 107, 231. 

Scott, 126. 

Series, possibility of integration in, 148; 
form of solution when a vanish- 
ing factor occurs in the denomi- 
nator of a ooeificient, 155; 
form when such a factor occurs 
in the numerator, 157; 


Series (cent.) 

Frobenius’ method of infigrating 
in, 243 {see Frobenius’ method) ; 
iutegratien of partial equations 
in, 522, 628. 

Simultaneous equations (ordinary), linear 
with constant coefficients, 342; 
with variable coefficients, 850. 
Simultaneous partial differential equa- 
tions in one dependent variable, 453. 
Singular integral of a partial differential 
equation, 878; derived from the dif- 
ferential equation, 387. 

Singular Solutions of ordinary equations 
of first order, 33, 85, 37, 39. 

Solution of ordinary equation, what is 
to be considered a, 6. 

Species, definition of, 7. 

Spitzer, 294. 

Standard Forms of ordinary equations 
of first order, 18—35 ; 

of partial differential equations 
of first order, 407 — 414; they 
ar^ particular cases in which 
Charpit’s method (q.v.) proves 
effective, 427. 

Sturm, 187. ^ ^ 

Subnormal integrals of a linear eq^tion, 
275. 

Symbolic operations, 67, 511, 523, 526. 
Symbolical method for partial equations 
due to Laplace and Poisson, 526. 
Symbolical solutions, 197. 

Tao-lociis, 40, 389. 

Todhunter, 176. 

Total differential equations, which are 
linear, 809 (aee Pfaffian equations) ; 
they separate into two classes, 316 ; 
geometrical interpretation of 
linear equations with three 
variables, 821 ; 
case of n variables, 824; 
equations which are not linear, 838. 
Trajectories, 134. 

Tariation of parameters, 20, 113, 127, 181, 
377, 643. 

Watson, G. N., 187, 289. 

Weber, H., 528. 

Weierstrasr, 641. 

Whittaker, 239. 

Workman, 44. 
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